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Abstract 


The formula giving the rate of variation is established under the assumption: 1) that the trans- 
formation is adiabatic (equ. 8); 2) that this transformation is reversible (equ. 15). 

After having examined the order of magnitude of the different terms of the equations in order 
to determine those which can be neglected one can deduce the rate of variation (equ. 18). 

One can show that the formulae in the classical thermodynamics giving the rate of variation 
for saturated (equ. 21) and for dry air (equ. 22) are special cases of the general formula. 


Considérons une masse d’air humide con- 
tenant un cristal de glace. Ce systeme com- 
prend deux phases volumiques; une phase 
prime gazeuse et une phase seconde solide, 
séparées par une phase superficielle, et ren- 
ferme deux constituants, l’air sec (constituant 1) 
qui n’existe que dans la phase prime et la 
phase superficielle et l’eau (constituant 2) qui 
existe dans les trois phases. 

Si l’on se donne les masses totales des con- 
stituants du système, il suffit, pour que celui-ci 
soit complètement déterminé à l’équilibre, en 
admettant que le cristal soit sphérique (DEFAY 
et PRIGOGINE, 1951, chap. XV), de se donner 
deux variables intensives (Durour et DEFay, 
1952). Si l’on veut étudier les transformations 
adiabatiques du système, il s’introduit une 
relation d’adiabaticité et le système est alors 
déterminé par une seule variable indépendante; 
le problème que nous nous proposons d'étudier 
est donc bien posé. 

Supposons d’abord que les adsorptions 
sont négligeables, c’est-à-dire que 


12.0.1520 (1) 
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où I, et I’, sont les adsorptions de l’air sec 
et de l’eau. Cette hypothése peut se justifier 
en admettant que la surface de tension est 
pratiquement confondue avec la surface de 
division qui annule l’adsorption de l’eau et 
que l’adsorption de l’air sec est négligeable 
sur cette surface. 

Il résulte de (1), le système étant supposé 
fermé, que 


dm; = 0, dm; + dm = 0, (2) 
où mi, m; sont les masses de l’air sec et de la 
vapeur d’eau dans la phase gazeuse et #2 la 
masse de la phase solide. 

Supposons ensuite que les enthalpies super- 
ficielles spécifiques latérales de l’air sec et de la 
vapeur d’eau dans la phase gazeuse peuvent 
être négligées à l'équilibre 


Oy 0, % YO, (3) 


hypothèse que l’on peut justifier en disant, 


faute de données expérimentales, qu'il est 
naturel de penser que ces enthalpies sont du 
même ordre de grandeur que les potentiels 
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chimiques latéraux qui eux s’annulent à 
l’équilibre (DerAy, 1934, À 36). Rappelons que 
Venthalpie spécifique latérale de l’eau dans la 
phase solide est nulle 


= 0, (4) 


car il n’y a pas d’enthalpie spécifique latérale 
dans les phases 4 un seul constituant (DUFOUR, 
1956; équat. 5.44) 

Supposons également que l’air sec et la 
vapeur d’eau constituant la phase gazeuse sont 
des gaz parfaits (OMI, 1951). On peut alors 
écrire que 


(5) 


où V’ est le volume de la phase gazeuse, p’ 
la pression de cette phase, pz la pression partielle 
de la vapeur d’eau dans cette phase, T la tem- 
pérature et R, la constante spécifique des gaz 
parfaits pour l’air sec. 

Supposons aussi que la tension superficielle 
du cristal est constante 


o = constante (6) 


hypothèse que l’on est bien obligé de faire 
puisque l’on ignore actuellement comment 
varie cette grandeur. 

Rappelons finalement que la chaleur de 
sublimation L, d’un cristal de glace est approxi- 
mativement égale à la chaleur de sublimation 
Li © d’une surface plane de glace, pour autant 
que le cristal ne soit pas trop petit (Durour, 
1954), c'est-à-dire que 


L,=h, - 2 & L, 6 (7) 


où hy et hy sont respectivement les enthalpies 
spécifiques de l’eau dans la phase gazeuse et 
dans la phase solide. 

Exprimons maintenant que la transforma- 
tion considérée est adiabatique, ce qui s’écrit, 
eu égard à (1), (2), (3), (Ws (5), @) (7), de 
la fagon suivante (DUFOUR, 1956, équ. 7.19, 
53334438): 
mR,T 


, ! 
— pa 


+ Le 0 dy = 0 (8) 


(mic + moca + mocs) dT — 


dp’ + 


où «a et @ sont les chaleurs spécifiques à 

pression constante de l’air sec et de la vapeur 
’ a Py 

d’eau et c la même chaleur spécifique de fa 


liquide. 


Exprimons ensuite que cette transformation 
est réversible; on a (DUFOUR, 1956, équ. 6.16) 


= Lye PU rd (=) i 


’ 
+ R,T? dp: = O (9) 
pa 
ott R, est la constante spécifique des gaz par- 
faits pour la vapeur d’eau et r le “rayon” du 
cristal. Celui-ci ayant été supposé sphérique, 
on peut écrire que 


(10) 
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où V” est le volume du cristal et v$, son 
volume spécifique. En dérivant cette relation, 
on obtient, compte tenu de (2), la relation 
suivante 


(11) 


: 
dm,= — —; 4nr?dr. 
Va 


Rappelons que, par définition, le rapport de 
mélange r, est donné par la relation 


, LA 
Ma E Pa 
T, = — = Ê 


CF wy ’ , 12 
Er (12) 
ou 
R; 
SER: (12) 


est la gravité spécifique de la vapeur d’eau. 
En differentiant la relation (12), on trouve 
que 
une 
RUE PARTS 
Compte tenu de (6), (11) et (14), l'équation 
(9) prend la forme suivante 


2 
Lott (22 opr) à - 


poe dee LE 
nme oF sur, TA dm;=o. (15) 


Pour trouver le taux de variation de la 
temperature en fonction de la pression dans 
la masse d’air considérée, il suffit d’éliminer 
dm, entre les équations (8) et (15). On se 
rend immédiatement compte que la relation à 
laquelle on arriverait ainsi serait compliquée. 
C'est pourquoi, avant d'effectuer cette éli- 
mination, nous avons examiné l’ordre de 


Tellus XI (1959), 1 


VARIATION ADIABATIQUE DELA TEMPERATURE 3 


grandeur des différents termes de ces deux 
équations afin de déterminer ceux qui pou- 
vaient étre négligés. 

Dans l’atmosphére, on peut toujours, en 
première approximation, négliger mc devant 
mia + Mx et voT devant R,T?/p. Compte 
tenu de ces approximations, les équations (8) 
et (15) s’écrivent. 


ct 11 ıR D ! 
(mic + mgcs)d T — ar dp'+ L, + dm 0 (16) 
et 
Retin, 
LdT = ze dp GA 
a of P'-p2_ —_o(v3)? a 
R,T ( ERSDGRR,TEe dm; = o. (17) 


En éliminant dm; entre (16) et (17) on 
trouve, eu égard à (12) et (13), 


GE 
De (18) 
ou M 
RE tb, oo 
Re 7 7 Tr 7 7] 
nl perf, met naa 
© 2nR, Tr: 
et (19) 


net) (Ls 2) 
(ae) va 
27%R,T r* 


y-z4a+na+— 


Dans le cas particulier ot le systeme au 
lieu de contenir la glace en cristal la contient 
en “masse”, le terme entre guillemets devant 
être compris dans le sens que my est suffisam- 
ment grand pour que la capillarité ne joue plus 


(r= co), l’equation (18) s’écrit 


dp’ , , r\etr Les (21) 
Cala Cu ( an ) 


et l’on retrouve la relation donnant la variation 
de la température en fonction de la pression 
pour une transformation adiabatique de l’air 
humide saturé. 

Dans le cas particulier où le rayon de la 
gouttelette est “nul”, le terme entre guillemets 
devant étre compris dans le sens que la goutte- 
lette est suffisamment petite pour que son 
rayon puisse étre considéré comme nul (r=o), 
l'équation (18) s’écrit 

RE 


dT p'-p, 


dp) ca+r,c 


(22) 


et l’on retrouve la relation donnant la varia- 
tion de la temperature en fonction de la 
pression dans une transformation adiabatique: 
d’air humide non saturé. 

Dans le pratique, on néglige généralement py 
devant p’, r,cz devant c et r devant ¢. Avec 
ces approximations, les relations (21) et (22) 
prennent les formes classiques suivantes (VAN 
MIEGHEM ET DUFOUR, 1948, 50 et 71). 


R,T pe a 
Den ( 4 ma) 
dp’ ~ 4 Er (a 0) => 
en 
w IHRE 
1 
de cp’ (24) 
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Abstract 


A theory of steady state, saturated, convective currents is presented which includes the transfer 
of heat and momentum by lateral diffusion as well as the systematic entrainment of environ- 
mental air. The system of equations governing the behavior of such convective currents 1s derived 
and numerically integrated for a variety of initial and environmental conditions. In agreement 
with basic physical principles, it is found that the cloud height, mass, vertical velocity, tempera- 
ture excess over the environment, and liquid water content all increase with increasing (a) 
initial temperature, (b) environmental relative humidity, and (c) environmental lapse rate; but 
all decrease as the diffusion coefficient increases. Also the cloud height, vertical velocity, tem- 
perature excess, and liquid water content increase with increasing initial velocity: however, the 
total mass of air decreases with increasing initial velocity, reflecting a lower rate of entrainment. 

Even with frictional drag in the form of momentum loss by diffusion, the updraft overshoots 
the level of zero buoyancy in the upper part of the cloud, giving rise to cloud temperatures at 
the cloud top which may be several degrees colder than the environment. 

When applied to an upper-air sounding taken near the time and location of a thunderstorm, 
the model gives the right order of magnitude for the cloud height, vertical velocity, and tem- 
perature excess over environment for a diffusion coefficient of k, = .ooı sect. While the life 
cycle of a convective cloud is certainly not a steady-state phenomenom, the theory probably 
affords a fair approximation of the convective cloud during the updraft stage. 


1. Introduction HOUGHTON and CRAMER (1951) presented 


a more complete theory of both dry and 
saturated, steady state, frictionless, convective 
currents by adding the continuity and mo- 
mentum equations. BUNKER (1953) further ex- 
tended the theory of unsaturated thermals by 
including the loss of heat and momentum 
through lateral diffusion and body drag. In a 
more recent study of two tradewind cumulus 
clouds, Markus (1954) checked the convective 


Convective phenomena have received con- 
siderable attention from meteorologists during 
the last decade resulting in drastic revisions to 
the simple “adiabatic parcel ascent” which 
forms the basis of many of the commonly- 
used forecasting techniques. As a result of 
evidence (STOMMEL, 1947) that environment 
air is entrained into convective updrafts, 
AUSTIN and FLEISHER (1948) suggested that 


such entrainment, called dynamic entrainment, 
is required to satisfy mass continuity. Using 
the first law of thermodynamics, they also 
obtained an expression for the temperature 
lapse in the rising air by assuming that it is 
isobarically mixed with the entrained air, and 
that the latter is saturated by evaporation of 
some of the previously condensed water. 


theories by comparison of computed and 
observed values of temperature, moisture, 
and vertical velocity. Malkus hypothesized 
that a momentum balance is achievable by 
considering only (a) the momentum of the 
rising air, (b) the momentum of the environ- 
mental air entrained to satisfy temperature 
requirements (referred to as gross entrainment), 
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and (c) momentum lost by systematic detrain- 
ment of air from the rising column. From 
continuity considerations, the dynamic en- 
trainment then represents the difference be- 
tween the gross entrainment and the detrain- 
ment. No other drag or lateral diffusion terms 
were included. The gross entrainment was 
determined by the amount of environment 
air needed to yield the observed convective 
cloud temperature instead of the temperature 
produced. by adiabatic ascent of saturated air. 
Satisfactory agreement was obtained between 
calculated and observed vertical velocities. 

The calculations of Houghton, Cramer, and 
Malkus were confined to the lower 5,000 ft. 
It therefore appears desirable to extend the 
study of saturated currents to elevations typical 
of large cumulus clouds, and to include the 
effects of lateral diffusion of heat and momen- 
tum, as well as systematic entrainment. More- 
over, in view of favorable results achieved 
on the two tradewind cumulus, it is also of 
interest to compare the Malkus theory to the 
approach used here. 

In the next few sections a system of equa- 
tions applicable to saturated convective cur- 
rents will be derived. The system will then be 
numerically integrated with a variety of initial 
and environmental conditions. 


2. Continuity Equation 


Consider a vertical current of air in which 
the velocity is horizontally uniform, or if 
this is not the case, the vertical velocities sub- 
sequently referred to will simply denote the 
mean value in the horizontal. The mass of air 
M flowing by any level z per unit time is 


M=owo 


Here, o is the density; w, the vertical velocity; 
and a, the cross-section area of the rising 
column. The flow will be assumed to be 
steady, so that the mass rate of flow at level 
z+dz is the sum of the inflow at level z plus 
the net air entrained from the environment 
dM. Thus 


owo + dM = (0 + do) (a + do) (w + dw) 
Expanding leads to 


OE es (1 
dz wdz odz odz 
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where N=InM. Differentiating the equation 
of state, p=@R,T, gives 


ee 2) 


T, is the virtual temperature and Rg the gas 
constant for dry air. We shall now assume 
that the pressure in the rising air always 
adjusts instantaneously to that of the environ- 
ment, the latter being identified by the sub- 
script e. Hence, from the hydrostatic equation 


1dp_ 1%, _ 24 G) 


Dee on Ral 


Substituting for the density in Eq. (1) from 
Eqs. (2) and (3) yields the continuity equation 
for the described flow 


RER 
dz wdz 


Ido g 1 41, 
Re (4) 


o dz 


The net rate of entrainment dN/dz, as defined 
here, is determined by the requirement of 
mass continuity. Such entrainment is referred 
to as dynamic entrainment, as mentioned earlier. 
In addition to this dynamic entrainment, we 
shall assume further turbulent exchange between 
the rising column and the adjacent environ- 
ment. This lateral diffusion will normally 
result in a drag on the moving air through 
the loss of momentum. Moreover, the tur- 
bulent exchange may also be expected to 
effect a transfer of heat between the rising 
column and the environment, as well as the 
loss of the latent heat, required to saturate 
the exchanged environment air. The latter 
features will be considered further in Section 4. 


3. The Equation of Motion 


In a rising column in which there is a net 
entrainment (or detrainment), the mass of a 
rising element is changing. This situation is 
analagous to a rocket which is changing mass 
and suggests the use of the equation of motion 
for ‘a variable mass. We may consider a mass 
M, moving at velocity w, at time ¢ and another 
mass dM, moving at velocity w,, which com- 
bine and at time t+dt are moving at velocity 
w+dw. Then the momentums at time t and 
t+dt are related by the equation 


(M+dM) (w + dw) =Mw + EMdt+w, dM 
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where E represents the external forces per 
unit mass. This gives the following equation of 
motion 


1 dM 


dw wdM y M (s) 
°M dt 


dt M dt i 
Accurate data concerning the vertical velocity 
of the entrained environment air is lacking; 
hence, for simplicity in the calculations to 
follow, it will be assumed that w, = 0. This 
probably produces no serious error if there is 
positive entrainment; however, if there is a 
systematic detrainment, the loss of momentum 
by the rising air must be considered. The 
external forces E include the pressure and 
gravity forces which may be combined in the 
familiar form g (T,- Tye) / Tye, and also the 
frictional force F. Thus Eq. (5) is expressible as 


dw atid VE RT Ta 


ae ar M dt = iy Ts + F (6) 
Assuming steady state conditions, this becomes 
dw dN T,-T, 
2 if v ve je 
dw Be 5 (7) 


4. Lateral Diffusion of Heat and Momentum 


In a study of the diffusion of momentum 
and heat from a plume of hot gas, PRIESTLEY 
(1956) has considered the process to consist of 
two phases. In the first phase, the gas has a 
relatively high velocity and large temperature 
difference which promotes rapid diffusion, 
while during the second phase the buoyancy 
and velocity are considerably less. For the 
latter phase, Priestley has derived the following 
expressions for the loss of momentum (per 
unit time and per unit mass) and the potential 
temperature change per unit time, respectively 

kw 


-k (0-0, a 


Here k, = Ka-? where K is the coefficient of 
eddy diffusivity and a is the radius of the 
buoyant jet. The heat loss per unit time per 
unit mass is therefore -k, c,(T/@)(0 -©,), 
(c, is the specific heat at constant pressure); or 
approximately 


Gk, (T-T.) (8b) 


In the case of saturated air, the turbulent ex- 
change of mass between the updraft and the 


environment would also require the saturation 
of the exchanged environment air. Thus it is 
necessary to add a term of the form 

(8c) 


—k L (4-4) 


where q is the specific humidity and L is the 
latent heat of vaporization. 

Using some observations, Priestley deter- 
mined values of k, which ranged from .06 to 
.2 seconds“! with jets. of radius, 10 to 20 
meters. Now the scale of this phenomenon is 
far different from that of a convective cloud, 
and the diffusion coefficients may differ. 
Nevertheless, values based on Priestley’s deter- 
minations may be used as a starting point. 
For a convective updraft of radius 100 to 
200 meters, the diffusion coefficient would be 
roughly .oo1 second} to .ooos second-}. 

With the use of the first expression in (8a) 
to represent the frictional drag, Eq. (7) may be 
written 

ESA eM a 


d 
w = +w?2 eg kw (9) 


The dimension of second} for k,, in Eqs. 
(8) and (9) implies, for example, that for a 
given temperature difference (T-T,), the 
loss of heat (or momentum) by diffusion 
varies linearly with time. This suggests 
that the diffusion is due to normal atmos- 
pheric turbulence in the vicinity of a cumulus 
cloud and does not depend on the speed of 
the updraft. Intuitively, one might exp >ct 
the turbulence to increase with increasing 
updraft velocity. Thus, for example, it may be 
more reasonable to assume that the expressions 
(8a), (8b) and (8c) represent the loss of mo- 
mentum and heat per unit vertical distance, 
having a diffusion coefficient, say k,, with 
dimensions of cm-!. In this case, the time-rate 
of heat and momentum loss by turbulent 
diffusion would increase with increasing up- 
draft velocity. Hence the loss of momentum 
by the updraft per unit mass for a distance dz 
would be dw= —k,wdz; and the loss of mo- 
mentum per unit mass per unit time (ie. 
the “friction force” per unit mass) becomes 


(10) 


= kw? 
5. Thermodynamic Equation 


On a typical thermodynamic diagram the 
saturated adiabats represent the “irreversible” 
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expansion of saturated air. The term “irrever- 
sible” merely indicates that the condensed 
moisture is immediately lost during the ex- 
pansion. In the convective current considered 
here, there is also entrainment of environment 
air which will be assumed to mix isobarically 
with the rising air and become saturated by 
evaporation of some of the condensed mois- 
ture. Finally, there is an additional exchange 
of heat through turbulent diffusion between 
the rising column and its environment as 
discussed in the previous section and represented 
by the expressions (8b) and (8c). This is to be 
distinguished from the entrainment of en- 
vironment air which results in a net increase 
of mass in the ascending column. With these 
assumptions, the first law of thermodynamics 
may be expressed in the form 


—MLdq - L (q - 4.) dM - c, (T - T.) dM - Mk, 


[(T-T.)+L(q-q)]de= (m) 
= M[c,dT - RaT,d(np)] 


The first term-MLdg represents the heat 
released through condensation in the expanding 
column; the second term, L(q-4,)dM, the 
latent heat required to saturate the entrained 
environmental air; c,(T-T,)dM, the heat 
required to raise the temperature of the en- 
trained air to that of the rising column; and 
Mk,[,(T- T.) +L(q--)|dt, the heat loss 
through diffusion to the environment during 
the time dt required for the current to ascend a 
distance dz. The right side of Eq. (11) (not 
term by term) represents the combined internal 
energy change and work done by a unit mass 
of the gas while expanding from pressure p to 
p+dp. In accordance with the preceding dis- 
cussion, together with a substitution from Eq. 
(3), Eq. (11) may be expressed as 
d dN k 
Fr Mu Tele. 


AT, 
[o(T- T)+ 14-6 +7, 02) 


If the diffusion coefficient k, (with dimensions 
of cm-!) of Eq. (10) were to be used, the 
term in Eq. (12) representing the loss of heat 
by turbulent exchange with the environment 


would be 


x k[G(T - T,) +L(q 2 4c) 
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(12a) 


6. Moisture Equation 


Since the rising air is assumed to be saturated, 
the specific humidity of the rising column 
may be expressed as a function of temperature 
and pressure. As a good approximation, we 
may write q=.622e/p where e is the satura- 
tion vapor pressure. Differentiation gives 


tdq_ de a) 


qdz edz pdz 


The last term may be replaced by g/R,T,. 
in accordance with Eq. (3). From Clapeyron’s 
equation we have 


gen PLAT 


e R,T? 


where R, is the gas constant for water vapor. 
Making these substitutions into Eq. (13) 
yields the result 


Tag a RL aT | g 
qdz R,T2de "RT, 


(14) 


The total liquid water content of the cloud 
is simply the moisture condensed minus 
the amount necessary to saturate the net 
entrained and the exchanged environmental 
air. Thus if / represents the “specific humidity” 
of the liquid water, we may write 


d(Ml) = - Mdq - (q- q,)4M - Mky(q- qe) 


Expanding the above equation leads to 
dN k, = 
Tet det Ut 4d- ae) gz +7, (4-4)=0 (15) 


Some additional relationships between tem- 
perature and virtual temperature, are also 
needed. We have the familiar (see [4]) equation 


T = (r+ 61 q) Tf (16) 


Differentiating the above equation with 
respect to zZ gives 


Now substituting for dq/dz from Eq. (14) we 
obtain 


Al, 61gL\dT .61Tqg 
de — (: DAS EU er) der Rye 
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By using some mean values in the above 
equation, we may obtain as a fair approxima- 
tion 


v 


dT. dT 
ee Der (17) 


7. The Environment 


It is of interest to determine the magnitude 
of the vertical velocity, rate of entrainment, 
liquid water content, etc., for (a) varying 
initial values of T, w, etc. of the updraft, (b) 
the diffusion coefficient, and (c) environmen- 
tal conditions. With respect to the latter, 
some computations were made with constant 
values of lapse rate y, in the environment. 
In this case T, may be expressed in the form 


(18) 


Similarly, some computations were made for 
some simple environmental moisture distri- 
butions consisting of a constant relative hu- 
midity. The saturation specific humidity q,, in 
the environment is obtainable from Eq. (14) 


dgse w Lye q 
dz ~ lee 4 ae de) 


ve Fa Ta me 


If the relative humidity r is constant, then 
qe=14s03 and from Eq. (19) it follows that 


dq. eye 1 q 
ae Ge | a) 4 (x94) 


Thus if the environmental lapse rate y,, the 
initial temperature T,,, and the relative hu- 
midity r are chosen, T°, and q, may be obtained 
at any level by the integration of Eqs. (18) 
and. (19a). 


8. The System of Equations 


Assuming that environmental conditions are 
known, Eqs. (4), (9), (12), (14), (15), and 
(16) constitute a system of six equations in 
seven unknowns; namely, w, T, T,, q, I, 
N, and o. Hence, one more equation must 
be furnished in order to complete the system. 
The additional equation may be provided by 
designating the vertical variation of the cross- 
section area of the rising column. Observa- 
tional data of this nature is scarce and some- 
what confusing. Data from the THUNDERSTORM 
Project (1949) indicated that the cross-section 
area of the thunderstorm, as observed by 


radar, first increased slightly with height 
between about s and 10 thousand feet, and 
then decreased markedly to the top which 
ranged from about 22 to 47 thousand feet. 
Of course, the variation of the updraft area 
may differ considerably from this. In the 
study of the two trade-wind cumuli, Markus 
(1954) found that in the first cloud, the up- 
draft arca first decreased with height and then 
increased, while in a second cloud there was 
first an increase, then a decrease followed by 
another increase. In the latter cases, the cloud 
tops extended to only 5,000—7,000 ft. and 
observations were confined to the lower 5,000 
ft. On the basis of these studies, it would 
seem best, for the present, to assume a constant 
area, at least for the application of the theory 
to some hypothetical atmospheres. In this 
case, we have 
do 


a (20) 
On the other hand, if the system of equations 
is to be integrated for a specific cloud for 
which observations are available, then the 
observed variation of the cross-section area 
may be readily incorporated into the system. 

With the use of Eq. (20), the system of 
equations (4), (9), (12), (14), (15), and (16) 
may be solved for the cloud temperature 
lapse as follows: 


BE -Lq © (1+13q) 
ener FRS ol [lg a) + 


ze TdF {3 [@-a)+ 27-79] 


[2 Eee EM k, 


wer w 


2 ] „Rı 
Radice w 


= HT_ AURAS 7 
| (a a) +7 (TT) | + Er RIT l 
When dT/dz has been computed by means 


of Eq. (21), we may proceed to a computation 
of dN/dz, dw/dz, etc. in the following order: 


dN IE To Te Ru ar, 
ol I w R,T, T dz = 
dw dN a i= I 
Pa ae: 
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dq_1q dT gq 


dz R,T?dz = Rel. (24) 
dl d dN k 
5; -(l+g-) - 24-2) (25) 


Eqs. (16) through (19a) are used as needed. 
Given initial values of T, N, q, w, and | 
as well as those of T, and q, the foregoing 
system of equations may be integrated numeri- 
cally over sufficiently small intervals of z. 

The systems of equations, (21) through (25), 
appears to be a reasonable physical represen- 
tation as long as the velocity and mass distri- 
bution require a positive entraiment; 1.e., for 
dN/dz = o. On the other hand, if dN/dz < o, 
the preceding system implies a tendency to 
increase the vertical velocity, and also tem- 
perature if T>T, and q> q,, as a result of the 
systematic detrainment. Instead, when continui- 
ty of mass no longer requires positive entrain- 
ment, it will be assumed that dN/dz =o. This 
implies that there must be a compensating 
increase in the cross-section area of the updraft. 
If dN/dz=o, the system of equations (9, 12, 
14, 15), becomes 


ape eg ct (kc, 
dz Ber à à ch delle | z 


APE LE 
fi ET ss Ra = 
dw g T,- Tye 
De aie en ki (28) 
dq_ La dT gq 
Dh IT ail 


die spa 
oo de) 


w 


The procedure consists of computing dN/dz 
utilizing Eqs. (21) and (22). If dN/dz 20, 
dw/dz, dq/dz, and dl/dz are computed from 
Eqs. (23), (24), and (25). However, if Eqs. 
(21) and (22) give dN/dz<o, then dT/dz, 
dw/dz, dq/dz, and dl/dz are to be computed 
from the system (26). 


9. Comparison to the Malkus Model 


As indicated in the introduction, Markus 
(1954) has made some comparisons between 
observation and theory with reasonably good 
Tellus XI (1959), 1 


results. It is, therefore, of interest to compare 
the equations derived here to those of Malkus. 
If dM, represents the gross entrained air 
between levels z and z+dz, and dM, the 
detrained air from the updraft, then the net 
entrainment dM (dynamic entrainment) is 


(27) 


The continuity equation is then identical to 
Eq. (4). The momentum equation is given by 


d(Mw) dM, dM, Ihr 
dt aan en le 


ve 


dM =dM,-dM, 


+ 


If we take w, & 0, the above equation becomes 


(28) 


dw | w dM Tal wd, 
Re Nie de gran C2 


The thermal equation may be obtained by 
assuming that the total entropy of the system 
comprising the buoyant jet and the entrained 
environment air is conserved from z to z +dz. 


Thus 


MI (/ = q)Sa = qo ei dM (x ji Je) Sac + Qesvel = 
= dM,|(1 — q)sa + q 8] + (M+dM) x 
x [(1 — 4 — dq) (Sa + dsa) + (q + 4q) (so + dss)] - 
— Msdq - (9 -9.)sıdM, (29) 
Here s refers to the entropy per unit mass and 
the subscripts d, v, and / denote dry air, water 
vapor, and liquid water, respectively. With 


some relatively minor approximations, Eq. 
(29) may be written in the form 


dM _ 
M 


arg) + (RT) ee 


= 6,01 RIT din p 


= Ldq = [L(q = de) a CRG. os T,)] 


(30) 


Comparison of Eqs. (28) and (30) to Eqs. (9) 
and (12) shows that the pairs are identical if 


Thus the detrainment is equivalent to assuming 
a loss of heat and momentum by lateral 
diffusion. The rate of detrainment may vary in 
the vertical, and so also may the diffusion 


Io 


coefficient. However, in this study the latter 
has been assumed constant for any particular 
convective current. 


10. Computations and Results 


After appropriate scaling, the system of 
equations was numerically integrated by the 
Runce-KuTTA-GILL method (1951) on a Na- 
tional Cash Register 102A electronic computer. 
Values were computed for every Io meters 
and each of the latter steps, in turn, was 
obtained through four iterations. 

As a preliminary check on the integration 
procedure, the system of equations was inte- 
grated with k,=o and dN/dz=o. These 
conditions imply zero loss of heat and mo- 
mentum by lateral diffusion and zero entrain- 
ment of environment air, corresponding to 
saturated adiabatic expansion. The tempera- 
tures so obtained were then compared to the 
saturated adiabats on a conventional thermo- 
dynamic diagram. Also, the vertical velocities 
were independently calculated for the partic- 
ular values at hand by means of the following 
equation, (see [4]), which is equivalent to 
Eg. (10) for the special case considered, 


Po 


WER ftT-Tu)dinp 


p 


The temperatures and vertical velocities ob- 
tained by the two methods were in excellent 
agreement. 

A further check on the numerical integration 
was possible by comparison of the computed 
specific humidities to the saturated values 
corresponding to the computed temperatures, 
and again, very good agreement was obtained. 

As indicated earlier, computations were 
made for a variety of initial and environmental 
conditions, some of which are indicated below. 
The values of q and qe were computed for a 
pressure of 1,000 mb. and the various initial 
temperatures indicated. An appreciably lower 
initial pressure would increase the values of 
do and qo, and thus increase the values of w, 
M, | and the cloud height H. The results of 
the numerical integrations are expressed 
graphically in terms of curves of w, M/M,, 
l, T, and AT=T-T,. The plot of M/M, 
indicates the rate of increase of mass due to 
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Figure 1. Vertical velocity w, fractional mass increase 
M/Mbp, liquid water content |, temperature excess over 
environment AT and environment temperature T, as 


functions of height for the convective current of Case (a), 

corresponding to y, —.7 G/Koo mf 80065 1 20> G; 

Ts = 190° C, w=" mps., kı = oor sec... The dashed 
curve is AT for Case (C), r = 7o %- 


entrainment; e.g., a value of 2 indicates that 
the mass has doubled etc. Included here is 
the following representative sample of cases. 
Case (a): (Figure 1): 

Ye =-7° C/100 meters, r= 80 % 

W y= I meter/sec., Ty = 20° C 

To = 19° Cy ki =Yoor sec. 
Case (b): 

Same as Case (a) except that r=90 % 
Case: (c): 

Same as Case (a) except that r=70 % 
Case (d): (Figure 3): 


Same as Case (a) except that y, = .6° C/100 
meters 
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Figure 2: Cloud height Hand maximum, w, M/M,l and 
AT as functions of environmental relative humidity r. 


Case le): 
Same as Case (a) except that T,= 30°C, 
To = 29° C 
Case (f): 
Same as Case (a) except that Ty = 10° C, 
= C 


Case (g): (Figure 6): 
Same as Case (a) except that w,=2 me- 
ters/sec. 


Case (h): 
Same as Case (a) except that k, = .0005 sec"! 


Case (i): 
Same as Case (a) except that Ty = 19.5° C 


Case (j): (Figure 7): 
Same as Case (a) except that ky=.0000025 
cm”! 


Cases (a) through (c) show that cloud height 
H, vertical velocity w, the entrainment indi- 
cated by M/M, and liquid water content / 
all increase with increasing relative humidity 
of the environment, other things being equal. 
Figure 2 gives H and the maximum M/M,, 
w, AT, and l as functions of environmental 
relative humidity, as obtained from these 
three cases. The curves here, as elsewhere, 
were faired between computed points. 

In determining the maximum AT, the 
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first few hundred meters including the cloud- 
base value AT=1 were excluded. It may be 
noted from Figure 2 that the parameters 
pass vary almost linearly with relative 

umidity. Figure 1 shows that the most 
rapid changes in the variables w, M, and AT 
take place in the first 100 meters. Here the 
rapid acceleration results in a large rate of 
entrainment while the low velocity gives a 
greater length of time (per unit height) for 
diffusion, both processes causing AT to de- 
crease rapidly. As the relative humidity of 
the environment increases, the entrained air is 
less effective in cooling the updraft. Figure 1 
also includes the curve for Case (c) while 
Figure 5 shows the AT curves for Cases (b), 
(e), (£), and (h). For Case (b), AT is positive in 
the lower 1/3 of the cloud and then the cloud 
becomes colder than the environment. With 
environmental humidities of 80 % and 70 %, 
AT is negative in a layer in the lower part of 
the cloud; but AT is positive in the middle 
portion. In this cases, acceleration nevertheless 
occurs in the lower part of the cloud, where 
AT<o, because the virtual temperature of 
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Figure 3. Similar to Fig. 1 except that y, = .6° C/100 m. 


I2 


the updraft exceeds that of the environment. 
It may be noted in Figure ı that the liquid 
water content is zero or slightly negative in 
the first few hundred meters. This indicates 
that the condensed water is entirely used to 
saturate the entrained environmental air. A 
negative | implies that the convective current 
briefly becomes unsaturated during which no 
condensation would tend to occur. This 
minor discrepancy was neglected, however, 
since the lapse rate is already strongly super- 
adiabatic as a result of entrainment and diffu- 
sion, and saturation would occur again almost 
immediately. 

Case (d) (Figure 3) differs from Case (a) 
(Figure 1) only in the environmental lapse 
rates, which are .6° C/roo m. and .7° C/100 m., 
respectively. This difference in lapse rate is 
sufficient to produce substantial changes in 
the cloud height, vertical velocity, etc., the 
higher values occurring with the larger lapse 
rate, as would be expected. Note in Figure 3 
that AT is negative throughout the cloud; 
nevertheless, the cloud reaches a height of 
4,750 meters. The rate of entrainment here 
is quite low resulting in total mass increase of 
less than three-fold. 

Figure 4 illustrates the variation of the 
significant parameters with initial environ- 
mental temperature. For the most part, the 
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Figure 4. Cloud height H and maximum w, M/M,, |, and 
AT as functions of initial temperature. 
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Figure 5. Temperature excess AT = T- T, of updraft 
over environment as a function of height for Cases (b), 


(e), (£) and (h). 


curves are definitely non-linear; and the rate 
of ‘increase of H, ww... (MM) (AT 
and Inq, increases with initial temperature. 
The AT curves for Cases (e) and (f) are in- 
cluded in Figure 5. A maximum AT of 5.14° C 
occurs with Case (e), which may be in excess 
of observed values; however, lapse rates of 
.7° C/100 meters are probably rare at these 


high initial temperatures. 

Figure 6 (Case g) shows the result of taking 
a larger initial velocity w, at the base of the 
cloud. A comparison of Figure 6 to Figure 1 
shows an increase in H, w, AT, and /; however, 
there is a decrease in M. Note also that with 
the higher initial velocity, AT remains posi- 
tive in the lower portion of the cloud since 
there is less time for loss of heat by diffusion 
and also smaller entrainment. 

Case (h) is similar to Case (a) except that 
the diffusion coefficient is decreased by a 
factor of 2. This results in a 13 % increase in 
cloud height, a 30% increase in w,,,, a 24 % in- 
crease in (M/Mbp) maz à 40 % increase in (AT mars 
and as % increase in |,,,,. The AT curve for 
Case (h) is included in Figure 5. 
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Figure 6. Similar to Fig. 1 except that ıw, = 2 meter/sec. 


The purpose of Case (i) was to ascertain 
the effect of reducing the initial temperature 
difference AT. By taking To=292.5° C with 
the other parameters the same as Case (a), 
the initial AT=.5° C is just half of that of 
Case (a). As a result, the initial acceleration 
and rate of entrainment of Case (i) is somewhat 
smaller than Case (a); however, differences 
between like parameters of the two cases 
diminish fairly rapidly. At a height of about 
800 meters, the parameters are virtually iden- 
tical and so remain to the top of the cloud. 
These results are not surprising when one 
takes note of the rapid decrease in the updraft 
temperature in the initial stages in all of the 
cases studied. Any initial temperature excess 
usually disappears or at least is sharply de- 
creased while the other variables change more 
slowly. It should be noted here that the set 
of all variables (including updraft and en- 
vironment) at any height may be considered 
as a set of initial values, and subsequent values 
depend only on these values and the system of 
equations. Thus, in a sense, the system of 
curves for each case include an infinite array 
of different initial conditions. In connection 
with the liquid water content of the cloud, 
note that not only /, but also M, increases so 
that the total liquid water content of the 
cloud MI shows a rapid increase. 
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Table I. 


Cloud height H, and maximum values of w, M/M,, 
I, and AT, for Cases (a) through (j). 


H max M AT I 

Case os Sole mar mar 

US at Gare (°C) | (g/kg) 
(a) 7900 14.12 8.13 1.26 6.0 
(b) 9500 22.28 11.8 2.47 TL 
(c) 6150 6.25 4.0 .25 4.9 
(d) 4750 4.07 2.88 | —.oI 5.9 
(e) 14,600 41.88 16.4 5.14 10.0 
(f) 3350 3.55 2.84 .10 3.0 
(g) 9600 22.08 5.82 2-27 7.0 
(h) 8900 18.4 10.0 1.70 6.3 
(i) Essentially the same as Case (a) 
(j) Foo SEE TON) 4709, 0| Br shal. 05 


Table I summarizes some of the pertinent 
data from the computations cited thus far 
and gives the cloud height H, and the maxi- 
mum values of w, M/M,, I, and AT. 


11. An Estimate of the Diffusion Coefficient 


The results described in the preceding section 
give a fairly complete picture of the influence 
of initial and environmental conditions on the 
properties of the convective current. It would 
also be desirable to obtain an estimate of the 
diffusion coefficient by comparisons of com- 
puted and observed data. Unfortunately, de- 
tailed measurements of vertical velocity, tem- 
perature, etc., in and near convective clouds 
are lacking. Some data on thunderstorms have 
been published (1949); however, the initial 
vertical velocity and temperature difference are 
unknown, and only sparse data on vertical 
velocity and temperature are available. Conse- 
quently, only a very rough estimate of the 
diffusion coefficient may be made. The storm 
of August 17, 1947 was selected at random 
from the Thunderstorm Project data. The 
upper air sounding for 0300 G.C.T. from 
Huntington, W. Va., was used to represent 
the environmental conditions, and for lack 
of observational data, initial values of AT 
and w were taken as 1° C and 1 meter/sec. 
respectively. It may be recalled, however, 
that the choice of the initial value of AT 
was of less significance, at least in the range .5 
to 1°C, than the selection of w,. With the 
above choices, a value of k,=.001 sec.”! gave 
a cloud height 44,600 feet and a maximum 


14 


vertical velocity of 20 meters/sec. Also, the 
computed values of temperature gave a cloud 
which was warmer than the environment up 
to 36,500 feet, with AT mainly in the range 
from .64° to 1.18°C, and then AT became 
negative, reaching a value of — 3° C at 44,600 
feet. Radar echoes from Cell I of the actual 
thunderstorm of Aug. 17 indicated a maximum 
height of 50,000 feet, which lowered to 20,000 
ft. within an hour or so. Such a lowering 
could be brought about or at least aided by a 
settling of the denser air at the cloud top 
which resulted from overshooting from below. 
Cell II of this storm gave a radar height of 
only 29,000 ft., presumed to be due to drier 
air which had moved in aloft. The maximum 
vertical velocity indicated below 25,000 ft. 
for this storm was about 12 meters/sec. On 
the other hand, the computations gave a value 
of 15 meters/sec. at 25,000 ft. with lesser 
values below. These comparisons offer no 
detailed check on the theoretical model but 
do indicate that the computed values are of 
the right order of magnitude when a diffu- 
sion coefficient of k, =.001 sec.-1 is used. 


12. An Example with Diffusion Represented 
by k, 


In order to determine the differences between 
the two different forms of diffusion coefficients, 
as represented by Eqs. (8a), (8b) and Eqs. 
(10), (12a), respectively, a computation, Case 
(j), was made using Eqs. (10), (12a) with the 
same initial and environmental conditions 
as Case (a). A value of the diffusion coefficient 
k,=.0000025 cm! was used, which is roughly 
equivalent to k, =.0o1 sec.-1 for the velocities 
generated in these examples. The results are 
shown in Figure 7 and Table I. It is imme- 
diately apparent that the two approaches give 
essentially equivalent results. A slightly smaller 
value of k,, say about .000002 to .0000015 cm! 
would give nearly the same maximum values 
as Case (a), except for the liquid water 
content which is 0 larger in Case (j) 
than in Case (a). Also, percentage-wise the 
difference in w,,, between Cases (a) and (j) 
is greater than between the other parameters. 
Hence, we might expect the a ur to 
remain somewhat smaller when using the 
diffusion ir by k, than k,, even with 


the same cloud height. This is not surprising 
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Figure 7. Similar to Fig. I except that kg = .0000025 
Ce 


since the “friction force” in the k, case is 
proportional to the square of the velocity. 
In this connection, one might have expected 
an even greater decrease in velocity when the 
square law is used for the “friction”. However, 
this does not occur because the friction force 
is fairly small in either case. The most impor- 
tant effect of the lateral diffusion is the loss 
of heat by the updraft which lowers the tem- 
er and thus decreases the buoyancy 
orce. A larger diffusion coefficient would 
increase the friction force, but the greater heat 
loss would excessively inhibit cloud growth. 
If the mechanisms for the diffusion of momen- 
tum and heat are different, then different 
coefficients would be used in expressions (8a), 
(8b), and (8c). There appears to be little spec- 
ific evidence to support such a conclusion; 
nevertheless, some calculations were made 
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using different coefficients for heat and mo- 
mentum. A larger coefficient for the latter 
gives rise to a larger “friction force” and thus 
a reduction in updraft velocity. A smaller 
value for the heat diffusion coefficient will 
permit the cloud to remain warmer than the 
environment despite the greater time available 
for loss of heat by lateral diffusion. The overall 
results of the computations were similar to 
those previously described and are not in- 


cluded here. 


13. Summary and Concluding Remarks 


A system of rn representing a 
steady-state saturated convective current un- 
dergoing a transfer of heat and momentum by 


lateral diffusion as well as systematic entrain- 
ment, has been derived and numerically inte- 
grated for various initial and environmental 
conditions. A brief summary of the principal 
results is included in the abstract. In addition, 
it should be noted that where a series of con- 
vective cells develop adjacent to one another, 
lateral diffusion of heat and moisture will 
tend to modify the environment and thus 
affect the updraft properties of succeeding 
cells. In particular, the diffusion of water 
vapor will usually tend to increase the moisture 
content of the environment, at least in the 
lower part of the cloud, thus making it more 
favorable for the development of subsequent 
convective updrafts. 
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Computations of the Growth by Condensation of a Population 
of Cloud Droplets 


By W. MORDY, International Meteorological Institute in Stockholm! 


(Manuscript received June 15, 1958) 


Abstract 


The number and size of cloud droplets formed on several condensation nucleus spectra 
is computed numerically. The relative humidity is treated as a dependent variable and the 
settling of droplets by Stokes Law is accounted for. 

A model is presented for studying simultaneous variations in vertical velocity, nucleus 
distribution, and humidity by the use of an electronic computer. To date eight computations 
have been made for three types of nucleus spectra at different rates of rise. Both nucleus 
distribution and rate of rise produce significant differences in resulting cloud droplet 


distributions. 


The concentration of cloud droplets computed ranges from 1 cm”? to 470 cm? for vertical 


velocities ranging from 5 cm/sec to 100 cm/sec. 


I. Introduction 


In the development of a cloud the spectrum 
of droplet sizes is initially determined by the 
number and size of condensation nuclei and 
the rate of cooling of the air. Subsequently the 
spectrum is altered by turbulence, coalescence, 
evaporation, sedimentation, and entrainment 
or mixing. Still later modification may occur 
by the Bergeron process. 

Because these later processes act to modify 
the initial distribution it is important in the 
study of such processes to know in some detail 
the character and importance of the factors 
which control the shape of this initial distribu- 
tion formed by condensation. 

To date one of the most complete investiga- 
tions of this kind has been made by Hower 
(1949) who investigated the growth of a 
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population of varied sized droplets in air 
cooled at a uniform rate. In the years followin 
Howell’s work Woodcock made detailed 
measurements of the number and size of con- 
densation nuclei larger than 10-12 (Howell’s 
max. size) and found them to be a very im- 
portant portion of the nucleus spectrum in 
terms of the mass of salt found in the air. 
The spectra of condensation nuclei used by 
Howell therefore will be replaced here by new 
ones based on more recent information which 
indicates appreciable numbers of very large 
nuclei. These “giant nuclei”, as they are some- 
times called, are in some instances large enough 
at cloud base to have appreciable fall velocities, 
a factor for which it was not necessary to 
account in Howell’s investigation. A new 
investigation requires therefore also that this 
sedimentation of droplets be considered. 
Howell formulated a growth equation for a 
droplet growing by condensation. It is an 
ordinary differential equation in which the 
growth is mainly dependent on only four 


Tellus XI (1959), 1 


GROWTH OF CLOUD DROPLETS 107% 


factors, namely the radius, humidity, nucleus 
size, and time. Because of the very large varia- 
tions in the growth rate of different sized con- 
densation nuclei, and because of the “feed 
back” of the water vapor consumption, by 
condensation, on the humidity of the droplet 
environment, integration of this equation for a 
population of droplets becomes a laborious 
task. Howell proceeded with hand computa- 
tions for three cases, believed to be charac- 
teristic, of natural conditions and chosen to 
represent conditions which would demonstrate 
variations in the drop size spectrum. He found 
among other conclusions that the “conditions 
under which operation of the growth equation 
most favors a broad spectrum are not ade- 
quately clarified”. This somewhat indecisive 
result was due at least partly to inadequate 
information about the condensation nuclei. 

With modern computer techniques and 
with new observational information it now 
seems desirable to make a new and extended 
approach to this problem. 

The author presents here a mathematical 
model which lends itself to an extension of 
Howell’s work by investigation of a number 
of additional factors which influence droplet 
growth by condensation. 


2. The model and its behavior 


Consider a column of air rising vertically. 
At the base of this column, air is being intro- 
duced which contains a given population of 
different sized condensation nuclei. The smallest 
of these nuclei are initially at near equilibrium 
with the humidity conditions in their environ- 
ment. The largest nuclei because of their 
relatively slow growth are arbitrarily assigned a 
size which represents a certain lag in adapting 
to the environment. 

The air in the column rises, according to a 
given function of height and time, increasing 
or decreasing the relative humidity by adiabatic 
expansion or compression. The droplets grow, 
according to the condensation drop growth 
equation, reducing the relative humidity by 
consuming water vapor and adding heat to 
the environmental air. 

The relative humidity or supersaturation 
increases until a level is Be where the 
consumption of water vapor by the droplets 
and the latent heat of condensation balance 
the humidity changes which would result from 
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the adiabatic cooling. At this point of balance 
the highest supersaturation is reached. This 
maximum value determines the smallest size 
of condensation nucleus which will exceed its 
critical radius according to the classical curves 
of KÔHLER (1926), which in a revised form are 
given in figure ı showing the equilibrium 
radii for droplets with given nuclei at given 
relative humidities. Droplets which exceed 
this critical radius continue to grow as long as 
the relative humidity exceeds the equilibrium 
values for the droplets. Droplets which fall 
short of this critical radius cannot exceed the 
equilibrium value and will remain on the 
lower or stable side of the curve. 

Therefore when maximum supersaturation 
is reached, the droplet size spectrum is divided 
into growing cloud droplets on the one hand 
and nucleus droplets nearly in equilibrium 
on the other. 

The balance struck between the growing 
droplets and the humidity changes which result 
from cooling, is soon altered. As the radii of 
these droplets increase, their water consump- 
tion also increases, until they consume more 
water than for the balanced condition. The 
supersaturation is thus reduced gradually 
following the growth of the particles. 

The largest of these droplets will settle no- 
ticably against the rising air. If the rate of 
settling is an appreciable portion of the vertical 
velocity, the concentration of these particles 
increases. For any given size of nuclei when the 
fall velocity of the particles equals the vertical 
velocity of the air, a high concentration of 
droplets may exist in a thin horizontal layer 
which in turn may affect the water consump- 
tion for this layer and therefore the humidity 
conditions. In certain cases, therefore, the 
maximum humidity or supersaturation is in- 
fluenced. by this increased population of larger 
drops. This process would be especially im- 
portant in the lowest few meters of the cloud. 
Although it is not a part of the phase of the 
investigation reported here it should be pointed 
out that coalescence between droplets quite 
conceivably could by this mechanism exert a 
strong influence on subsequent droplet growth 
by condensation. The resulting influence 
would be to reduce the number of growing 
droplets as time passes. These fewer droplets 
therefore will grow faster than the preceding 
ones. 
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Fig. 1. Köhler type equilibrium curves for droplets formed on given nuclei sizes. 


Coordinates given at the left and bottom indicate humidity and radius for NaCl 
nucleus size M in moles indicated at left of curves while coordinates at top and right 
indicate values for nucleus size indicated at right of curve. 


For the sake of simplicity the above remarks 
have referred to a steady, rising current with a 
fixed nucleus spectrum. In the model as it is 
actually used, it is possible to make the vertical 
velocity a function of time and height and 
hence better to simulate cloud conditions. The 
number of condensation nuclei introduced at 
cloud base can also be altered during the course 
of the computation. In fact, a variety of cir- 
cumstances can be studied, i.e. vertical velocity, 
temperature and humidity, nuclei distribution. 
The results of some of these altered considera- 
tions will be given in a subsequent report. 


3. The droplet growth equation 


To compute the growth of a droplet in a 
changing environment of temperature and 
humidity one must know the rate of diffusion 
of water vapor to the droplet, and the rate 


of diffusion of heat away from the droplet 
Knowing these factors and the heat capacity 
of the droplet, one can determine its heat- 
water vapor budget and hence growth. 

Evaporation or condensation of the droplet 
or droplets affects the environment which in 
turn affects the subsequent particle growth, 
so no computation of droplet growth is ade- 
quate for meteorological purposes which does 
not consider droplets in relation to each other 
and in relation to a changing environment. 

The growth of a droplet by diffusion may 
be satisfactorily expressed by: 


im gD 
4 = AU DT Coo Pr) 


(1) 


for a steady state case (for example, JoHNSON 
1954): 
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where m = mass of droplet 

ratio of molecular weight of 
water vapor and air 

D = water vapor diffusion coefficient 
R = the gas constant 
78; 
r 


© 
I 


abs temperature 
= droplet radius 


The equilibrium vapor pressure over a 
droplet was derived by KELvIN (1870) and 
modified and revised for meteorological 
purposes by KÖHLER (1926). Equations govern- 
ing the growth of droplets by condensation 
have been given as well by Howett (1949), 
VIERHOUT (1949), SQUIRES (1953), Mason 
(1957) and others. The equations, as presented 
here, differ in certain details following the 
suggestions of MCDonaLD (1953), MASON 
(1957 a), and RootH (1957). 

The expression for the equilibrium condi- 
tion is: 


r te 
An 2% B_ 30 
ORT 4700 
where e, = vapor pressure over the droplet 
surface in bars 
on saturation vapor pressure at the 
temp T, in bars 
o = surface tension of water at temp 
T in dynes/cm? 
& = ratio mol - wt H,O to dry air= 
18/29 =.621 
= gas const =1.87x 10% ergs g" 
Sc 
Pzrtempm K 
r = droplet radius in cm 
i = van ’t Hoff factor (2) 
M = wt in moles of condensation 
nucleus 
my = mol wt of water 
o = density of water g/cm? 


Two terms in this expression should be 
specially noted. The first is the term containing 
A which describes the increase of the vapor 
pressure over the curved surface of the droplet. 
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The second term is the one containing B 
which describes the lowering of the vapor 
pressure by the presence of a solute, in this 
case assumed to be NaCl, in the droplet. 

The ambient vapor pressure, (eo), at a 
distance far enough from the droplet to be 
unaffected by it we shall presume is the satura- 
tion vapor pressure corresponding to the 
dewpoint temperature of the air. The vapor 
pressure at the surface of the droplet, (e,), is the 
vapor pressure of a droplet of salt solution 
with a known nucleus size and at the temper- 
ature of the surface of the droplet. The tem- 
perature of the droplet surface cannot be 
known directly in the condensation process 
and must be deduced from a consideration of 
the heat balance of the droplet in a known 
environment. 


a) Drop temperature 


To do this, one must have a second equation 
which describes the heat budget of the droplet. 
The diffusion of heat to or away from a droplet, 
analogous to equation (T), is given by: 


d 
Ce = grrrk( Too Ti) (3) 
where k = thermal diffusion coefficient 
= = the heat flux inwards through the 


droplet surface 

Too = the temperature of the environ- 
ment at a sufficient distance to 
be unaffected by the droplet 

T, = the temperature of the droplet 
surface 


To determine the droplet temperature we 
may consider that the heat gained by condensa- 
tion, less the heat lost by heat diffusion, equals 
the change in heat stored in the droplet, ice. 


dm es dO a4: da 


3 u 
ra ee Er (4) 


€ = Speciuc Heat 
o = density of liquid water 
L = latent heat of evaporation of water 
Strictly, T,, should be the average temper- 
ature within the droplet but it has been written 
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here as approximated by the surface temperature. 
wat adm 
The term containing 73 taken from equa- 


tion (1), is expressed in terms of the vapor 
pressure. The objective here is to express the 
drop temperature in terms of the ambient 
temperature and dew point. This is done by use 
of the Clausius-Clapeyron equation, that is 


Dutch 
eAT RT? 
or 
IE 
e- 0» (T-T) (5) 
if Ae<e 
where J = mech. equiv. of heat, 


er en = wapor pressuresat IL, 
0 0 


Using equation (5) as: 


éJLe 
T° = 


Rp PM 


where T’ = dew point temperature 
ey’ = sat. vapor pressure at T” 
er, = sat. vapor pressure at T, 


and the equilibrium vapor pressure over a 
droplet of dilute salt solution written as: 


we can write that: 


*  ;B* 
piety (r- ae ) (6) 


RT? r 
where 
RT? 
Re 
HAE 
RT? 
NER ee 
2 e]L 


e 
T. . ve 
and = is taken & 1 when multiplied by 


A bl iBM 
r 12 


~ 


If we substitute this in equations (1) and (4) 
we have then: 


4 IT =e 
u 5: + 4rırk(T,- Too) 


eD [ «JLe P A* =] 
I ar ve ||.) 


where u =1. 


This gives us an equation from which we 
can determine the drop temperature from the 
ambient temperature and the dew point tem- 
perature. From (7) we write: 


dT, 
Gey TETE 
+6(T*-T,) 
where 
= frye 
= R 
ie LeD Er) 
TRIER 
x «Rk 
hia ne 
r r 


HOwELL (1949), SQUIRES (1952) and ARONS 
and KEITH (1954) have pointed out, however, 
that a complete solution to this equation is 
unnecessary as the heat capacity of the droplet 
may be neglected. Writing this equation as 


TX ie, et TRE ede 
= = 


I; - 
Ca + Co +6, dt (8) 


the second term on the right side of equation 
(8) indicates the lag in temperature of the 


} dTr 
droplet due to its heat storage. The rate —— 


dt 
can not be expected to be much larger than 
the rate of change of the temperature of the 


environment os which can easily be esti- 


mated. For drops less than 100 x therefore 
the lag will not exceed + .005° C assuming a 
lapse rate of 0.01° C/m and a vertical velocity 
of 3 m/sec and will be 5 x 10-8 C for 10 u. 
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droplets. This is negligible in relation to the 
other terms. 

From equations (x), (2), (s) and (8) we can 
now write 


Here we shall designate e, to mean the satura- 

tion vapor pressure at the ambient temperature 

Too (i.e. corresponds to the saturation mixing 

ratio as opposed to the actual mixing ratio). 
From equation (5) we can write, 


Es —€; = es —€ (44 =) 
Ss og SS 72 pri 3 
From equation (5) 
e]Le 
esr = pire (Too - T;) 


From equation (8), by omitting the term 
containing ace 


dm 
té a 4rtkr( To. — T;) 


Combining these expressions we get 


eJLe L dm 
T, RT? arıkr dt 


ee 
The growth equation then becomes 


dm ed Ne 4 BE) ]+ 
hae RT| SEEN, rè 


qureD eJL?e 1 dm 
RTERRT 47 di 


or 
,£D 
RT 


dm I 
En ie ce 
kR2T? 


A iBM ] 
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In the last term of the expression er, can 


be replaced by e, without seriously changing 
the results since it is the difference between 


A iBM 
7 and FE which is the dominating quantity 


here. In this way the equation takes the form 


de aD | 
d+ RT|  æ#JLDe 
kR?T® 
[i AA VAP TEN ] 0) 
The term 
nd ae 
| SIEDe 
RR2T3 ) 


indicates the modification of the vapor pressure 
difference between the droplet and the en- 
vironment caused by the heating associated 


with the droplet growth. 


b) The vapor pressure reduction due to the 
dissolved nucleus 


The nuclei used in the present computations 
are assumed to be composed of sodium chloride 
while the numbers of these nuclei correspond 
to the numbers of sea salt particles as measured 
by Woopcock (1949), Moore and Mason 
(1957), or in the case of the very smallest 
particles by JuNGE (1952). It is necessary there- 
fore to compare the reduction in vapor 
pressure over solutions of sea salt and sodium 
chloride to see how well they correspond at 
concentrations implied by the droplet sizes in- 
volved in the computations. 


The vapor pressure reduction over sea salt 
solutions has been investigated in some detail 
by Arons and KIENTZLER (1954). It will there- 
fore suffice to compare the reduction in vapor 
pressure of NaCl as indicated in the growth 
equation (9), with the values they determined 
empirically, to establish the accuracy of the 
assumption made in the computation. 

As computed in the growth equation, the 
reduction in vapor pressure due to the presence 
of the salt nucleus is an approximate form of 
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/ 
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E11 / in equation (9) 
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Fig. 2. The reduction of vapor pressure over sea salt solu- 

tion of varying salinity (Arons and Kientzler) and over 

solutions of NaCl as assumed in the computations here. 

Concentrations found in small droplets in equilibrium 

with 100 % rel. hum. are indicated by arrows along the 
curve. 


Raoult’s Law as modified by the van ’t Hoff 
factor, i.e. 


or 


as given in equation (9). 

Therefore, if we plot Ae as computed in this 
approximate form to Arsen sait) as measured 
by Arons and Kientzler, we can estimate the 
error caused by assuming a NaCl nucleus. 
This has been done in figure 2 for 10° C. Salin- 
ity in the case of the empirical data is com- 
puted in the usual way from the chlorinity (sal 
=0.03 + 1.805 cl, SVERDRUP ET AL, 1942). Salin- 
ity as computed was the approximate value 


m £ 
m,/m rather than Fae oi The van’t Hoff factor 
m 


Ss 


~ 


varies from 1.82 to 2.91 according to Mc- 
Donatp (1953) in the range of values con- 
sidered, but in these computations it was con- 
sidered constant, i=2. 

The computed values of Je are not more 
than 15 % from the empirical sea salt values, 
which is not a serious factor in the computa- 
tions in view of the uncertainties concerning 
the exact chemical composition of the nuclei. 
Analyses of rainwater such as reported by 
Erıksson (1952) and Morpy (1953) indicate 
that salts do not appear in rainwater in the 
same ratio as in sea water. Furthermore, while 
the assumption that the nuclei are sea salt may 
be relatively safe in the case of the very large 
nuclei as measured by Woopcocx, the smaller 
particles as has been shown by JUNGE (1952) 
and others, may consist of a variety of sub- 
stances. These smaller particles sometimes con- 
sist of highly concentrated solutions even at 
100 % relative humidity due to the size of the 
capillarity term A/r in the growth equation 
(10) below. 

It will later be shown that the dominant 
factor in the initial condensation process in 
determining the environmental humidity and 
therefore droplet number for a given nucleus 
distribution, is the rate of cooling, and that in 
consideration of this controlling factor, small 
errors in the nucleus term are relatively unim- 
portant. 


c) Ventilation 

The work of Frössumg (1938) shows that 
the modification of this equation necessary to 
provide for ventilation of the droplets is given 
by empirically determined coefficients to the 
diffusion equations, i.e. 


dm eD 
de ee 
= = 4rırk(To — T,)F, 


where 


F, =F,(R., 6) =1+0.276 Vo VR, 


F, = F,(Re, o') = 1 + 0.276 Vo’ VR, 


and R, = Reynold’s number. 
o = Prandtl’s number. 
c =»/D 
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when these ventilation coefficients are in- 
troduced in the equations above, equation 
(9) becomes: 


dm D FE, 


A il 
Ge 


D, @JE:De 
RR2T2 


( A =) 
Lee These | 
r r 


Errors due to the omission of the ventilation 
terms are not serious before the radius exceeds 
30 microns. In the experimental measurements 
of droplet growth of Keıtm and Arons (1954), 
they conclude that it is not important for 
droplets of a radius less than so or 60 microns. 


d) Diffusion coefficients for small droplets 


Root (1957) has shown that for small 
droplets, r< 5 u, the condensation coefficient 
of water molecules on a water surface becomes 
an important factor in determining the rate 
of droplet growth. 

In the case of equilibrium 


q.= Pa. 


where q,= molecules escaping surface 


(10) 


gq. = molecules colliding with surface 
ß = condensation coefficient 


From gas kinetics 


; Ne 
1,= es and the refore q,= Fe 


€ € 


If the evaporation 


For a sphere, as in equation (1) 


Ue ae et, ED [es - er 
Pomme Tan 


r 
But 
= _ Ri 
re do _ ~ y /2% 
Pd. P é 
Co — er ED 20RT 


r RTB € 
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I£ we let Wer: 
ie see 
BV RT 
then 
l 
Cry -&= = (coo = er) 


Eliminating we get 


dm _ ba eD (5 - x) 
dt RTViler 
If the droplet radius is comparable to or smaller 
than the mean free path in the surrounding 
gas, then a further correction for the geometry 
of the collisions has to be made. 
Although the values for B are difficult to 
determine and are therefore somewhat uncer- 
tain, using the values at hand, Rooth calculates, 


with B=.036 at 10°C (Alty and Mackay), 
that J= 5:1 u 


If we therefore apply this correction (4) 


to the diffusion coefficient, we find that its 
values differ markedly from Langmuir’s values 
as used by Howell and Squires. 

LaNGMuIR’s (1944) corrections to the dif- 
fusion coefficients are given as: 


dr eee 
D Dirta) + VRT 


D'= modified diffusion coefficient 
a = Cunningham constant 
A = mean free path of water molecules in air. 


In the above expression the first term is for 
the purpose of correcting for the geometry of 
capture of the molecules. The second term is 
the same as described by Rooth except that a has 
been assumed to be a = 1. If this expression is 
put in comparable form to the expressions 
above, we find 


I I r ED —— 
le] 
I I Bar 
en? + — 
iD) CAT 
1+— 
r 
= ( =) 
r(r+— 
or, D'=D > N 


24 W. MORDY 


= 


“a 0.10 

0.08 

0.06 

0.04 

| OOTH 
. I 
LL + 
1072 1071 100 10 102 


RADIUS IN MICRONS 


Fig. 3. A comparison of the correction to the water vapor diffusion coefficient 
for small droplets as used by Langmuir and Howell, and the values used here as 
derived by Rooth. 


while Rooth’s expression is: 


It should be noted here that the term 


(+ 


is important only when aA is comparable to r. 
As 


Awto->cm and 4=0.7 
this term becomes important for droplets 
<o.1 u but has been neglected in the present 
computations. 

By analogy the heat diffusion coefficient is 


written: 
7. ee Ak 170, 
mes r „a re G@f Y 3e 

e if 


Graphs of the values of the ‚water vapor 
diffusion coefficients for different values of r 
are given in figure 3. 


c) Final equation 


After these considerations, the droplet 
growth equation as used in the computation is 
written 


pre 
The term EF. it occurs in the temperature 


CE 
I 
feedback term LE JL?De fF, is very 
RR?TS \F, 


nearly equal to one in the particle size range 
involved in the computations and has been 
neglected. 


4. Computational procedure 


Numerical computations were accomplished 
by the following stepwise procedure. 


1) cooling the parcel containing the droplet 
(ic. reducing p), 

2) computing droplet growth, 

3) computing humidity and temperature 
changes, 

4) computing droplet settling and position, 
5) introducing new droplets at the cloud 
Jase, 


6) repeating the process. 


This is indicated in the block diagram given 
in fig. 4. 
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Take new block of 16 |< 
nucleus size groups 


| 


Interpolate from moving 
grid for pressure and 


humidity 


Compute temperature 


| 


Compute radius increase 
for droplet size 


| 
Y 


Compute indicated hu- 
midity changes and store 


| 
Ÿ 


Compute droplet settling 


| 


Change humidity values 


in grid 


Move grid up one step 


Fa 


la for all droplet sizes in block 
Repeat for all blocks of nuclei in grid 


End of time step—repeat 


-> 


u 


Fig. 4. Block diagram for computing sequence. 


The position of the droplets was defined 
with respect to a grid moving upward with 
the same speed as the vertical wind velocity. 
Each fourth time step a new grid level was 
added at the bottom of the column. Each 
time step a new block of nuclei was added to 
the base of the column. The nucleus distri- 
bution was represented by this block of 16 
sizes (values of M) or groups of nuclei with 
the number of particles assigned to each of 
these groups according to the different nucleus 
distributions assumed. Values of the environ- 
mental temperature and humidity, which 
were obtained for the growth of the nuclei, 
were determined by appropriate interpolation 
in this moving grid system. Humidity and 
temperature corrections due to condensation 
were apportioned to the immediate ie and 
lower grid level above and below the droplets 
according to the position of the droplets 
between the levels. These corrections were 
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summed for all droplets through one time 
step before they were applied at each level. 


a) Temperature changes 


The temperatures of the individual air 
parcels were determined by interpolation 
from the moving grid system. Temperature 
changes on this grid were accomplished by 
computing the adiabatic change in temperature 
(approximated) for the increment in pressure 
assumed for each time step, and correcting 
this change by the latent heat released as indi- 
cated by the change in mixing ratio resulting 
from the condensation on the droplets. These 
changes in the mixing ratio were made by 
dividing the condensed water on each size 
group of droplets between the upper and 
lower grid level according to the droplets’ 
position between the grid levels. The change in 
the mixing ratio at the end of each time step 
was the sum of all such corrections for droplets 
in the levels lying just above or below the 
grid level in question. 

The adiabatic temperature change was 
approximated by a linear expression so that 
temperature changes were computed by 


Too = Ty + K;(p — Po) 3 K(x = Xo) 


where Ty. = the temperature 
p = pressure 
x = mixing ratio. 
The constant K, = the average dry adiabatic 
lapse rate assumed for the 
pressures used (~ 0.1° C/ 
mb). 
K, = the latent heat of evapora- 
tion divided by the density 
and specific heat of the air. 


Buoyancy effects due to heat changes were not 
considered as the air was displaced vertically 
according to assumed rates of rise. 


b) Droplet growth 

As indicated in sections 4 and 6, droplets 
were classified according to the size of their 
nucleus. Droplet radius and pressure level 
(ic. location) were stored in the computer, the 
appropriate nucleus size and number being 
indicated by the storage cell where this in- 
formation was kept. As needed for droplet 
growth computation, pressure, temperature 
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and humidity were obtainable from the grid 
system; radius, nucleus size, and droplet 
height location from the stored blocks of 
nuclei information. 

The droplet growth equation (11) in finite 
difference form was written simply, 


Ar=At:F,:% z j 
ue 
r 
AE DIN 
| px - ec, I +— - —— | (12) 
F3 
where 
Di I 0 
*" RT| ee |" # 
RR2T3 
+ HAT = eae AM 
where AT = Te - Ty 
: ses. Eee 
and e was approximated from x = ey a 
| Pr Co RP 


The saturation vapor pressure e, was deter- 
mined from an empirical expression derived 
from the saturation vapor pressure data, that is, 


de de 
C= eo + anal + aque = 


=e te AT +eAT? 


the values of e,, and e, being computed from 
the vapor pressure tables appropriate to the 
initial conditions. 


c) Droplet sedimentation 
Droplet motion was assumed to be deter- 


mined by Stoke’s law, that is, 
2ogr? 
qn 


ww — kr? 


EUR) 


where w= the vertical velocity of the air 
current 

e = density of water 

g = gravitational acceleration 

n = coefficient of viscosity of air 
This assumption is reasonable as long as the 
droplets are less than 40 w in radius (GUNN 
and KINZER 1949). 


~ 


5. Special problems in the computation 


The rate at which very small droplets react 
to changes in the ambient humidity is ex- 
tremely fast and this fact necessitates quite 
short time steps and small changes in the humid- 
ity during the computations. However, once 
the term containing the nucleus diminishes 
in importance,.i.e. when the droplets reach 


EM 
their critical radius («= vr ) on the 


Köhler equilibrium curves fig. 1, growth 
proceeds more slowly. A limitation in the 
length of time step which can be taken occurs 
when the changes indicated in pressure, humid- 
ity, and temperature for a given time step are 
too small for accurate representation in the 
storage of the computer. Furthermore, due 
to the storage capacity of the BESK computer, 
the length of the computations is limited to 
256 time steps or 64 grid levels. If very short 
time steps are chosen, computations can only 
proceed for only a very short drop growth pe- 
riod. A useful measure of this time scale is given 
by the time constant, the time it would take 
a droplet not in equilibrium with an environ- 
ment of constant temperature and humidity, 
to decrease its deviation from equilibrium by 
a factor 1/2.718. 
The time constant as computed is:* 


I I 


> __1 ddr) ~ 9 (dr 
Ar dt a ) 


A pare A _ iBM 
or \dt} or \r Les AA r )] 


where Ar=r-r, 


& © const 


At 100% R.H., eo=e, and for a nucleus 
iBM 
rs 


droplet in equilibrium nls 
r 


* In these expressions the corrections of the water 
vapor diffusion coefficient have been omitted, they 
become important when the nucleus size M < 10-17, 
However for sizes smaller than this the time constant 
is very small and variation in the time constant due to 
these corrections have little significance in the present 
computations, 
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re 12 a (iBM)": 
2aiBMe, 2aArle, 


fo & 1.9 x 1024(M)'s 


Characteristic values of fy are given in table 1. 


Table 1. Time constants for various nucleus sizes 
at 100 % humidity. 

M 10 yo 8 10-14 10-15 10-18 10-1? moles 

fo 1.9x 108 58x108 1.9xIo® 58 1.9 .058 seconds 


At the critical radius on the equilibrium curves, 
Best, tg = 60,1.) 


de A ae 2iBMe, 


—=0 = e 
c'e E noe r? 


It is easily shown that the time constants 
lengthen as the particles grow. 


The nuclei used in the computations ranged 
in size from M= 10-102 to M=10-1%?2, For 
the smallest nuclei therefore it was not possible 
to use time steps short enough to overcome 
the problem of their very rapid growth. 


It was possible to circumvent this problem 
by comparing the computed droplet growth 
for each change in humidity with an approxi- 
mate growth amount taken from its equilib- 
rium value before and after the change in 
humidity. If the computed growth was too 
large (i.e.8 Ar>r) then the equilibrium value 
appropriate to the environmental humidity 
was substituted. It was found that this was nec- 
essary only for M < 10717 in the first part of 
these droplets’ growth. By the time the drop- 
lets reached their critical radii, their growth 
was being computed by the growth equation. 
This method seems quite practical since with 
such short time constants the radii of these 
small droplets can never differ appreciably 
from their equilibrium radii in early stages of 
growth at observed rates of rise in clouds, and 
little error in the computations can result. 


6. Conditions chosen for study 


As indicated above, the distributions exam- 
ined by Howett (1949) were for nuclei 
smaller than those since found also important, 
Woopcock (1953, 1955), MOORE and Mason 
(1957). Woodcock has related the distribu- 
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Fig. 5. The cumulative numbers of the nuclei used in the 

computations indicated opposite the logarithm of their 

weight in moles—open symbols indicate the distribu- 
tions used earlier by Howell. 


tion of these larger (M=10-") particles at 
cloud base level to wind velocity and measured 
their vertical distribution over the sea. As 
mentioned above the nucleus distributions for 
the larger particles as used in the computations 
were largely taken from his data. The smaller 
nucleus data were representative values taken 
from the work of Junge. 

The distributions used in the computations 
together with those used by Howell are shown 
for comparison in figure 5. For the purpose 
of comparing the computations here with 
Howell’s earlier work, computations were also 
made with his Case ı and Case 3 distributions. 
His Case 2 could not be checked due to the 
assumption of a 1.5 cm/sec vertical velocty 
which required computing accuracy not 
available in the computer program as written. 

The distributions given in figure 4 are 
designated Distribution I, II, II, corresponding 
to low, moderate or high concentrations of 
large salt particles (M=10-1%-8) as measured 
by Woodcock in Hawaii and elsewhere. They 
approximately correspond to the salt distribu- 
tions which he gives as characteristic for days 
where the wind force was Beaufort force 1, 
4, and 7 respectively. 

The objective of this study was to deter- 
mine the range of cloud particle sizes implied 
by the observed ranges in nucleus sizes and 
cloud vertical velocity. Comparison of these 
results with recent cloud droplet size data 
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then should allow some separation of the 
condensation process from other processes 
such as turbulence, coalescence, and freezing. 
To do this, the range of particle numbers 
indicated in Woodcock’s measurements char- 
acteristics of distributions for Beaufort wind 
force 1, force 4, and force 7, were extended 
arbitrarily into the Junge-Aitken range of 
smaller particles. These extended distributions 
were then assigned initial radii. 


a) The radii of nuclei at cloud base 


The largest nuclei measured by Woodcock 
were more than M=10-1 moles. Such par- 
ticles require days (see table 1) to come to 
their equilibrium radii at 100 %. In fact their 
equilibrium radii are so large that it is unlikely 
that they would remain supported in the air 
at this level for a large fraction of the length 
of time required to reach equilibrium. The 
smallest nuclei (M= 10-16), however, reach 
their equilibrium radii in seconds or fractions 
of a second. It is safe therefore to assume 
that for smaller sizes, the initial radii used in 
the computations should be their equilibrium 
size at the assumed initial relative humidity 
some distance below cloud base. 

To determine precisely the radii of the large 
particles at cloud base, however, one should 
know the history of the individual particle, 
for with varied humidity in the sub-cloud 
layer and the probable turbulent transfer of 
these particles from sea surface to cloud level, 
each particle would arrive after a different 
travel time. This travel time of course is not 
possible to measure practically, and certain 
assumptions must be made concerning the 
level from which the particles are drawn into 
the cloud, the humidity and the velocity with 
which they are brought up. The assumption 
of uniform size for particles with a given larger 
M value is therefore probably in serious error. 
Initially these largest nuclei, due to their small 
numbers do not noticably affect the growth of 
the smaller particles however. 

Woodcock has also measured the number of 
particles at various levels above the sea surface. 
From his data it is possible to estimate, using 
turbulent transfer theory, characteristic sizes of 
the nucleus droplets at each level. For example, 
from these data one obtains an estimate of 


dN(M) 


DE SEL the change in number of a particular 


~ 


nucleus size M with increasing height Z. For 


a steady state 
INn_ 2 (x AN + Na) =0 
Oz 


a dz 


where v,,=velocity of fall of the M size par- 
ticles = cr, and K = the exchange coefficient. 
From this we write, 


x? (log N) 
Oz 


cr? 


In reality of course K varies considerably 
with height, wind velocity, and stability. The 
assumption that the vertical flux is zero is also 
made here, so this is admittedly a crude esti- 
mate. 


If we take K=10-° cm?/sec-1, a value com- 
monly used over the sea at levels well above the 
2 (log N) ” 

Oz 
Woodcock’s measurements during project 
shower (Tellus 1957), we obtain values for 
tm(z). The values obtained in this way rep- 
resent the radius corresponding to the average 
rate of fall (cr?) or therefore represent the root 
mean square radius. 

The values of r,, calculated, and r,,. in equi- 
librium with the relative humidity at 99 % and 
100 % are given in figure 6 for comparison 
with the actual initial conditions chosen for 
study. Interestingly, the radii of the droplet 
formed on the largest salt nuclei collected 
near cloud base, as estimated in this way, 
were smaller than expected due to unexpect- 
edly high numbers of particles at this level. 
Consequently this estimate at the large end 
of the spectrum cannot be used. The higher 
numbers of particles suggest that two or more 
mechanisms rather than just one may be 
important in the production of the larger par- 
ticles. This is to say that in addition to the 
surf and foam at the sea surface, the coalescence 
and evaporation of cloud droplets is probably 
important also in producing significant num- 
bers of the largest nuclei. 

However, the values of the initial radii of 
the rest of the droplets appear to be reasonable 
both in terms of: 


from 


boundary layer, and take 


1) the humidity gradient in the sub cloud 


layer and 
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Fig. 6. Initial radii for nuclei droplets used in the compu- 
tation. Line with (+) symbols indicates radii of droplets 
if in equilibrium with 100 % R.H. Open circles indicate 
radii of large particles if in equilibrium with 99 % R.H. 
Black dots indicate actual radii sizes used for larger par- 
ticles. Radii for smaller particles were taken from 100 % 
values. Square symbols indicate radii calculated from tur- 
bulence theory and based on observed decrease in num- 
ber upwards from sea surface. 


2) the turbulent transfer of these particles 
upward. 


If, however, an appreciable number of larger 
salt particles is produced by the coalescence 
and subsequent evaporation of cloud droplets, 
then these particles should be somewhat 
larger than those formed on the same size 
nucleus ascending from the sea surface due to 
the long time constants. Such a case has not 
been considered here. 

Radii of the droplets formed on particles 
M=10-15- and smaller were assumed to be 
at equilibrium at 100 % relative humidity. 
Those droplets formed on particles M= 
10-126 and larger were assigned radii appro- 
priate to equilibrium at 99 % relative humidity 
and those between at intermediate values as 
shown in the figure. 
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b) Vertical velocity, temperature and pressure 


A summary of the conditions for which 
computations have been made to date are 
given in table 2. 


Table 2 

Vertical P IR 

Nucleus distribution |velocity] 51 ° |Hum. 
mb 

cm/sec % 

I. Howell Case 1 60 o | 800 | 100 
2. Howell Case 3 30.2 o | 800 | 100 
3. Distribution I 15 10 | 800 | 100 
4. Distribution I 100 10 | 800 | 100 
5. Distribution II I5 10 | 800 | 100 
6. Distribution II 50 Io | 800 | 100 
7. Distribution II Ioo 10 | 800 | 100 
8. Distribution III 5 10 | 800 | 100 
9. Distribution III 15 Io 800 | 100 
10. Distribution III 100 10 | 800 | 100 


The two Howell cases were computed with 
the present model to compare the differences 
in machine computing methods with Howell’s 
hand computations, and as a control for 
accuracy. For case No. 1 the comparison was 
excellent (Fig. 7) considering that the exact 
values of the constants as well as the initial 
radii of the droplets selected by Howell were 
not precisely known. In case No. 3 (fig. 8) 
results were also qualitatively the same, but 
some discrepancies appear probably due to the 
fact that the initial radii used in the two 
computations were somewhat different. 

In computing the other cases, the initial 
temperature (10°) and pressure (800 mb) and 
the initial radii selected were all the same for 
the purpose of comparing the cases with each 
other. Vertical velocities chosen ranged from 
5 cm/sec to 100 cm/sec. The effects of varying 
vertical velocity during the ascent and of varying 
the nucleus distributions during the course 
of the computations have been left for a later 
study. The range of vertical velocities was 
chosen to demonstrate the most likely differ- 
ences in the drop size spectrum which result 
from condensation. Due to the longer time 
constants for the larger particles, slower rates 
of rise do not allow the initial differences 
in radii to be overcome so readily as the 
more rapid rates of rise. Consequently very 
slow rates of rise produce the greatest differ- 
ences in drop radius formed on a given pair 
of large nucleus sizes. Such differences repre- 
sent differences in fall velocity and conse- 
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Fig. 7. A comparison of Howell’s case 1 computation 

with computations made here with same initial condi- 

tions and nuclei distribution (© = 60 cm/sec, T, = 0° C, 
P, = 8co mb). 
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Fig. 8. Comparison of Howell’s case 3 with present com- 
putations. (w = 30.2 cm/sec, Ty = 0°C, Py = 800 mb). 


quently coalescence probability and thus are 
primary concern of this study, 

Rates of rise in excess of 1 m/sec yield a 
more nearly uniform drop size spectrum than 
lower rates as will be shown in section 7 b and 


= 


the interest in such computations from the 
standpoint of subsequent coalescense dimin- 
ishes accordingly. 

In the process of testing the machine pro- 
gram for the BESK computer a number of 
errors occurred which showed that large 
variation in the main coefficient of the drop 
growth equation (x in equation 12 for 
example) produced relatively small changes 
(comparable to doubling the vertical velocity) 
in the results of the’ computations. This is 
tantamount to saying that even if the rate of 
growth of the individual particles as indicated 
by the equation is, for example, doubled, the 
number and radii of the growing droplets is 
not dramatically changed due to the feed- 
back on the ambient humidity. For this 
reason, the initial pressures and temperatures 
were not changed during the course of the 
present study. 

It might have been interesting to have 
varied the relative humidity (that is to start 
computations below cloud base) and/or the 
initial radii sizes, but choosing suitable and 
realistic conditions for such computations is 
more difficult, since the exact nature of the 
nuclei present is not well known. However, 
certain experimental calculations of this nature 
are planned in connection with further work. 


7. Some remarks on the results of the 
computations 


With the foregoing considerations in mind 
we shall now look at two main aspects of the 
study, that is 


1) the differences produced by the various 
nucleus distributions and 
2) the effects of different vertical velocities. 


The cases which have been computed, as 
given in table 2, may be thought of in this 
reference as constituting a contingency table 
representing several vertical velocities on 
one coordinate, and the three nucleus distri- 
butions on the other. 

In discussing the computations it is helpful 
if certain classical considerations in the process 
are borne closely in mind. In the initial con- 
densation on the entire nucleus spectrum, 
condensation occurs preferentially (i.e. dm/dt 
is larger) on the larger droplets due to the fact 
that the radius enters the equation as a multi- 
plying factor. This tendency is further accent- 
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Fig. 9. Results of computation 


for sparse nucleus concentra- 


APPROXIMATE HEIGHT IN METERS ABOVE CLOUD BASE 


tion, Distribution I at 15 cm/sec 


rate of rise. Initial radii and 
nucleus size are given at bot- 
tom of graph. Dashed line 
indicates supersaturation in % 
at appropriate heights, as given 
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uated if, as is the general case, these larger 
droplets, due to their long time lag, are well 
below their equilibrium radii for the ambient 
humidity. For a steady rate of cooling, if the 
number of these particles is sufficiently large, 
they will consume water rapidly enough to 
prevent the humidity from increasing. If not, 
the humidity will rise. As is well known, for 
given temperatures a maximum attainable 
equilibrium vapor pressure value exists for 
each nucleus size, corresponding to r, in 
section 5. If the ambient vapor pressure exceeds 
this value, no equilibrium condition is possible 
between the droplet and the environment, 
and it must continue to grow until conditions 
are altered. A rise in humidity, as indicated 
above, means that this maximum value will 
be exceeded for successively smaller and smaller 
nuclei. Since these smaller nuclei are present 
in increasingly larger numbers, the consump- 
tion of water increases until finally the hu- 
midity no longer rises, after which the con- 
sumption of water is generally slightly faster 
for a steady cooling rate than is needed to 
maintain a balance, and the humidity gradually 
falls, approaching saturation. 
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at top of graph. 


In this way the number of growing droplets 
is determined, the smaller droplets, passing 
this humidity “barrier”, dominating the water 
consumption thereafter as N- (dm/dt) increases 
for these smaller sizes (see for example fig. 22). 
In other words the maximum humidity is 
determined by the nucleus (or drop size) 
distribution and the cooling rate. The drop 
size distribution is determined largely by the 
maximum humidity. Hence there is a com- 
bined effect of the vertical velocity and the 
nucleus distribution. These are the main 
variables therefore to be investigated here. 
The other factor in these computations which 
can influence the above factors is the falling 
velocity of the droplets. This has the effect of 
a continual change in the drop size distribution 
at one level until a steady state situation is 
obtained. At points where some particles have 
a fall velocity equal to the updraft, a very 
high concentration of particles can develop. 
If this point lies in the zone of maximum 
humidity it can affect not only the number of 
large droplets but also the number of small 
droplets by reducing the environmental hu- 


midity. 
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sented as in Fig. 9. 


One further point is important to bear in 
mind. In two similar cloud droplet distribu- 
tions, drops of the same radius may have 
formed on quite different nucleus sizes due 
to different initial nucleus distributions or 
environmental conditions. Measurements of 
droplet size and number in natural clouds 
therefore cannot determine to any fine degree 
the probable size of the nuclei involved during 
the formation of the cloud. It is possible for 
two quite similar cloud droplet spectra to 
have formed on different nucleus spectra due 
to higher supersaturation in one instance. 
Hence one is primarily concerned with com- 
paring the cloud spectra produced and not 
the radii of the droplets formed on a given 
nucleus size in the different computations dis- 
cussed below. 


a) The effect of the different nucleus spectra studied 
on the cloud droplet spectra 


In figures 9, 10 and 11 the results of three 
computations made for different nucleus distri- 
butions at approximately the same rate of rise 
(15—16 cm/sec) are shown. Sixteen nucleus 
size groups, representing the Distributions I, 


RADIUS 


II and II, shown in figure 5, were used. 
In these three figures and in the similar figures 
which follow, the radii of the droplets formed 
on the different nucleus size groups are plotted 
against their height above cloud base (100 % 
humidity). Initial radii of the nuclei are the 
same in all cases. In the case of Distribution I, 
all but two of these sixteen nucleus sizes ex- 
ceeded their critical radii and grew to cloud 
droplet size. In the case of Distributions II 
and IN all but three grew. The minimum 
nucleus to grow was M=10-174 moles for 
Distributions II and III and M=10-1§ moles 
for Distribution I. This represents nuclei 
which belong to the largest Aitken nucleus 
size groups. 

The total number of growing drops in 
these three cases, however, is perhaps of 
somewhat greater interest. In the case of 
Distribution I approximately 1.3 x 107 growing 
drops were produced while for Distributions 
II and III only slightly more than this number, 
4.7 x 107 were produced. 

If we make the same comparison for a more 
rapid rate of rise, 100 cm/sec, as shown in 
figures 12, 13 and 14, we find that the drop 
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Fig. 11. Computation for 

dense nucleus concentra- 

tion, Distribution II at 

15 cm/sec. Data represent- 
ed. as in Bio. 0: 


Fig. 12. Computation for 
sparse nucleus concentra- 
tion, Distribution I at 100 
cm/sec of rise. Data repre- 
sented as in Fig. 9. 
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Fig. 13. Computation for 
medium nucleus concen- 
tration, Distribution II at 
100 cm/sec rate of rise. 
Data represented as in 


Fig. 9. 


Fig. 14. Computation for 
dense nucleus concentra- 
tion, Distribution III at 
100 cm/sec rate of rise. 
Data represented as in 


Fig. 9. 
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numbers are altered much more dramatically. 
Here Distribution I produces 2.5 x 107 growing 
cloud droplets on nuclei down to M= 10-186 
in size. Distribution II produces however 4.7 x 
10° or twenty times as many growing droplets 
on nuclei ranging down to the same size. In 
contrast Distribution III produces fewer growing 
droplets, 1.4x10°, due to the fact that the 
growth of the larger number of large nuclei 
was sufficient to slightly lower the maximum 
supersaturation in this case. 

It should be emphasized that due to the 
use of discrete size categories of nuclei both 
the maximum supersaturation and the number 
of cloud particles produced are accurate only 
within the limits marked out by two adjacent 
groups of nuclei. This is to say that the maxi- 
mum supersaturation which would be reached 
if a continuous representation of the spectrum 
were used must lie between the critical super- 
saturation values representing the smallest two 
groups to grow, and the critical supersaturation 
value for the largest nucleus group, whose 
droplets do not grow past their critical radius. 
Consequently, the fact that slightly more 
growing droplets were produced for Distribu- 
tion II as opposed to Distribution III in this 
latter case probably has less significance than 
it appears to have, since the maximum super- 
saturation reached in the two cases was so 
nearly the same, and the slight difference 
happened to be just sufficient to allow the 
next category to grow. 

This behavior should be discussed in terms 
of theoretical factors which are related here. 
The problem is in the nearly balanced adjust- 
ment of the rate of water consumption to the 
rate of cooling. Two factors are involved, 
the number of cloud droplets and their rate 
of growth. The water consumption is: 


ii 
Sort 
i=1I 
m; = mass of the droplet in group i 


N; = number of droplets in group i 


j = number of actively growing groups 


j 
> N; = number 


IL 


N= of actively growing 


droplets 
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An increase in relative humidity can in- 


crease either N or = depending upon the 


nature of the distribution, and the rate of 
rise. If the rate of rise is extremely slow, the 
largest particles, in spite of their long time lag, 
can keep abreast of the cooling rate and con- 
sume all the water. As the rate of rise or cooling 
increases so does the humidity, hence starting 
new groups of droplets, with shorter time lags, 
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Fig. 15. A comparison of the ¢umulative number and 

radius of the droplets at 45 to 50 meters up into the cloud 

produced by the three different distributions at the same rate 

of rise. Distribution III at 15 cm/sec was computed only 

to 18 meters and therefore is not included. Initial radii 

and numbers are indicated by the curves at left side of 
diagram. 
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growing until the actively growing droplets 
can limit the further increase in relative 
humidity. This is to say that as the vertical 
velocity is increased the water consumption 
is first adjusted mainly by changes in N but 
with further increases the final adjustment is 
dm 
dt 
small nuclei, the critical values of the super- 
saturation rises rapidly with decreasing r. (see 
section 5). In the “dense” distribution N is the 
variable which is controlling. In the “sparse” 
distribution the adjustment takes place only 


increasingly in terms of because for very 


m. 
when ue is large. 


Therefore in the cases cited above, at a 
slow rate of rise (15 cm/sec), N adjusted to 
nearly the same value for the three distribu- 


: : : dm 
tions, while at 100 cm rate of rise the term — 


dt 
became more important in the Distribution I 
case than for Distributions II and II. To the 
degree that these distributions are characteristic 


= 


of natural conditions one may conclude that 
initial differences in nuclei distributions are 
more manifest in cloud droplet concentrations 
when the vertical velocity is greater. 


Another way ofapproaching this conclusion 
is to consider the slope of the nucleus distribu- 
tion curves. “Dense” nucleus distribution as 
used here refers of course to a larger number 
of large, “Woodcock” nuclei while the “me- 
dium” concentration has the same number of 
smaller nuclei but fewer Woodcock nuclei. 


Distribution I (“sparse”) however has fewer 
nuclei in all categories. These distributions 
were chosen to represent observed conditions and 
hence do not clearly demonstrate the implied 
differences in cloud droplet concentration 
which may result from the two variables, 
distribution slope and concentration. 


Given otherwise equal conditions a steep 
distribution slope will prevent the super- 
saturation from increasing to a large value 
since the number of growing cloud droplets 
adjusts more rapidly to increasing humidity 
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Fig. 16. Computation for medium nucleus concentration, Distribution II at 50 cm/sec 
rate of rise. Data represented as in Fig. 9. 
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conditions. If the slope is more gradual there 
is more interaction between the growth rates 
of the large and small droplets in the spectrum. 
Here much greater increases in humidity are 
required to start new groups of nuclei growing 
unstably and these increases of humidity be- 
come increasingly retarded by greater water 
consumption by the larger cloud droplets 
produced by the same higher humidity con- 
ditions. 


In the cases discussed above, the points 
which divide the nucleus spectrum from the 
cloud droplet spectrum lie in the range 
M=t1018® to M= 10-176 In these points 
Distributions II and III have the same slope 
and almost the same number while Distribu- 
tion I has a more gradual slope and a smaller 
concentration. 


The larger difference in number of growing 
droplets between Distribution I and Distribu- 
tion Il at the rapid rate of rise seems to indicate 
that the important fact in this discussion is the 
slope of the distribution curve in the range of 
the smallest few categories of nuclei to grow. 
An increase in vertical velocity produces a 
greater change in the number of cloud droplets 
formed on high slope distributions than for 
the opposite. 


These results are combined for comparison 
in figure 15. Here the drop size spectra pro- 
duced at 45 to so meters above cloud base are 
compared for five of the six cases cited above. 
The case for Distribution III at 15 cm/sec was 
computed only to about 12 meters above 
cloud base and consequently is not included. 
In this diagram both the number and the 
radii of the droplets are represented as they 
might be if measured in natural cloud. In 
addition to the number comparison made 
above, it is possible here to compare the differ- 
ences in radii which result from the different 
conditions represented. In all cases the droplets 
formed on nuclei with initial radii smaller 
than 3 u have nearly equal radii at distances 
more than a few tens of meters above cloud 
base. Droplets formed on larger nuclei due to 
their longer time constants (see sec. 5) continue 
to exhibit their initial size differences for 
much longer growth intervals. Consequently 
the radii differences at the large end reflect 
mainly the differences in the original nucleus 
spectrum. 
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b) Some additional effects of varying vertical veloc- 
ity on cloud droplet spectra 


It is also instructive to note differences in 
drop number and size which result from varia- 
tion in the rate of cooling or vertical velocity 
alone. One such comparison is possible with 
Distribution II by referring to figures 10, 13 
and 16 which show the growth of the Distri- 
bution II particles at 15, so and 100 cm/sec. 
Each increase of the vertical velocity increases 
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Fig. 17. À comparison of the number and radius of the 
droplets at 45 to 50 meters above cloud base produced by 
three different rates of rise (15, 50, 100 cm/sec) on the 
medium nucleus concentration, Distribution II. Original 
distribution is at left marked with open circles. 
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Fig. 18. Computation for a dense nucleus population. Distribution III at 5 cm/sec 
rate of rise. Data represented as in Fig. 9. 


the number of growing particles roughly by a 
factor three, by including among the growing 
droplets one more smaller group of nuclei. 
This is to say that for 15 cm/sec there were 
4.7 x 10° growing droplets, while at so cm/sec 
there were 1.4 x 108, and at 100 cm/sec there 
were 4.7 x 108 droplets. This is nearly as great 
a variation in number as the different distribu- 
tions produced at 100 cm/sec rate of rise, 
that is, ten times as opposed to thirty. 

In fig. 17, the cumulative cloud droplet 
distributions produced at 45 to so meters 
above cloud base are compared both by radius 
and number, as they were in figure 15. In 
the case of the slowest rate of rise both the 
minimum growing drop size and the maxi- 
mum size of the droplets are larger, a condition 
which is believed by most investigators to be 
conducive to the coalescence process. 

Note in figure 17 (and in figure 15) that it 
would be very difficult if not impossible to 
distinguish these drop size distributions from 
one another by measurements in natural 


conditions in terms of the size of the droplets 
produced. The smaller droplets are so nearly 
the same size that the inaccuracy of measure- 
ments and local variations in cloud would 
completely mask these size differences. At 
the large end of the spectrum the possi- 
bility of coalescence between the droplets rules 
out the possibility of detecting differences 
between the different drop size spectra pro- 
duced. Only the number of cloud droplets 
is indicative of the conditions in which the 
droplet spectrum first forms. 


c) Comparison of the extreme cases in the compu- 

tations 

It might be thought that a rapid rate of rise 
for a sparse nucleus population and a slow 
rate of rise for a dense concentration should 
provide the greatest contrast in the resulting 
condensation cloud spectra. In the first of these 
cases the supersaturation should rise to its 
highest possible value while the number of 
cloud particles would be limited by the nucleus 
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spectrum. This should produce a more uni- 
form spectrum since the condensed water 
would be “forced” onto a smaller number of 
nuclei. The largest nuclei, due to their longer 
time constants, also lag behind more in the 
case of rapid cooling which further tends to 
narrow the size spectrum. 


In the case of a slow rise on a dense popula- 
tion, the size of the smallest droplets to grow 
is not much larger than for the sparse distri- 
bution, while the slower cooling rate permits 
more of the larger nuclei to “keep up” with 
the condensation rate. In this way a broader 
spectrum should be formed. 

With these suggestions in mind it is inter- 
esting to look at two such cases as computed 
here. The two extreme cases computed were 
the case of Distribution I at 100 cm/sec shown 
in fig. 12 and Distribution III at 5 cm/sec 
shown in fig. 18. In these cases the number of 
growing cloud droplets produced was nearly 
the same (2x 107 vs. 1.5 x 107) but the radii 
were quite different. However, at some few 
too’s of meters above cloud base it is clear 
that the dominant size group (smallest) will 
have essentially the same radius in both in- 
stances and only the larger particles will differ 
markedly. 

These computations were not carried out 
to the same height above cloud base and 
strict comparison at the same height cannot be 
made. By recourse to the type of graph used 
in figures 15 and 17 though, it is possible to 
extrapolate visually the cloud droplet spectrum. 
The smaller end becomes more and more 
uniform in size, as the two cases plotted in 
fig. 19 show. Here it is clearly seen how the 
size spectra diverge rapidly toward larger 
particle sizes. This is true even though the 
slower rate of rise used in the Distribution III 
case had not carried the particles nearly so 
high into the cloud when the computation was 
stopped as in the case of the rapidly rising 
Distribution I case. However, there is one 
limiting or compensating effect to offset this 
tendency. This is the fact that if the rate of 
rise is slow, the largest particles begin to settle 
out against the rising current, tending to 
narrow the spectrum from the large end. 

Actually the largest differences in droplet 
spectra in these computations seem to come in 
terms of droplet number or concentration. These 
differences occurred for quite the opposite pairs 
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Fig. 19. Cumulative drop size distributions resulting 

from two extreme cases in the computations, sparse 

(Dist I) concentration at 100 cm/sec rate of rise and 

dense (Dist II) at 5 cm/sec producing more and less 
uniform spectra respectively. 


of conditions from those discussed above, 
namely between a sparse population with a 
slow rate of rise and a dense population with a 
rapid rate of rise. These conditions are repre- 
sented here by the 15 cm/sec rate of rise for 
the Distribution I case and 100 cm/sec for 
the Distribution II (or III) case, shown in 
figures 9 and 13. The fact that this extreme 
difference occurred for the medium rather 
than the most dense population of particles 
has been discussed above in section 7a. If a 
somewhat more rapid rate of rise had been 
chosen, the denser population of Distribution 
II would have produced more growing drop- 
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lets than Distribution II. Consequently this fact 
is only of minor importance. 

In the two cases represented here there is a 
difference of thirty times in the number of 
particles per unit volume of cloud. This range 
of particle concentration is in agreement with 
cloud droplet measurements made by a 
number of the most recent investigators, 
ZAITSEV (1950), WEICKMANN and AUFM KAMPE 
(1953), SQuIRES (1957, 1958) etc. Except for 
the smallest droplets, droplet radii all along 
the spectrum in almost all cases are smaller than 
those observed in clouds. 


d) Deviations from the moist adiabatic lapse rate 


It is possible also to look at the total amount 
of water condensed at various levels above 
cloud base as indicated in the computations 
and compare it with the amount theoretically 
condensed according to moist adiabatic ex- 
pansion. Such a comparison here is not strictly 
accurate due to the approximation used for 
the dry adiabatic lapse rate. Deviations due 
to this discrepancy however are small since 
the vertical distances considered are all less 
than 80 meters. 

Such a comparison is possible by considering 
the curves shown in figure 20. In this figure 
the dashed line indicates the water which 
would have been condensed if the process 
were moist adiabatic while the curves at the 
left indicate the water condensed at each level 
for the Distribution II cases at 15, 50, and 100 
cm/sec. The curves are separated until air 
reaches from 30 to so meters above cloud 
base while after this, condensation proceeds 
almost exactly along the moist adiabatic con- 
densation line. 

In figure 21 the values computed for the 
different distributions are compared at 15 and 
100 cm/sec. The largest deviation from the 
moist adiabatic rate is indicated for the Dis- 
tribution I case at 100 cm/sec where, unfor- 
tunately the computation was stopped before 
the condensation rate approached the moist 
adiabatic condensation line. Extrapolation of 
this curve however indicates that the curves 
join at about 80 meters. 

Differences between the curves for the three 
distributions at 15 cm/sec are of little interest 
while it appears that sparse distributions at 
higher vertical velocities might cause devia- 
tions from the moist adiabatic lapse rate up 
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Fig. 20. Deviations of the cloud liquid water content 
comparing different rates of rise from that computed with 
the moist adiabatic assumption. The straight line indicates 
the cloud liquid water with moist adiabatic assumption. 
The curved lines show the liquid water as computed for 
the three different rates of ascent for Distribution II. 
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Fig. 21. Deviations of cloud liquid water from that com- 

puted with moist adiabatic assumption comparing the differ- 

ent distributions at two rates of rise. The curved lines show 

the cloud liquid water as computed in this study while 

the straight line indicates that computed with the adia- 
batic assumption. 


to 100 meters or more. Such deviations could 
be detected in carefully taken cloud tempera- 
ture measurements and suggest the possibility 
of roughly identifying nuclei conditions in this 
way. 


8. Discussion 


It has long been recognized that condensa- 
tion alone cannot account for the range of 
cloud and rain droplet sizes which are found in 
nature. In spite of this fact it must be recog- 
nized that the condensation process provides 
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Fig. 22. Graph indicates the liquid water condensed on 
the different nuclei sizes in Distribution II at 15 cm/sec 
rate of rise at given time intervals after the beginning of 
the computations. It shows how the large nuclei consume 
nearly as much water up to level of maximum super- 
saturation (13 meters) as the smaller ones, but soon there- 
after nearly all water is condensed on the smallest few 
nuclei size. 


the first spectrum of cloud droplets which 
other processes later modify and determines 
the maximum concentration of cloud particles. 
Because of this, any theoretical discussion of 
other processes, such as coalescence, drop 
breaking, entrainment, turbulence, freezing 
etc., which alter the condensation produced 
spectrum, should be based on as complete 
an understanding of this process as possible. 

From the present computations several 
general features of the condensation process 
can be seen rather well. If the water which 
is condensed on the different sized droplets 
is graphed, as in figure 22 above, it is possible 
to get a visual impression of the dynamics of 
the condensation process. In this diagram we 
can visualize the building up of liquid water 
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on the Distribution II nucleus spectrum during 
the early stages of condensation. It can be 
seen that, as postulated above, the largest part 
of the condensed water initially goes to the 
largest nuclei. Gradually as the humidity 
continues to rise the liquid water condensed 
on the smaller nuclei increases until after 70 
seconds the smaller droplets contain about the 
same total amount of water as the larger ones. 
Shortly thereafter, in an almost explosive 
way, the smallest droplets grow until they 
contain nearly all the cloud water. 

In terms of the theoretical remarks in section 
3, the initial dominance of the larger particles is 
due to the fact that these particles have a 
higher salt concentration and a larger initial 
radius, hence the vapor pressure lowering over 
the droplet is very great and the water content 
of the individual droplet is increased rapidly. 
This condition prevails for these droplets for a 
very long time but they are too few to play 
a dominant role for long as they do not 
consume water at a rate sufficient to keep 
the humidity from rising. They can, however, 
if sufficiently numerous, reduce the maximum 
humidity somewhat and thereby reduce the 
total drop number. Gradually then the smaller 
and smaller droplets begin to grow, each 
group consuming more water than the next 
larger group until the humidity no longer 
rises. 

In fig. 22 therefore the double maximum is 
due to the fact that the droplets at the large 
end of the spectrum are growing by virtue 
of their hygroscopicity, which in some cases 
produces more than 1 % vapor pressure 
difference between the drop surface and the 
environment, while the smaller droplets are 
growing largely due to the increased humidity 
of the environment. 


The effect of the different distributions of 
particles is illustrated by comparing fig. 22 
with fig. 23 where the same type of graph is 
shown for Distribution IH at the same rate 
of rise. Here the greater number of large 
particles increases the liquid water content in 
the large end of the spectrum so that for the 
first 100 seconds, as opposed to 70 seconds for 
Distribution II, it dominates the growth. 
This is noteworthy since the maximum humid- 
ity (see figures 10 and 11) is reached at 12 
to 13 meters in both instances, illustrating how 
these large particles can in some instances 


42 W. MORDY 
= zur 
10. pak | 
-3 
3x10 = 
84 ae 
tet ast 
. ji 50 
©-—— + 11-100 
5 2x10. + 
ER 3 
8 De 
3 © 
D OE 
© — ON 
arg ES 
oS S 
ze S 16 
2 
CRT + a 
n 
he 
! | J ase En 8 be 
2. 1927186 180 174 168 162 156 ISO 144 138 132 26 120 114 108 102 
(-) Log M 


Fig. 23. Same as fig. 20 for Distribution III at 15 cm/sec 
showing greater effect of the largest nuclei. 


limit the maximum humidity and hence the 
droplet concentration. 

After a period of time sufficient to carry 
the particles 45 to so meters high, nearly all 
cloud water is contained in the droplets formed 
on the smallest two or three nucleus sizes. 
This is shown in figures 24 and 25 which are 
similar to figures 22 and 23 except that the 
vertical scale has been shortened and the com- 
parisons are made for 45—50 meters above cloud 
base. In figure 24 the effects of the three 
rates of rise on the Distribution II cases are 
compared. In fig. 25 the three distributions are 
compared at the same rate of rise, 100 cm/sec. 


9. Summary 


a) The number of cloud particles produced 
is dependent both on the vertical velocity and 
the nucleus distribution. This result is at 
variance with Howell’s conclusion that the 
vertical velocity was the primary factor, and 
is mainly a result of the differences in the 


© Condensed water 


Fig. 24. Graph shows the liquid water contained in the 

droplets formed on the different nuclei sizes in the Distri- 

bution II case. 45— so meters above cloud base (100 % 
R.H.) at 15.50, and 100 cm/sec rates of rise. 
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Fig. 25. Liquid water contained in the droplets formed on 

the different nuclei sizes of the three Distributions I, II, 

and III at 10 cm rate of rise 45—so meters above cloud 
base. 
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nucleus spectra considered. The cloud particle 
concentrations calculated agrees with the ob- 
served range in natural clouds. 


b) The radii of droplets found at given 
heights above cloud base, both by reason of 
differences in concentration and growth rate, 
may be significantly different in the different 
conditions studied here. Although in general, 
if given enough time, all growing droplets 
converge toward a uniform radius, the rate 
at which this takes place may be quite different. 
This is increasingly noticable as larger nuclei 
are considered. Presumably subsequent coa- 
lescence depends on these size differences and 
hence the conditions which produce them 
deserve considered attention. 


c) The effect of drop sedimentation on 
condensation conditions is of importance 

1) only when the vertical velocity is ex- 
tremely slow (I to 10 cm sec7), 

2) there is an extremely dense nucleus distri- 
bution (such as Distribution II), 

3) if there is an increase of settling droplets 
due to coalescence. 


d) The drop size spectra indicated by these 
computations does not adequately describe 
the observed spectra in natural clouds. There 
are too few large droplets in the computed 
cases. The size and number of the smallest 
droplets however are in accord with observa- 
tions. 


e) The relative humidity values seldom 
exceed saturation by more than 1 % confirming 
Howell’s conclusion. The depth of the layer 
where the lapse rate of temperature differs 
from the moist adiabatic may exceed 100 
meters in some conditions of low nucleus 
concentrations. 
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Abstract 


On the basis of the general property of the vorticity equation that the net-production of vor- 
ticity vanishes in the average over a closed region it isin section 3 shown that provided this prop- 
erty should be fulfilled one should at the same time include or exclude the vertical advection 
of vorticity and the twisting effect in two-parameter models used for numerical weather predic- 
tion. The advection with the divergent part of the horizontal wind and the part of the diver- 
gence term which depends upon the relative vorticity has a similar opposing effect in the mean 
production of vorticity for the non-divergent level, but a vanishing production of thermal 
vorticity can only be obtained if one either include the advection with the divergent wind and 
the complete divergence term or exclude the advection with divergent wind, the part of the 
divergence term depending upon the relative vorticity and consider the Coriolis parameter in 
the remaining part of the divergence term as a constant. 

In section 4 it is shovn that the mean value over a closed region of the relative topography 
remains constant in a two-parameter model provided the vertical stability parameter is constant. 
It is further shown that the thermodynamic equation in the adiabatic case is far less sensitive 
to inconsistencies than the vorticity equation. 

Section 5 contains a comparison between the growth of ‘‘rotational energy’ in general 
and simplified two-parameter models. It is shown that already the most simple model contains 
approximately the correct growth rate. A similar comparison with respect to the rate of 
“occlusion”? is made in section 6 with a similar result. Section 7 contains a comparison 
between the theoretical results and the experience from practical computations. 

The mechanism for production of kinetic energy of the nondivergent part of the wind is 


discussed in section 8. 


I. Introduction 


The equations on which barotropic andbaro- 
clinic models are based are usually simplified 
forms of the complete equations. There has 
in the last decade appeared a large number of 
barotropic and baroclinic models suited for 
numerical prediction. These models have in- 
cluded various terms in the prediction equa- 


1 The research reported here has been sponsored in 
part by the Geophysics Research Directorate of the Air 
Force Cambridge Research Center, Air Research and 
Development Command, United States Air Force, under 
contract No. AF 61 (514) — 1128 through the European 


Office ARDC. | 
2 On leave from the Danish Meteorological Institute. 
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tions, but only a few of these models have 
been tested in actual computations in a rea- 
sonable number of cases. Lately, there has been 
a tendency to increase the forecast region for 
the barotropic as well as baroclinic models in 
order to decrease the influence of the boundary 
errors in the central parts of the forecast 
domain. It has in the first experiments with 
almost hemispheric forecast regions appeared 
that new error sources not connected with 
the boundary problem arise as soon as the 
forecast region is made larger. Certain of 
these errors are illustrated in the barotropic 
case by Martin (1958). In the baroclinic case 
we have not so far made hemispheric fore- 
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casts, but already the forecasts prepared in 
Stockholm covers so large a fraction of the 
northern hemisphere that we have touched 
upon the difficulties which we will meet when 
the forecast region is made even larger. 

The preliminary experiments with the baro- 
clinic model used here show that the result of 
the time-integration of the forecast equations 
is sensitive to the form of the equations and 
also to the actual numerical procedure used in 
the time-integration. We shall in the following 
try to analyse the equations and procedure 
in order to see which constraints we have to 
put upon our system if it should satisfy certain 
simple requirements. Investigations of this 
kind have lately been made by THompson 
(1957) who has investigated the rate of growth 
of disturbances and the rate of occlusion in 
different baroclinic models, and by Lorentz 
(1957), who has formulated different models 
which are consistent from the energetical point 
of view and especiajly has been interested in 
the importance of a varying static stability. 

Results, which in certain respects are similar 
to those of the author, have also been ob- 
tained by HOLLMANN (1957). 

It is obvious that the requirements which we 
put on our system are depending upon what 
we try to forecast. One of the goals of short- 
range numerical prediction is to forecast the 
motion and development of the individual 
disturbances. Although the model may contain 
an ability to do this the forecasts may be 
disturbed to a large extent if simple require- 
ments not are fulfilled. This will be illustrated 
in the following, and we shall especially show 
that the size of the forecast region is important 
in this respect. 


2. The model 


We shall in the following give a short de- 
scription of the two-parameter model used in 
the considerations. The model is general in 
the sense that it considers all terms in the vor- 
ticity equation. It is simplified in the respect 
that we assume a linear variation in the vertical 
direction of the horizontal wind and a sym- 
metric (parabolic) distribution of the vertical 


velocity « = around the 600 mb level. It is 


further assumed that © has zero-points at 
the 200 and the 1,000 mb level. Applying the 


~ 


vorticity equation at 400 and 800 mb, denoted 
by subscripts 1 and 2, respectively, and approxi- 
mating vertical derivatives by finite differences 
we obtain: 


a RR 2) 
= FYı Vint Aw as Sed te 
Vo —U1 , OW Va—-Vi , Ow 
Races p A, u 
at al o 
ras 2° V4, + Aw =: == (Bath) + 
Ua Mi y OW Va Vi , Ow 
pects P 3. 


Here À is the ratio of the vertical velocity at 
400 or 800 mb to that at 600 mb, which is 
denoted by w, ic. @, —w, — Aw. The A’s 
appearing on the right side of the equations 
have a subscript T, denoting that they come 
from the twisting term. This subscript is used 
only for identification in order that we later 
on clearly can see the effects which arise 
because of the inclusion of the twisting term 
in the equations. In the general case A= Ap ~ 
— 1/, or 3/,. The B appearing on the right 
side is equal to one if the complete divergence 


. . - 5 
term is included, but equal to zero if only 


Jo . a . ; 
the part f 5, is considered. It is convenient 
"6 


to replace the equations (1) and (2) by another 
set of equations which result when (1) and (2) 
are added and subtracted. When forming 
these equations we shall make repeated use of 
the notations “star” and “prime”. The “star” 
quantities mean the arithmetric mean value of 
the corresponding quantities at the levels 1 and 
2, while the “prime” means half the difference 
between the value at the upper level (sub- 
script 1) and the lower (subscript 2). Performing 
these operations we obtain: 

aix u re ER 


ER | 
Ot vdeo 


ae’ + ! , * B x 
Bret V VO +V :- Vn — pos - 


-zof=0 (4) 
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Applying the continuity equation at the level 
ı and 2 gives: 


,® 
P 


Forming sum and differences of these equations 
we obtain: 


@ 
we = ir and YV-v,= 


wo (s) 
and 
: © 

ee HZ 6 
Viv 3 (6) 
The equations (3), (4) and (s), (6) are of 
course not a complete system. We still have to 
incorporate the thermodynamic (adiabatic) 
equation in order to determine the vertical 
velocity. This problem will be considered 

later. 


3. Integral constraints on the vorticity 
equations 


One of the properties of the complete vor- 
ticity equation is that the local change of vor- 
ticity can be written as the divergence of a 
continuous vector. Let us in order to show this 
consider the complete vorticity equation for a 
frictionless fluid in a system with pressure 
as the vertical coordinate: 


er Ka ru V:v+ 
at en 
This equation can also be written: 
ac À 
go (8) 


where 


vio = xk 
gq=n ap 

It is easily seen that (8) holds when the ex- 
pression for q is inserted in (8) and the diver- 
gence of q is evaluated. One property of (8), 
which is important in connection with the 
general requirement we can put on a fore- 
casting scheme is that the averaged change of 
vorticity over a closed region is equal to zero. 
Defining the average of a quantity as the 
area average, 1.€. 


ee af «ds (9) 
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where S denotes the forecast region and at 
the same time the area of it, we get by applying 
the average-operator to equation (8) that 


Or. 


when S is a closed region. It is therefore a 
general property of the vorticity equation 
that the vertical component of vorticity does 
not change in the average. When we simplify 
the vorticity equation it seems from the formal 
point of view important to keep this property 
of the vorticity equation intact. Our first 
problem to investigate will now be whether 
the general forecast equations (3) and (4) have 
this property intact, and secondly to investigate 
how serious it may be to violate the relation. 

We shall therefore first form the average 
of (3) and note once and for all that the area 
integral of the divergence of any continuous 
vector or the Jacobian of any two variables 
integrate to zero, when the region is closed. 
We obtain now: 


Kerr ae ld = 

Get VaR TOW + ut - 
2A Boa 24: AOC W710) | 
Fe Dar (» aoe =) (10) 


The second and third term on the left side 
integrate to zero. In the fourth term D is in 
the general case 1, but is equal to zero provided 
only the non-divergent part of the wind is 
used for the advection. We shall finally try to 
simplify the right hand side of (10). We get: 


‚oo ,dw 
v DER dy = 
ee | — 
ET ate 


The first term is equal to zero because it reduces 
to a line integral of the form: 


af wo v, dl 


where v, is the component of the wind along 
the boundary. This integral will be zero if 
w=o is used as a lateral boundary condition. 
If this is not the case we can get a non-vanish- 
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ing contribution, but this will always tend to 
be small provided the region is large. 
We get therefore: 


yew 4 AT) 
= a 2A+B wer D DC (m) 
In a similar way we obtain from equation (4): 
Œ B-D— 1-D— 
= pe CCE —— of (m) 


We notice here that in the most general case 
we actually obtain a vanishing right hand 
side of equations (11) and (12), because then 
A=Ay and B=D=t. If, however, one or 
several terms are disregarded in the equations, 
we may easily get a non-vanishing contribution 
from the right sides of the equations. One 
thing, which is apparent immediately, is that 
the vertical advection of vorticity and the 
twisting effect are balancing each other with 
respect to the average production of relative 
vorticity for the vertical mean flow represented 
aix 
5 ot 
is considered we ought then also to consider 
the twisting effect. This has not invariably 
been the case in the models constructed so far 
(ELIASEN, 1952). It is furthermore seen that a 
similar balance exists between the part of the 
divergence term which depend upon the rela- 
tive vorticity and the advection with the 
divergent part of the horizontal wind. If 
the last effect not is considered, and this has 
not been the case in any of the models used 
in operational computations, we ought also 
to leave out the part of the divergence term 
depending upon the relative vorticity. With 
respect to the vertical mean flow, represented 
in this two-parameter model by the “star” 
quantities, we can get a model with a vanishing 
mean production of vorticity provided we 
keep all terms in the vorticity equation, or 
use the vorticity equation in the form most 
generally used in the models designed for 
numerical prediction, that is: 
x 
> + v*. Vn*+v-VÜ=o 
where A=Ar=B=D=o. 
However, when we go to eq. (12) we meet 


. If the vertical advection of vorticity 


ot 


=o 1h 


another difficulty. Again, we get 


~ 


the most general case, where B=D=t. It is 
also true, that the first term disappears provided 
we consider the divergence term only in the 


form f = = - fV:vandadvect vorticity with 
Ip / 


the non-divergent part of the wind only. But 
we have then a contribution from the last 
term and ends up with the expression: 
DE 
> = por (13) 


which in general is different from zero, provid- 
ed f is considered variable. In order to obtain 
no mean production of thermal vorticity (i.e. 

1 à 
= 0) we should put f=f,, where f, is a 
standard value of f. This has not been done in 
the computations with the baroclinic model 
used in Stockholm or at the Joint Numerical 
Weather Prediction Unit in Washington 
(personal communication) and the Coriolis- 
parameter has in general been allowed to 
have its complete geographical variance 
(GATES ET AL, 1955). 

It may now be argued that it can do no 
harm that the mean production of thermal 
vorticity is different from zero, because non- 
adiabatic processes and frictional influences 
anyhow create and/or destroy vorticity. It 
is, however, obvious that there is a large diff- 
erence between such a net production and the 
production considered here, and which arises 
solely because of inconsistencies in the simpli- 
fications of the prognostic equations. 

The next question to consider is whether 
these inconsistencies can do any harm to a 
forecast for a few days. The answer to this 
question depends to a large extent upon the 
actual procedure used in the forecasts. Let us 
first investigate what happens if we apply 
the most simple prognostic system where 
A=Ar=B=D=o. In that case the net pro- 
duction of the vertical mean vorticity is equal to 


ae) 
zero (0 ), while the averaged production 
C 


of thermal vorticity is governed by eq. (13). 
Unless fis considered as a constant, the chances 
are that © and f may have a non-vanishing 
correlation initially and also during the fore- 
cast, which will show up as a net production 
of thermal vorticity. It is true that this corre- 
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lation in general will be very small. If we 


imagine that the value of wf is formed by 
first integrating along a latitude circle, where 
fis constant, © will in general be just as much 
positive as negative and the mean value of 
cof along this latitude circle will approximately 
vanish. Here, however, we have to notice a 
number of facts. Firstly, a very small correla- 
tion between & and f is sufficient to give a not 
negligible production of thermal vorticity, 
as shown below, secondly in actual practice 
the forecast region is generally not bounded 
by a latitude circle, which means that we do 
not get a contribution from the whole latitude 
circle in lower latitudes and thirdly, equa- 
tion (13) is obtained under the assumption 
that all contributions from the line integral 
vanishes. Because of these points we will 
in general obtain wf + o. 

In order to estimate the effect of a non-zero 
correlation between w and f by a numerical 
example we shall consider a forecast region 
bounded by a latitude circle at p=qp. Let w 
be computed by some system and let us 
assume that the lateral boundary condition is 
@=0 for p=p, and let us finally assume that 
the solution of ® contains a first mode ex- 
pressed by 
sin @ — SiN Po 

I — Sin Mp 


O=W, 


where w, is the value of w at the pole. We 
obtain then 


— I u : 
es ; Q 
oy 27R? (1 — sin @p) I It Sa 
SINE 


1-sin@ 


--00, (2 + sin Yo) 
3 


In order to see how great an influence this 

>= / 
can have on for instance the first mode of y’, 
let us consider 


fee , Sin P — SIN Po 
= SEW See See 
ohare Py I —SIN Po 

Here Y, is the constant value of the stream 
function for 9=9,, while Ay’, represents the 
difference between the value of the thermal 
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stream function at the pole and at latitude 4. 
For this particular component we get: 


Petit, A 
¢ sf viv os S § (a)! 


I I+sin Pp 


TORE 
RAT = sine, 


As an estimate we get therefore: 


oAy, RQ (t-sin po) (2 + sin Po) 
ot 3P 


OF 


I+sin og 


Let us now assume that w,=!/, cm/sec. and 
Po =30° N. We get then approximately: 


D, -gow, — 4° 10-* cb sec-tand from this: 


Ay 
——? ~ 8: 10? m? sec”? 
ot 
Les us next try to obtain the height change at 
oAz 
the pole Er ? + In the first approximation 
we can replace Ay,by Fz, and obtain: 
dAz, h 
7, 1043 m per 24 hours 


However, as we are at present occupied with 
the variation of the Coriolis parameter, we 
should be careful with this first approximation 
and try to compute the height tendency more 
exact. This can be done by solving the balance 
equation which in the present case, where we 
consider only one mode, can be simplified to 


gy, z =fV, y+ Val Vey 
Vv; denotes the spherical Laplace-operator and 


V, the spherical gradient. 
With the expression used for y’ we obtain 


for the right hand side 

N; ; tory Oy 
vy +Vsf° Vp =f (x Og muse) = 
29 Ay, 
re I ERLITTEN = ane 
i RopyRop R2 (1 — sin aie 3 sin?) 
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The balance equation reduces with this ex- 
pression for the right side to an equation of 


the type: 
Ge t bap a (1-3 sin’), a= 2 ni 
dg ©? ap sata 


The right side is proportional to the associated 
Legendre function of the first kind (P, (sin ¢)) 
and the equation has therefore a solution of 


the type 


zZ=b(17 3 sm? 9) +¢ 
When we insert this expression in the differen- 


a 


tial equation we obtain immediately b= - = 


The constant c may be expressed in another 
way if the (constant) height value for p=, 
is denoted 2,. The expression for z’ may with 
this notation be written: 

id. sin? 9 — sin? Po 
g eh Sia) 


and we have consequently: 
A ee Canet + Sin Yp) 


For the relation between the tendency of the 
height value and the value of the stream 
function at the pole we get: 


ot eg dt 


The height tendency becomes therefore some- 
what smaller with this more correct computa- 
tion, because the value 2 Q is replaced by Q 
(1 +sin y). With the same numerical values we 
obtain 


Az 
? ~ 782 m per 24 hours 
at 
AE 
This value of er ? is obtained for w,=1/, 
cm/sec.-1. Even if w,=1 mm sec.-! we should 
94z 


get a change mone ~ 150 m per 24 hours. 


It is therefore realized that the height change 
in the central part of the region is extremely 
sensitive to small correlations between w and f 
Furthermore small correlations are very diffi- 
cult to avoid in actual practice. The above 
example shall of course only be considered 
as a rough estimate and represents probably 


Den 


an upper limit for the height changes during 
a numerical forecast, because it is assumed 
that the complete effect of the non-vanishing 
correlation between w and f goes into the 
first mode of the thermal field. Although 
this does not necessarily happen in the general 
case, the experiments show that it may 
happen. It seems therefore important in 
the future to avoid artificial height changes 
due to inconsistencis of this kind in the for- 
mulation of a model. As pointed out above 
we may avoid the artificial mean production 
of thermal vorticity by putting f equal to a 
constant in the divergence term. This is, how- 
ever, not advisable, because we by doing this 
may loose too much of the effect of a va- 
rying Coriolis parameter in the details of the 
flow. 

It is interesting to note that provided we 
can assume that the above example is represen- 
tative in the first approximation then the size 
of the forecasting region plays a large role for 
effects of the kind mentioned above. In our 
particular example the influence of the size 
of the forecast region is determined by 9% 
or more definitely by the function: 


F (po) =(1-sin Po) (2 +sin Po) 


This function increases in the beginning rather 
slowly as y, decreases and is below 1 even to a 
little north of 30°. (Fig. 1.) If we, however, 
F (do) 


20 


00 


90" BOF 70° 60° 50° 40° 30° 20° 10° 0° 
do 


Fig. 1. Curve, corresponding to the example given in the 

text, illustrating the effect of a correlation between the 

vertical velocity and the Coriolis parameter as a function 
of latitude. 


want to extend our forecast region down to 
1$—10° N we almost double the effect of 
this inconsistency, and it becomes even more 
important to form the model consistent with 
respect to integral criteria of the kind men- 
tioned here. 
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The only real way out of these difficulties 
is of course to formulate a model which at 
least approximately takes the advection by 
the divergent part of the wind into account. 
A model of this kind has been presented by 
THOMPSON (1956). However, in order to study 
this effect in the most simple system, we shall 
here consider an equivalent barotropic at- 
mosphere defined as an atmosphere, where 
the non-divergent part of the wind does not 
turn with height. We shall furthermore re- 
strict ourselves to a layer centered around 
the non-divergent level, which in the model 
considered here is the 600 mb level. The de- 
velopment of the flow in this layer is in the 
model described by eq. (4), which in the 
equivalent barotropic case reduces to: 

Fr 
Beaty: VO +v'- V7 (20 +f) - 


(15) 


Here v’=v,+v,, where v, is the non-diver- 


- 5, (26" + f)=0 


gent and v, the divergent part of v’. We use 
x 


here x as a notation for the velocity potential, 
and y denotes, as usual, the stream function. 


V v NA v = = wey 
P 


(15) 


Further: v,=kx Vy and v,=Vy and we 

obtain: 

IV y 
dt 


ty, VUE +f)+v,-V (2! +f) - 


(16) 


We apply next the adiabatic equation at the 
non-divergent level and obtain with the 
equivalent barotropic assumption 
es 2h 0 (17) 
pop 


o is a measure of the static stability and is 
considered constant here. w can now be 
obtained from (17) and inserted in the last 
term in (16), which then becomes: 


IV VD Vee +f)- 


ot 
(18) 


- 50 (26 +f)=0 


ER AR 
= pa (26 Hero 
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“(u Narr 
+ V)= v2 vovsy4f) (ro) 


which is one of the prognostic equations. We 
need now further to have an equation to deter- 
mine x at every time step. This equation is 
obtained by eliminating the time derivative 
between (16) and (17), when @ has been re- 
placed by -PV?7. This procedure results in 
the equation: 


P? , Fe 2 
— vty - (2V2 +f) Ve = (2 vw + f)- 
NI JV UE, 0) (20) 


dy Oty Ut. 1 
4, = 
where V4y at ai er, is the bi 


2 


harmonic operator. The system (19), (20) will 
at least have the property that the net-pro- 
duction of the averaged vorticity is zero as 
can be seen directly by applying the averaging 


operator on eq. (19) and substituting again 


wo. We get then 


+ (2 +f)F=0 


The system (19), (20) is probably the simplest 
system which can take the advection by the 
divergent part of the wind into account. Nu- 
merical experiments with these equations are 
accordingly being considered. Whether we 
can expect a closer agreement between this 
system and reality than between forecast pre- 
pared by eq. (19) without the last term is 
questionable, but the system can at least be 
used to study how great a change the advection 
by the divergent part of the wind can cause. 

Let us then return to the discussion of the 
two general expressions (11) and (12). (11) 
shows that a net-production of averaged vort- 
icity will take place if one of the effects measured 
by the constants A, 47, B or D are left out. 
The net-production is about the same for all 
the terms because 2A =2A;>~B=D=1 and all 


the effects depend upon the value of w’. In 
order to estimate this effect we shall proceed 
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in the following way. From the vorticity equa- 
tion in the simplified form: 


Ivy do 


er +Vy: VAN = (21) 
and the adiabatic equation in the form: 
5 (2) +¥p:V (3) ee 
ot \op if op À 
paré 25 m const (22) 
f op 


we derive the following equation for the ver- 
tical motion: 


NEE lt, st) 
ovo hes wey Vn)-V (v er (23) 


By approximating the vertical derivatives by 
centered finite differences around the 600 mb 
Level and introducing the same parameters as 
earlier we reduce (23) to 

2f 


er ane =| 2 (vy. vies 
iis sabi N) 


a vat (24) 
(24) is now solved in a simple case where the 
velocity field is independent of the y-direction. 
We shall in fact assume that: 


u* = U* =const., v* = V,* sin kx, 


* 
me = kV ,* cos kx 


ax 
u = U’ = const., v = Vi sin (kx +), 


dv’ 

! LA 

= — =kV,,' cos (kx + 

Ox A ( y) 

When these assumptions are inserted in the 

right side of the equation above it reduces to: 
2f 


V70 -—, © = 


pi ® (Bv’ — 2k2 U’v*) (25) 


2 
oP 
A wave solution for w with the wave-number k 
can be obtained directly from this equation, 
and we obtain: 

2P f 

wo = - v 

2f+ oP*k? (8 


20%), 2) (36) 
With this expression for © which of course 
only can be considered correct in the first 
approximation even in the simple flow con- 


sidered above because it is obtained from 
simplified equations, we can estimate the 
quantities wé’ and w* appearing in (11) and 
(12). We get: 


ae 2.P ; re AU 
<i = ofroPe Pr ak’ ? eee 
- BAR Mist 
= Fr opie RUE 


where it now is understood that the average is 
taken along a latitude only. Inserting this in 
(11) we get: 


pla 4k? TE 
"y wA+B-2A,- D) >f+ oP” ER 
but 


vr = VIVERsiny 
It is seen directly here that we get the greatest 
A RE 
contribution when the phase lag is = between 


the two fields with the thermal field lacking 
behind the height field. The order of magni- 
tude of the averaged production by leaving out 
one of the effects in (11) is therefore: 


LR 2k? 
ot 2f+oP?k? 


Uk (27) 


By using the approximate relationships: 
Ck = y2y* = — yk © — kates 


we obtain: 


dx 2k ie 
at ~~ 2frope V ÇA Va 


as a measure of the averaged height change. 
The height change in 24 hours is tabulated 
below for different wavelengths using the 
following values for the wind velocities: U’ = 
so m/sec-!, Vg=V4=10 m/sec} 


L km 1000/2000 10000 


3000 


4000 


5000 


az* 
= Ty Sane 16 8 
= [24 3 I 


104 


From this small table it is seen that the mean 
height change can be quite appreciable, if 
the temperature wave is lagging behind the 
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pressure wave in such an inconsistent system. 
It should of course furthermore be noted that 
the height change is proportional to the three 
wind speeds U’, Vi and V and can therefore 
be expected to be quite large in the winter 
season. 


Let us next turn to (12) and consider the 
first term which depends upon the correlation 
between w and £*, With the expression for @ 
just obtained we get: 


at’ zz 
5; (B= D) jouir = 


From this formula it is with numerical values 
seen that only very small changes will appear 
in the thermal field because of the effect of the 
first term in (12). However, as shown before 
the second term in (12) has quite a large contri- 
bution. 


4. Constraints on the adiabatic equation 


The adiabatic equation will in general in a 
two-parameter model be applied at the 600 
mb level. If this is the case, we may take 
advantage of the fact that the horizontal wind 
at this particular level within the model approxi- 
mation is non-divergent as shown by (5). 

The adiabatic equation is then: 


i a ee 5) ges 
5. (52) +¥ ae +00=O, 


Now, if we approximate the vertical derivatives 
by finite differences over a layer of 400 mb we 
obtain: 


I S-dı__ 2, 
en pe 


op P 
and the equation becomes: 
f LA P , 
out. ve cae 70 


In most two-parameter models o’ is assumed 
constant in a pressure surface. BERKOWSKY 
(1956) has shown that this assumption also 
fixes the vertical distribution of the horizontal 
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wind in the sense that the function F(p) in a 
wind approximation of the form 


V=Vn+ Fp) vp 


as it is used in many two-parameter models 
(ELIASEN, 1952; EADY, 1952; FJÖRTOFT, 195 5) 
is determined from the assumption Vo’ =o. 
This fact is, however, here of no great im- 
portance, formally because we take finite 
differences in the vertical, but mainly because 
numerical experiments with the two-parame- 
ter model tested at the International Institute 
in Stockholm has shown that the forecasts are 
not at all sensitive to the particular form of 
the function F(p). 


It follows from (6) that w=0. When we 
therefore assume o=const. and form the av- 
erage over the closed surface S we obtain 
from the adiabatic equation: 


ad 
ot 
because 
vr vaevaoyı)eo 

The form of the adiabatic equation used 
above gives therefore the result that the mean 
value of the relative topography will not 
change during the forecast. 

In the forecast procedure in a two-param- 
eter model it has been found convenient to 
replace the relative topography ¢’ by a stream- 
function y’. This leads to a form of the adia- 
batic equation which with certain approxima- 
tion can be written in the form: 


Da eas =) cies 
A (5 RR 


(THOMPSON, 1956). 


Applying now finite differences to this 
equation in the vertical direction we arrive at 
an equation 

dy Po 

* , ae 
——+y*. Vy —-=-=w=0 
dt tae ni 


If we again form the average over the closed 


# 


oO 
region and now assume that A =const., we 


arrive at the result: 
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One might, however, think that 5 appearing 


in the last term should be considered as a 
variable as was done in the first form of the 
model used in Stockholm. In that case we 
have not the condition above fulfilled, but it is 


replaced by: 
oy P,(w 
ae (7) 


which shows that the mean change of the ther- 
mal streamfunction depends upon the correla- 


h I . 5 
tion between w and =. We can easily estimate 


how important this correlation can be by 
using again the first mode of the w-distribution: 
sin 9 — sin Yo 

I — Sin y 


D 


With this expression for w and with f= 
202 sin @ we obtain: 


os 
fl} .2Q2 (1 -sin Mp) 
(24 SEP In [sn qu) 


Ls 05 


and consequently: 


dy Pda 
dt 4Q(1-sinp) 


sin Yo e 
(+ In: 
(: an | sin 9, ) 


We have now: 


dy _10Ay, 


We 33. Gh 


and with the relation between Az, and Ay; 
found before we obtain: 


oAz, _ Pow, (1 + sin Pp) 
dt 2g (I — sin Mp) 
- (: fon sn oe ) 


I — sing 


The height change per 24 hours may now 
be computed again with the same numerical 
values as used before. For |w, |=4 + 10-5cbsec-1, 
o =1.88 m°t-! cb! (corresponding to the 


~ 


standard atmosphere) and 9, =30° N we 
obtain: 
Az, 
dt 


The height changes resulting from the 


~ 24 m per 24 hours. 


: : ra. 
possible correlation between & and —. in the 


adiabatic equation is as seen from the results 
above very much smaller than the height 
changes in the thermal vorticity equation as 
found in the preceding section. In the applica- 
tion to the real atmosphere it probably makes 
no difference whether we assume o =const. 
or o /f=constant. The latter alternative is 
according to the discussion above to be pre- 
ferred. 

Let us next assume that we have paid atten- 
tion to the constraints derived in this and the 
preceding section. There will still be a possi- 


bility that @ +0, because the forecast region 
is not closed in the practical applications. 


When w +0 we will obtain a net production 
of thermal vorticity, which will mean a change 
of the mean value of the stream-function (y’). 
We will also get a change in the mean value 
of y’, if we use the adiabatic equation. Let us 
next suppose that we know the horizontal 
distribution of w. This distribution may for 
instance be obtained from the w-equation (23). 
Should we insert w in the thermal vorticity 
equation or in the adiabatic equation in order 
to compute the change in time of y’ with 
the smallest error? 


In the thermal vorticity equation we obtain 


at’ is = 
À CE 
Assuming that 
LS ne Sr ts AT ATOME 
= NN A Le a 
eae his | Bene 
We get then: 
dy _ _ fol? — 
ot sp“ 
From the adiabatic equation we obtain: 
WEES 
sie lB a 


For the same value of © there will therefore 
be a different change in y’. We should choose 
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a 
the one where Zr is smallest. In the adiabatic 


equation we get: 

Po 

Er 2223.70 X 108 

Z 0 
while the corresponding coefficient in the 
thermal vorticity equation becomes: 


fl? 


872P 


where / now measures the wave-length in 
thousands of kilometers. It is seen that already 
for values of / smaller than 4, we will get a 
greater change in the thermal vorticity equa- 
tion. Consequently we should always compute 
the change in the relative topography from 
the adiabatic equation, if we have a special 
equation from which we compute the distri- 
bution of the vertical velocity. 


m 31x 10 


5. On the growth of kinetic energy of the 
disturbances 


One of the main purposes of the short 
range prediction schemes in numerical fore- 
casting is to reproduce as exact as possible 
the growth of individual disturbances in the 
baroclinic atmosphere. In order to make an 
analysis of the different effects which governs 
the growth of a disturbance we shall again 
consider the general two-parameter model 
developed in section 2 with the particular pur- 
pose to investigate the importance of the diff- 
erent terms and the possible balancinge ffects 
which may exist between the terms. An in- 
vestigation of this kind has been made by 
THOMPSON (1957). The analysis given in this 
paper has in fact directed the author’s attention 
towards the problems connected with the inte- 
gral constraints put on the models used in 
numerical prediction. The analysis given in 
the following will follow the same lines as 
Thompson’s but the result will be different in 
two important aspects. Firstly, we shall try to 
incorporate the effect of the twisting term in 
the analysis, and secondly, we shall see that 
one of the terms considered negligible by 
Thompson in fact has an important balancing 
effect. 

As a measure of the change of the kinetic 


energy we shall take 2 : (c* + eh This 
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quantity is closely related to the kinetic energy 
of the disturbances as can be seen by considering 
a single spherical harmonic component %,, 
which satisfies the relation 


Sell 
Verve + dg Va = 0 dg = ae (28) 


The kinetic energy of this component is: 


=— I — I 

K=- vu VYa= = — 8 (29) 
2 A, 

from which the close relationship is seen. When 

an actual field consisting of a sum of spherical 

harmonies is considered, this close relationship 


does not hold, but is replaced by: 


K,=- V (2'y,): v(&y)=- XV Wp VY= 
2 p a 2 pa 


eS en en 
= —) v2 = Du VE . V2? _ 

3 Si; Va 2m, Pp Va 
DITS 

il 

ste 2 (30) 
The result is therefore a weighted sum of 
the mean of the square of relative vorticities 
for the different components. We shall, how- 


ever, use the quantity . 2 (ax +¢'2) and, 


as Thompson, call it the “rotational energy”. 

In order to derive an expression for this 
quantity we multiply equation (3) by C£*, 
equation (4) by ¢’ and add the two equations. 
The result is the following: 


ee ern) 


I 
2 


+B (Cee + Co) + 7 - (Ev) + DER, = 


2A+B ry , 
MENT wer Do (31) 
_24r,4 fA(wv') 2(ww)l 247 5 
ie Eur er 


y 


We next apply the average operator to this 
equation and rearrange the terms. We obtain 
then: 


24325 =D = 


RR + 


10 mes 
are, es) 
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+ plot’ = B (CRF + Cv) + (32) 


I CT 
pap : ( Ox. 10, 


The second and the third term in this equa- 
tion are generally included in the baroclinic 
models, while the first and the fourth most 
often are neglected. The problem therefore 
arises whether the contribution from the latter 
two terms are of the same or smaller order of 


magnitude than the term si fot’. If the first 


term has a contribution we observe again 
that the effect of vertical advection of vorticity 
and the twisting oppose each other. To some 
extent the part of the divergence term measured 
by the quantity B is counteracted by the 
advection with the divergent wind. In the 
general case the coefficient of the first term 


has the value = but again this value changes 


provided one or several terms are neglected. 
The importance of the whole question is, 
however, depending upon the numerical value 
of the three factor correlation w£*£." As shown 
by Lorentz (1955) and THompson (1957) 
there is a general tendency for such three 
factor correlations to remain small regardless 
of the phase difference between the quantities 
provided cach of the three factors entering 
the correlation oscillates regularly around zero. 
If this is so, the change of rotational energy is 
not to any large extent depending upon 
whether we include the vertical advection 
term, the complete divergence term and the 
advection by the divergent part of the wind. 
It still remains to be seen whether the fourth 
term which contains part of the twisting effect 
can be important. In order to estimate this we 
shall return to our particular simple example 
and insert the value of w expressed in (26). 
For simplicity we may write: 


2P 


= A 1k ey et tae 
(00) a(ßv 2kU'v ), a 2f+ oP2k? (33) 


We obtain then after some manipulations: 


— 2k2U’ (v’ CR? + veERC) 


~ 


All the correlations going into this expression 
are again three factor correlations of the type 
discussed before between quantities which are 
of approximately the same scale and which 
oscillate around zero. They tend therefore to 
be uniformly small without respect to the 
phase difference. We may therefore draw the 
conclusion that the two main terms desicive 
for the correct rate of change of the rotational 
energy are already included in the simple 
baroclinic model. Let us finally discuss the 
third term on the right side of (32). This term 
depends on the shear of the wind. The influence 
of this B-effect is negligible if the motion is 
approximately independent of the meridional 
directional, because in that case we have, 
when we first integrate along the latitude 
circle: 


BOF atv) = B ( ae 


~ a = 0 
ARE re 


In the general case this result does not hold. 
It is, however, worth while to point out 
that the contribution from the term is small 
in non-divergent flow. In order to show this 
we need because of symmetry only consider 
the first term. By formal computation we get: 


——— Ov* M* ou* 
ER ( ax dy ) EU dy 
De ee ae ou 
= Ben (u*v*) + Bu a 


The second term in the expression above 
disappears completely in non-divergent flow 
because 


dv* 0y* 9 (dy* 
* rn DE ee a, Ba u = 
Bi dy ERA ES) 


CG) = 


The first term must be small because 8 in 
the first approximation can be considered as 
constant. 


6. On the rate of occlusion 


An analysis of the forecast equation with 
respect to the rate of occlusion can be per- 
formed if we can find a measure of this 
quantity. We shall here apply the same meas- 


ure as used by THOMPSON (1957), that is Zee 


Tellus XI (1959), 1 


INTEGRAL CONSTRAINTS FOR BAROCLINIC MODELS 57 


In order to obtain an expression for this 
quantity we shall multiply eq. (3) by ¢’ and 
eq. (4) by ¢* and next add the two equations. 
We obtain then: 

are 7 a 


se Ke * e., Dir 
aS V (CXS) +v'- A 5 


+ B (v*C’ + v’C*) — a wl? — wer? — 


CE ser 24» (0M, dw 
pape Ce dx" Dy 


When we take the average of this equation we 
obtain with the earlier notations: 


I 
IRRE 24+ B--D-2Ar : 
rat D mr 
Bee ya = 
en; war? + plot - (35) 
14, 5 owv' Jou FER RL 
At (peo) BOT HVT) 


The three-factor correlations appearing in 
the first, the second and the fourth term will 
now again according to the same arguments 
as before tend to be one order of magnitude 
smaller than the remaining two terms on the 
right side of the equation. Again we can 
therefore conclude that there is probably only a 
small difference between the rate of occlusion 
in a simplified two parameter model and the 
general one considered here. Furthermore we 
note that if the three-factor correlations are 
not completely negligible but only one order 
of magnitude smaller, the inclusion of the 
different terms in the vorticity becomes of 
almost equal importance. We notice the bal- 
ancing effect between the vertical advection 
of vorticity and the twisting effect, and 
furthermore that part of the divergence term 
and the advection with the divergent wind 
again counteract each other. 


7. On the comparison between theory 
and practice 


From the long series of baroclinic forecasts 
prepared at the Joint Numerical Weather 
Prediction Unit in Washington it has among 


Tellus XI (1959), 1 


other errors been noted that the three level 
baroclinic model as well as the thermotropic 
model have a tendency to reproduce a rate 
of growth and a rate of occlusion which are 
qualitatively correct but quantitatively too 
large. Thompson proposes that these defects 
of the models are due to the neglection of 
essentially the vertical advection of vorticity 
and the advection with the divergent part of 
the wind. The results obtained in the present 
analysis show, however, that if we are allowed 
to neglect the three-factor correlations in the 
equations for the rate of growth and occlusion 
there is no difference between the simplest 
baroclinic models and the more general model. 
Either we are therefore forced to reconsider 
the magnitudes of the three-factor correlations 
or to find other reasons which can describe 
the observed defects of the model. If we 
restrict ourselves to consider sinusoidal waves 
independent of the meridional direction it is 
easy to show that the three factor correlations 
in fact reduces to zero. We need only to 
insert our expression (26) for w and compute 
the correlations. If, therefore, these correlations 
have a significant importance it must be due 
to either the zonal shear or the tilted troughs 
and ridges which appear in the atmosphere. 
So far it has not been possible to obtain ana- 
lytic solutions for the vertical velocity in these 
cases, and the best way to investigate the cor- 
relations will probably be to compute the 
vertical velocity numerically from the simpli- 
fied model and next use this value to obtain 
numerical estimates of the correlations. Even 
such computations are, however, only to be 
considered as a first estimate because the ver- 
tical velocity is computed from the simplified 
model. The three-factor correlations will 
undoubtedly be smaller than the correlations 


fot* and foot’, which appear in the simplified 


baroclinic models. 


8. The energy production for the general 
baroclinic model 


It is the purpose in this section to consider 
the rate of change of kinetic energy in the 
general two-parameter model and compare 
this with the corresponding quantity evaluated 
from simplified models. The energy question 
has been investigated in great detail by Lo- 
RENTZ (1957), who has shown different models 
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which conserve total energy. We shall not 
here be concerned with the problem of for- 
mulating a model which is consistent with 
respect to energy conservation. Our problem 
will only be to consider the rate of change of 
the kinetic energy of the nondivergent part 
of the flow, in order to see whether relations 
analogous to those for the vorticity produc- 
tion, the rate of growth and the rate of oc- 
clusion, hold for this quantity. The reason that 
only the kinetic energy of the non-divergent 
part of the flow is considered and not that 
of the total flow is simply that the kinetic 
energy of the vertical velocity and of the 
divergent part of the horizontal flow is small 
compared with the energy of the non-diver- 
gent part of the horizontal flow. We shall 
therefore be satisfied if we can predict the 
rate of change of this part of the kinetic energy, 
however, considering the contribution through 
energy transformation over the divergent part 
of the wind. Our first problem will now be 
to derive an expression for the rate of change 
of kinetic energy of the non-divergent wind. 
For convenience we shall in the following 
denote this simply as the kinetic energy. 
The total kinetic energy is: 


K= | [iv Vredse - 
so 


Po 
if 
= [Ja vv ve dsip 


In our two parameter representation we get: 


I 
iG = al? fom: vmds+ 


Ss 


+ Pf vn VWs as) 


Ss 


or when the “star” and “prime” quantities 


are introduced: 


P À REA) 
Ke? [lop vyt+vy vy \as 


Ss 


We get now: 
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OM een Vay vty y Lh ds 
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As P and g are constants we shall in the follow- 
ing only consider: 


aK ER ; ee 
ee five are ac tar AP 
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An expression for the rate of change of kinetic 
energy can consequently be derived if we 
multiply eq. (3) by y* and eq. (4) by y’ and 
add the two resulting equations. By doing 
this we obtain: 


EN 


NL RE EN 
ys +y at? vr. EX + y'v*- VE + 

+ yt’. VE + pv. VOX+ B (pXv* + py’) - 
2A+B SR 9D ae ee * 
Dit wl D vos = of = 


The average of the different terms in this 
equation can be expressed in the following way: 


a) prv* i VCH — pry 3 eng = 
= V : (PRE XV) - CAVE: VX = 0 
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2A 
ap 
We get consequently when we collect and 
rearrange: 


m Dev Vu DEV Vy — 
_24+B-D-2A, 


> vrlo- B-D EX — 


Bae AE er fn nd 
- 5 ¥ fo + ST avy + B (p*v* + y'v’) 


The equation above shows that in the general 
two-parameter model, where A=A, and 
B=D=1, the terms in the second line will 
cancel out completely, while the terms in the 
first line expresses the contribution from the 
horizontal part of the divergent wind to the 
growth of kinetic energy. It should be noticed 
here that if the advection with the divergent 

art of the wind not is considered, the terms 
in the first line will drop out, while we then 
will get a fictituous contribution from the 
terms in the second line. This fictituous con- 
tribution disappears, however, if we at the 


same time neglect the part of the divergence 
term expressed through the constant B and 
keep or neglect both the vertical advection 
term and the twisting term. We notice on 
the other hand also that another contribution 
from the twisting term appears in the third 


line through the correlation wv* : v’. As this 
term may give a non-vanishing contribution, 
especially in an equivalent-barotropic atmos- 
phere, where it is assumed that v* and v’ 
have almost the same direction, it seems 
advisable to retain as well the vertical advection 
as the twisting term. Finally, it is worth while 
mentioning that apart from the term depending 


upon yfa and the term containing ß all the 
other terms are of the three-factor correlation 
type and are therefore probably of a smaller 
magnitude than the two former ones. Conse- 
quently, we can as a tentative conclusion 
state that the greater part of the growth of 
kinetic energy is caught already in the simpli- 
fied baroclinic model. 
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Ein numerisches Verfahren zur Errechnung von Windstau und 


Gezeiten in Randmeeren’ 


Von GUNTER FISCHER,* International Meteorological Institute in Stockholm 


(Manuscript received July 5, 1958, revised September 18, 1958) 


Abstract 


A finite difference method for determining water heights and movements in adjacent seas is 
developed. For this purpose the vertically integrated equations of motion and the continuity 
equation are transformed into an explicit system of difference equations, which are solved 
stepwise in time with an electronic computer. The question of numerical stability is investigated 
in detail. To obtain computational stability for the system in question, it is not sufficient to 
satisfy a condition similar to the Courant Friedrichs Lewy criterion, as there is also an upper 
limit of the timestep itself, which depends on the frictional coefficient and the boriolis para- 
meter. The influence of a smoothing technique and the mesh size of the grid on the results is 
also examined. Some computations of storm surges and tides in the North Sea are presented 
and are compared in selected cases with the results of other methods or with observations. The 
computations of tidal waves and currents in the North Sea, where the wave was prescribed 


only at the open ends, give a reasonable agreement with observed conditions. 


I. Einleitung 


Die Ermittlung vieler stationärer und ins- 
besondere nichtstationärer Bewegungsvorgänge 
in den Ozeanen, Randmeeren und sonstigen 
Wasserbecken auf analytischem Wege stösst 
auf grosse Schwierigkeiten. Bei dem grossen 
Interesse jedoch, das die nähere Erforschung 
dieser Bewegungsvorgänge beansprucht, er- 
scheint es im Zeitalter der Elektronenrechen- 
maschinen zweckmässig, durch numerische 
Integration der sie beschreibenden Differential- 
gleichungen zu Lösungen zu gelangen. 


1 The investigation reported in this paper has been 
sponsored by the Office of Naval Research, Washington, 
under contract No. Nonr.-1143(00) subcontract No. 1 
through Woods Hole Oceanographic Institution. 


* Present affiliation: Geophysikalisches Institut, Uni- 
versität Hamburg. 


Die Gleichungen, die den folgenden Rech- 
nungen zugrunde liegen, sind die vertikal inte- 
grierten Bewegungsgleichungen und die ver- 
tikal integrierte Kontinuitätsgleichung. Diese 
werden durch ein System von Differenzen- 
gleichungen angenähert. Bei der Auswahl 
des Differenzenschemas ist, besonders wenn es 
als Annäherung an ein hyperbolisches Diffe- 
rentialgleichungssystem gelten soll, grosse 
Vorsicht geboten. Die Annäherung einer Dif- 
ferentialgleichung durch eine Differenzen- 
gleichung beinhaltet nämlich nicht, dass auch 
die Lösungen beider einander nahe liegen. Hier 
tritt die Frage nach der numerischen Stabilität 
und nach der Güte der Approximation auf. 
Erstere ist zumindest notwendig, damit die nu- 
merisch erhaltene Lösung eine Annäherung an 
die exakte darstellt. Deshalb ist eine einge- 
hende Untersuchung angestellt worden, ob 
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und unter welchen Umständen das benutzte 
Differenzenschema stabile Lösungen ergeben 
wird; das hängt wesentlich, wie im Kapitel 
III gezeigt werden wird, von der Art der 
Annäherung und von der Grösse einzelner 
Parameter ab. 

Ueber die Güte der Approximation etwas 
auszusagen, ist dagegen im Vorwege nicht 
möglich. Deshalb wurde im Kapitel IV der 
Versuch unternommen, durch Vergleich mit 
einfachen analytischen Lösungen empirisch 
ein Bild über die auftretenden Abweichungen 
zu gewinnen. Auch die Stabilitätsverhältnisse 
werden in diesem Kapitel an Hand von Bei- 
spielen geprüft. 

Eine praktische Anwendung wird im Kapitel 
V und im Kapitel VI bei der Bestimmung des 
Windstaus und der Gezeiten in der Nordsee 
gegeben. Hierbei ist vielfach ein Vergleich mit 
den Beobachtungen und mit den Ergebnissen 
anderer Methoden möglich und damit ein 
Mass für die Anwendbarkeit geschaffen. 

Diese Untersuchungen wurden von Herrn 
Prof. Rossby angeregt und sind als Fort- und 
Weiterführung der von Hansen (1956) durch- 
geführten Rechnungen anzusehen. Das Problem 
ist hier jedoch von Grund auf neu behandelt 
worden, insbesondere ist ein anderes Diffe- 
renzenschema als Annäherung gewählt worden. 
Die Durchführung der Rechnungen geschah 
auf der schwedischen Rechenmaschine BESK. 


II. Die benutzten Differential- und Diffe- 
renzengleichungen 


Die Bewegungen in Flüssigkeiten und Gasen 
werden durch die hydrodynamischen Diffe- 
rentialgleichungen mathematisch dargestellt. 
Zur näheren Erläuterung denke man sich ein 
Wasserbecken nicht unbedingt konstanter 
Tiefe, welches unter dem Einfluss äusserer 
Kräfte steht, und/oder dessen Zustand zu einer 
bestimmten Zeit vorgeschrieben wurde und 
fragt nach der zeitlichen Änderung der Feld- 
grössen. Das Wasser sei homogen und in- 
kompressibel, d. h., wenn u, v, w die Geschwin- 
digkeitskomponenten in der x, y, z-Rich- 

div v= ED pee ver- 
tung bedeuten, dass div v= pean: ie 
schwinden soll. Hydrostatisches Gleichgewicht 
sei ebenfalls angenommen. 

Wegen der Homogenitat der Wassermassen 
können die Bewegungsgleichungen und die 
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Kontinuitätsgleichung im Vorwege über die 
Tiefe von z=o bis z=h+€ integriert werden. 
Dabei bedeutet z=o der Boden, z=h die 
ungestörte Wasseroberfläche und & die Ab- 
weichung von der ungestörten Oberfläche. 

Unter Vernachlässigung sehr kleiner Grössen 
und der nichtlinearen Glieder, die man jedoch 
nicht zu vernachlässigen braucht, erhält man so 


folgende Gleichungen: 


aU at 
(1) ge -glh rt). + fV -rU+r 
av at 
ape Une 
ae gh 
Di ax dy 
Es bedeuten: 
h+E h+€ 


U= fudz, V= fv dz Komponenten des hori- 
0 0 


Ou 
CET 


v (=) wurde nach einer Durchführung der 
0 


zontalen Wassertransportes. 
f = 2 sin  Coriolisparameter. 


Der Tangentialschub am Boden » 


Ekmantheorie fiir Flachwassergebiete mit guter 


+ Sey ee CON 
Näherung zu: » (&), =rU,» &), = rV mit 


2 
r= i gesetzt; » ist der turbulente Austausch- 
koeffizient. 
Der Windschub an der Wasseroberfläche: 
ou dv : 
Tx, =? (&) er (2) wurde, wie all- 
OZ/n+t JZ] + ë 
gemein üblich, zu: t,=yu,|w|,T,=yv;|w;| 
angenommen; u, und v, sind die Windkom- 
ponenten, | w, | die Windgeschwindigkeit, y ist 
eine Konstante. 
Da im allgemeinen © <h ist, wird im fol- 
genden gh statt g(h+¢) gesetzt. 
Durch Elimination von U und V erhielte 
man aus 1) mit h=const. und ty=t,=0: 


12) 

RL RL 2 ie 2 % 27. 
am aha +f ghv*) = + rghv igs 
ire tiers 
V ET 


Sei nun At ein Zeitschritt, Ax=Ay=As die 
Gitterkonstante. Die 1) annähernden Differen- 
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zengleichungen mögen folgende Form be- 
sitzen: 


2) 


(t+1) (t) 


(t) 
Us, 7) = Us 7) = MEDAN ee + x,y) - 


t) 
_ ex = Ax,y)| + 


+ ae pv y) -r(x,y) u(x, y) “= AC) 


(+1) (t) h(x, y)At { © 
Vs) = Ve - EN ey + Ay) - 


(t) 
- S(x,y - An} + 
(t) (r) (t) 
+ rl - July) He! 
(t+1) (t) At (t+ 1) 
en) = En - SE [UE + dey) - 
(t+ 1) (t+ 1) 
- U(x - Ax, y) + V(x, y + Ay) - 
(t+1) 
DC) 
Dabei ist abkürzend z. B.: U (x, y,t + At) = 
(+1) 
U (x, y) geschrieben. 
Für ¢ allein folgt aus 2) die 1 a) entspre- 
chende Gleichung: 


(t+1) () (£-1) (t-2) | (t) 
2a) €-304+30 - C= -2r 


() (t-1) 
B(fiareghvi(o—f eve 


mit: VYil= Fa tole + Ax,y) +C(x« — Ax, y) + 


(t-1) (£+2) 
—2¢ + Ë js 


+ E(x, y + Ay) + (x,y - Ay) - f(x, y)} 


welche jedoch keine direkte Anwendung 
finden wird, sondern nur zum Vergleich hin- 
geschrieben wurde. 

Nach 2) werden die U, V und ¢-Werte an 
jedem Gitterpunkt berechnet. Zuerst wird das 
„neue” U“+n, Yt+n_Feld aus den ersten 
beiden Gleichungen bestimmt und danach zur 
Berechnung der ,,neuen” ¢¢+0-Werte in die 
dritte Gleichung eingesetzt. An Randbedin- 
gungen wird vorgeschrieben, dass die Normal- 
komponente der Wasserbewegung an den 
festen Rändern (Küsten) verschwindet und 
dass an den offenen Rändern & oder U und V 
als bekannt eingesetzt werden. Hierbei wurde 


~ 


so vorgegangen, dass z.B. an einem festen 
Rand x=const.— wo U verschwindet — V 
allein aus der zweiten Gleichung bestimmt 
wurde, ohne Riicksichtnahme auf die noch 
verbleibenden Glieder in der ersten Gleichung. 
Liessen sich an den Rändern keine zentrierten 
Differenzen anwenden, wurde auf nichtzen- 
trierte übergegangen. In den inneren Eck- 
punkten wurden zwei Bedingungen vorge- 
schrieben, z.B. U=o und V=o. 


IH. Theoretische Untersuchung über die nu- 
merische Stabilität der Differenzenglei- 
chungen 


Das zugrundegelegte Gleichungssystem 1) ist 
vom hyperbolischen Typ, und eine Unter- 
suchung, ob und unter welchen Umständen 
numerische Stabilität vorliegt, wäre sehr 
wünschenswert. Im folgenden soll versucht 
werden, auf theoretischer Grundlage eine Ab- 
schätzung über die Brauchbarkeit des benutz- 
ten Systems 2) zu erhalten. Soweit es sich bei 
den folgenden Ausführungen um die mathe- 
matische Stabilität handelt, bildet dieses Kapi- 
tel eine spezielle Anwendung der von Lax 
und RICHTMYER (1956) sowie von Kreıss (1958) 
erschienenen Arbeiten über die numerische 
Stabilität von Systemen von Differenzen- 
gleichungen. Da jedoch nicht notwendig aus 
der mathematischen Stabilität die für die 
Praxis schr wichtige rechnerische folgt, sind 
über letztere noch weitergehende Untersuch- 
ungen angestellt worden. 

Vorausgesetzt sei für die Theorie, dass 1) 
als reines Anfangswertproblem mit konstanten 
Koeffizienten und verschwindenden äusseren 
Kräften behandelt wird. Um für alle Gleichun- 
gen dieselben Dimensionen zu erlangen, werde 
VghË= - D gesetzt. 

Die Lösung der Differentialgleichung kann 
nun fiir ein begrenztes Gebiet in Form einer 
Fourierreihe angegeben werden. Somit lässt 
sich mit einem individuellen Fourierglied 
folgender Ansatz machen: 


U 
3) V =V (Ge y> t) = XV (ky, ks, t) ei ax + Ray) : 


kis ky reell. 


In die Differenzengleichungen 2) mit 
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=const., T,=T,=0 eingesetzt, ergibt sich fol- 
gendes System: 


Pe geno) 
4) ONE OP KV = 
— ia, — ib, x 


1-rAt, fAt, ia 
=| -fAt, 1-rAt, ib | *VO 


0, 0, I 


Veh At 


VehAt . 
mit: a< sin k,Ax, b=-2 


À k,Ay 


Da die Matrix auf der linken Seite nicht- 
_ singular ist, kann man die Gleichung 4) nach 
*V¢+D auflösen und erhält: 


5) AVETD — 
1-rAt, fAt, ia 
- fAt, 1-rAt, ib 
ia(t-rAt) -ibfAt, ib(1-rAt)+iafAt, 1- (a? +b?) 
*VO= GVO 


Ist nun der Angangswert *V (t=0) =*V() 
vorgeschrieben, so folgt daraus, dass nach n 
Zeitschritten, also zur Zeit n At=t, das System 
5) die Form: 

6) *YV (n) — Gr. XV (0) 
annimmt. 

Verkleinert man jetzt den Zeitschritt At 
und die Gitterkonstante As und hält die Zeit 
nAt = t, fest, so bekommt man im Grenz- 
übergang At— 0 (n-> oe) mit geeignetem 7 = 
= const. dann eine endliche Lösung, wenn 
dabei die Matrizen G" beschränkt bleiben; 
das soll für jedes Glied der Fourierentwicklung 
also für jedes reelle k, und k, gelten. 

Erfüllen die Matrizen die obigen Bedin- 
gungen, so soll das Differenzensystem mathe- 
matisch stabil genannt werden. Die mathe- 
matische Stabilität beinhaltet für sachgemässe 
Probleme, dass die Lösung des Differenzen- 
gleichungssystems im Grenzübergang gegen 
die Lösung des Differentialgleichungssystems 
konvergiert; ein Beweis hierzu findet sich bei 
Lax und RICHTMEYER (1956). 

Im praktischen Rechengang wird jedoch At 
konstant gehalten und nAt=t ist variabel. 
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Daher muss auch noch untersucht werden, 
wie die Verhältnisse für diesen Fall liegen. 

Analog zur mathematischen Stabilität soll 
eine rechnerische Stabilität folgendermassen 
definiert werden: ist die exakte Lösung für 
alle Zeiten endlich, so soll dieses auch für die 
numerische Lösung gelten. Dazu muss gefor- 
dert werden, dass für genügend kleines At= 
hs, für nAt = 
As 
=t-> 00 (no) und alle möglichen k, und 
ky, die G" beschränkt bleiben. Die rechnerische 
Stabilität schliesst ein, dass Fehler mit der Zeit 
nicht anwachsen können. 

Ueber die Güte der Approximation kann 
hierbei keine Aussage gemacht werden. Ist 
jedoch ebenfalls mathematische Stabilität vor- 
handen, so ist man sicher, dass für einen klei- 
neren Zeitschritt und damit auch kleineren 
Gitterabstand, die numerische Lösung die 
exakte ,,besser’” annähern wird. 

Ein einfaches Beispiel sei als Erläuterung 
eingeschoben. Gegeben werde die gewöhn- 
liche Differentialgleichung: 


= const. und geeignetes 


7) ae =iau; a reell 


gt 
Mit dem Anfangswert u(t=o)=u ergibt 
sich als exakte Lösung: u =u da, welche für 
alle Zeiten endlich bleibt. 
Die Differenzengleichung habe die Form: 
8) ut+D — yO = jaAtu® 


Mit der gegebenen Anfangsbedingung folgt 
für die feste Zeit nAt=t,, analog zu 6): 


9) um = (1 + iaAt)"u = gu 


Für At—o geht 9) gegen die exakte Lösung 
für t=t,, die g” bleiben dabei beschränkt. Die 
Differenzengleichung ist also mathematisch 
stabil. 

Für einen festen Zeitschritt dagegen bleibt 
die Lösung für f nicht mehr endlich, da|g| > ı 
für jedes feste At ist. Die Differenzengleichung 
9) ist also rechnerisch instabil. Man sicht also, 
dass aus der mathematischen Stabilität nicht 
ohne weiteres die rechnerische folgt. 

Beiläufig sei darauf hingewiesen, dass für 
diesen speziellen Fall zentrierte Differenzen für 
genügend kleines At ein auch rechnerisch sta- 
biles System ergeben. 

Kehren wir jetzt nach diesem Beispiel zu 
der Gleichung 2) zurück und suchen nach 
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einem Mass für die Beschränktheit der Ma- 
trizen G". Eine untere Grenze für die Be- 
schränktheit der G" ist, dass die jeweiligen 
Eigenwerte A"; unter den obengenannten Be- 
dingungen beschränkt bleiben. Daraus folgt für 
ein mathematisch stabiles System, dass der 
Betrag des grössten Eigenwertes |Amax| die 
von Neumann Bedingung: 

10) Auz| <1 +¢At 

erfüllen muss; c ist dabei eine Konstante. 

Für ein rechnerisch stabiles System hingegen 
muss gefordert werden, dass 
11) (Aust 
bleibt. (Zu den vorangegangenen Überle- 
gungen wird man auch durch den Ansatz 
“«V—=%**Veiot, mit A=ei®At, geführt.) 

Die Beschränkheit der Eigenwerte ist eine 
notwendige Bedingung für die Stabilität. 
Eine notwendige und hinreichende Bedingung 
findet man u. a., wenn sich G in eine Diagonal- 
matrix transformieren lässt, so dass 
12) G=T AT 
ist. T besteht dabei aus den auf die Lange Eins 
normierten Eigenvektoren von G. A ist eine 
Matrix, deren Diagonalelemente die ver- 
schiedenen Eigenwerte sind, und deren andere 
Elemente aus Nullen bestehen. Möglich ist 
diese Transformation, wenn alle Eigenwerte 
verschieden sind. Wegen: 

13) Gta LIT, 


sind die G" sicherlich beschränkt, wenn die A; 
beschränkt sind und T nichtsingulär ist, wenn 
also |detT| >o für alle reellen k, und ky und 
ein bestimmtes a const. existiert. 

Das eben Gefundene soll jetzt auf die Matrix 
G in 5) angewandt werden. Ihre Eigenwerte 
bestimmen sich aus der kubischen Gleichung: 
(1 - rt -A){(1 - rt -A)(x - a) +A(a? + b2)} + 

+(1-2)f248=0 

Nach Hinzufügen des Gliedes rAt- f?Ar?, 
welches als sehr klein im Vergleich zu den 
übrigen Gliedern angenommen werden kann, 
falls |rAt|~|fAt|<1 ist, lassen sich die 
Wurzeln der Gleichung leicht berechnen, und 
man erhält so folgende Eigenwerte: 

rAt a+b? 


TANT AL PA ENT 5 Po: 


a ; V (a? + b2 + rAt)2 — 4(a? +b? + f2AP) 


Für 
15) (a?+b?+rA1)?< 4(a?+b?+f?AR) 
folgt: 
16) [Ay | =|z -— Ae]; 
lA,,,|=vVı-rdt+ fP AR<ı+fAt 


Die Bedingung 10) ist also erfüllt, wenn 15) 

gilt. Rechnet man weiter die Determinante 

der Eigenvektoren aus, so bleibt diese von 

Null verschieden, solange in 15) das Kleiner- 

zeichen steht. 

VghAt 
As 


Indem man wieder fiir a= sin k, Ax 
vghAt 
As 
dass | sin 2k, Ax +sin *k,Ay | < 2 für jedes re- 
elle k, und ky ist, folgt also als notwendige 
und hinreichende Bedingung für mathema- 

tische Stabilität, dass 


und b= 


sin k,Ay schreibt und beachtet, 


2 y 
17) gh (5) <I- = + Vi -rAt+f Ar 
sein muss. 

Für r=f= 0 erhielte man hieraus das Courant- 
Friedrichs-Lewy Kriterium für die Stabilität 
der einfachen Wellengleichung: 


ff F 
18) V gh 7, < V2 


Soweit es sich also um die mathematische 
Stabilität handelt, ist alles in Ordnung. 

Damit aber auch die Bedingungen für rech- 
nerische Stabilität erfüllt sind, muss ausser- 
dem nach 11) und 16). 


19) At <a; 


sein, denn nur dann sind auch alle |; | kleiner 
als Eins. 


f+o 


Eine kleine Zwischenbemerkung soll hier 
eingeflochten werden, die beleuchtet, dass 
nicht jedes vernünftig erscheinende Differen- 
zenverfahren als Annäherung geeignet ist. 
Schriebe man z.B. in der dritten Gleichung 
von 2) UN und V©® anstelle von U¢+” und 
V+, was augenscheinlich auch eine An- 
näherung an die Differentialgleichung 1) be- 
deutet, so erhielte man statt 5) 
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20) VEN 
Ae A 
=| -fAt, ı-rAt, ib|)*V®=G-*V 
ia, ib, B 


G hat jetzt die Eigenwerte: 
21) A, =1-rAt; 


Mie ON D 
SAN EE PAr 


Gp 


a 


Wegen |A,, ,|= vı+a? +b? + f2AP — rAtlas- 


sen sich für jedes konstante Verhältnis . die 
S 


Eigenwerte nicht auf die Form 10) bringen; 
dieses System wäre also instabil. 

Kurz zusammenfassend kann man sagen: 
Das Differenzensystem 2) ist mathematisch 
stabil, soweit es als Anfangswertproblem mit 
konstanten Koeffizienten behandelt wird. Im 
Grenzübergang At—o, As +o see const. geht 

= As 

die numerische Lösung gegen die exakte, 
solange die Bedingung 15) gilt; die mathema- 
tische Stabilität bleibt auch erhalten, wenn 
keine Reibung existiert. Rechnerische Stabili- 
tät ist immer vorhanden, wenn die Coriolis- 
kraft verschwindet und Reibung mitgenom- 
men wird und 15) mit f=o erfüllt ist. Ohne 
Reibung aber mit Corioliskraft wird das 
System rechnerisch instabil. Wie die rechne- 
rische Stabilität sich mit Corioliskraft und mit 
Reibung gestaltet, geht mit sehr grosser Nähe- 
rung aus der Beziehung 19) hervor, wenn 15) 
befriedigt ist. 

Für die praktische Rechnung treffen nun 
vielfach die für die Theorie gemachten Bedin- 
gungen: verschwindende äussere Kräfte, Li- 
nearität und konstante Koeffizienten, nicht zu. 
Das führte zu dem Entschluss, ausserdem ein 
Ausgleichsverfahren einzuführen. Zu diesem 
Zweck wurden nicht die V®-Werte selbst auf 
den rechten Seiten von 2) benutzt, sondern ein 


mit der Umgebung gemittelter Wert V, so 
dass: 


22) 
V(x, y) = eV (x,y) + = * V(x + Ax, y) + 
+ V(x" - Ax, y) + V(x, y + Ay) + 
V° (x,y - Ay) } Oo<a<I 
ist. 
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Praktisch führte das dazu, dass nach jedem 
Zeitschritt das gesamte U, V und £-Feld, aus- 
ser an den Rändern, nach obiger Methode 
22) ausgeglichen wurde; am Rande fand nur 
eine Ausgleichung längs des Randes statt, um 
neue Randbedingungen zu vermeiden; Eck- 
punkte nahmen überhaupt nicht an der 
Ausgleichung teil. 

Rechnet man die Theorie mit dieser Aus- 
gleichung durch, so treten die schon errech- 
neten Eigenwerte 14) und folgende mit einem 
Faktor u multipliziert auf, wobei 


23) p=at — {cos k, Ax + cos k,Ay} ist. 


Die Eigenwerte werden durch die Aus- 
gleichung selektiv verkleinert, und zwar um- 
somehr, je kleiner die Wellenlänge ist. Da die 


| A; | den ,,Betrag” der G" repräsentieren, kann 
man nach 5) folgern, dass Wellen für die 
|A; |< 1 gilt, gedämpft werden (Reibung). Sind 
alle |A;|= 1, so schreiten die Wellen unge- 
dämpft fort, und sind alle |A;| > r, so wächst 
die Amplitude der Wellen mit der Zeit an 
(Instabilität). Für die kleinstmögliche Wellen- 
länge im Gitternetz L=2As wird u=1-2« 
Wellen oder Störungen dieser Grössenordnung 
können also durch die Ausgleichung stark 
gedämpft werden. 

Natürlich lassen sich auch noch andere Aus- 
gleichsverfahren mit Erfolg anwenden, wie 
es auch im Zuge dieser Arbeit teilweise ge- 
schehen ist. So künstlich diese Art und Weise, 
die Stabilität zu vergrössern, erscheint, so 
ändert die Ausgleichung nichts an der Tat- 
sache, dass die mit ihr behaftete Differenzen- 
gleichung eine Annäherung an die Differen- 
tialgleichung bleibt, da im Grenzübergang die 
Ausgleichung verschwindet. Auch eine Ver- 
grösserung der linearen Reibung würde die 
Stabilität vergrössern, dabei aber alle Wellen- 
längen ungefähr gleich stark dämpfen, und es 
besteht die Gefahr, dass die Lösung nicht 
mehr den physikalischen Gegebenheiten ent- 
spricht; ausserdem verschwindet diese Art 
Reibung nicht im Grenzübergang. 

Eine etwas physikalischere Methode der 
Ausgleichung besteht darin, in 1) Austausch- 
glieder der Form AnV?U, AnV?V einzu- 
führen. Die Wirkung auf das Differenzen- 
system ist von der gleichen Art, wie die der 
Ausgleichung, nur der physikalische Hinter- 
grund ist etwas verändert. 
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IV. Praktische Untersuchungen iiber die Sta- 
bilität der Differenzengleichungen 


Die Theorie, wie sie im vorigen Kapitel 
beschrieben wurde, lässt sich nur für lineare 
Differentialgleichungen mit konstanten Koefli- 
zienten durchführen. Man kann jedoch hoffen, 
dass die Stabilität auch im Falle nichtkonstanter 
Koeffizienten und nichtkonstanter äusserer 
Kräfte erhalten bleibt, besonders, wenn ein 
Ausgleichsverfahren eingeführt wird. Diese 
Hoffnung erwies sich zumindest für die prak- 
tisch durchgeführten Berechnungen von Ge- 
zeitenschwingungen und Windstau in Becken 
veränderlicher Tiefe als begründet. Auch bei 
Hinzunahme advektiver Glieder von der 


QU dU 
Form U x 7 ee 
rechnerische Stabilität nicht beeinflusst, jedoch 
bewirkten diese Glieder eine derart geringe 
Anderung der Resultate, so dass sie im all- 
gemeinen — um Rechenzeit zu sparen — 
fortgelassen wurden. 


u.s.w. wurde die 


Um zu zeigen, wie sich die numerischen 
Lösungen für das gleiche mathematische Pro- 
blem, jedoch für verschieden gewählte Para- 
meter As, At, and « verhalten, wurde in 
Abb. ı der zeitliche Verlauf des Windstaus 
an zwei Gitterpunkten aufgetragen. Das zu- 
grundegelegte Gebiet umfasste 110 bzw. 399 
Gitterpunkte und hatte annähernd die Form 


Wosserstond 
in 


Metern 


300! ry 


2007 


1007 


Zeit in Stunden 


Abb. 1. Berechneter zeitlicher Verlauf des windbedingten 
Wasserstandes an zwei Punkten der Nordsee bei einem 
konstanten Wind von 20 m/sec aus 280° relativ zur Nord- 


richtung. 
Ausgezogen: At=20 min As=74km a="/, 
Gestrichelt: At=20 min As=74 km œ=17 
Punktiert: At=20 min As=74 km &=0o 
Strichpunktiert: At=ıo min As=37 km «a="/, 


~ 


und Tiefenverteilung der Nordsee. Im ein- 
zelnen wurden gesetzt (wenn nicht anders 
vermerkt, handelt es sich um c.g.s.-Ein- 
heiten): 7,= 11,15, Ty= -6,41 — das ent- 
spricht mit y=3,2 10-® einem Wind von 
20 m/sec aus 300° relativ zum Gitternetz, 
bzw. 280° relativ zur Nordrichtung —, 
r=2,5 102/h2, f=1,2 10%, As=74 10% bzw. 
37 105, At=1,2 10? bzw. 0,6 10%, «=1, 7/8, 0. 

Die oberen Kurven .entsprechen ungefähr 
der Elbemündung, für die die höchsten Was- 
serstände des gesamten Feldes erhalten wur- 
den, die unteren der südschottischen Küste. 
Die Punkte sind in der Abb. 3a, aus der man 
auch nähere Einzelheiten des Gitternetzes 
ersieht, durch ausgefüllte Kreise gekennzeich- 
net. Die gestrichelten Kurven wurden ohne 
Ausgleichung («=1) mit As=74 km, At= 
= 20 min erhalten. Augenscheinlich bleibt für 
diesen Fall die Lösung nicht stabil, sondern 
wächst mit fortschreitender Zeit an, ein sta- 
tionärer Zustand wird nicht erreicht, was 
auch nicht im Widerspruch zu den Ergebnissen 
des vorigen Kapitels steht, da 19) nicht im- 
mer erfüllt war. Wendet man hingegen eine 
„schwache” Ausgleichung («=7/8) unter sonst 
gleichen Bedingungen an, so strebt die 
Lösung gegen einen stationären Zustand, 
der nach ungefähr 40 Stunden erreicht wird 
(ausgezogene Kurven). Die ,,starke” Aus- 
gleichung (x=0) wirkt wie eine starke Reibung, 
die Schwingungen sind gedämpft, und der 
stationäre Zustand, der praktisch derselbe ist 
wie bei der ,,schwachen” Ausgleichung, wird 
früher erreicht (punktierte Kurven). Die Pe- 
rioden, die zeitliche Lage der Maxima und 
Minima sind in diesen drei Fällen ungefähr 
gleich. 

Wiederholt man die Rechnung mit „schwa- 
cher” Ausgleichung, wählt jedoch ein feineres 
Gitternetz (As=37 km, At=10 min), so 
erhält man die strichpunktierten Kurven als 
, besseres” Ergebnis. Die Tiefenwerte für die 
neu hinzugenommenen Punkte wurden aus 
den alten linear interpoliert. Dieses Resultat 
unterscheidet sich ein wenig von dem vorher 
mit As=74 km erhaltenen, insbesondere 
solange der stationäre Zustand nicht erreicht 
ist: die Schwingungen sind z.T. ausgeprägter 
und weisen eine Phasenverschiebung auf, 
auch das Mittelniveau liegt bei dem einen 
Punkt etwas höher. 

Für den stationären Zustand ergeben sich 
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fiir alle hier behandelten Fille, soweit es sich 
um den Wasserstand handelt, fast gleiche 
Lösungen, hingegen traten bei den Durch- 
flussmengen grössere quantitative Unterschiede 
auf. Die auftretenden Schwingungen rühren 
hauptsächlich von Querschwingungen der 
Nordsee her. 

Man kann also folgern, dass für die nume- 
rische Errechnung nichtstationärer Zustände 
die Wahl eines möglichst engen Gitternetzes 
für die Güte der Resultate sehr wichtig ist, be- 
sonders wahrscheinlich wenn die Koeffizienten 
nicht konstant sind. 

Um wenigstens einen Anhalt zu bekommen, 
wie gut die Annäherung ist, wurden einige 
Fälle durchgerechnet, für die sich wenigstens 
teilweise eine analytische Lösung angeben 
liess. 

Vorausgesetzt sei ein Bassin konstanter 
Tiefe h=so m, mit den Seitenlängen a=666 
km in der x-Richtung, b=888 km in der y- 
Richtung. Das Becken sei offen auf der Linie 
y=b. Ein konstanter Wind wirke vom offe- 
nen Rande her in Längsrichtung des Beckens. 
Die Rand- und Anfangsbedingungen sind: 
U=V=C=o0 für t=0, U=o für x=o und 
x=a, V=o für y=o, C=o für y=b. 

Mit verschwindender Corioliskraft, also 
mit f=o und t,=o erhält man so folgende 
Lésung fiir den Wasserstand: 


2T = cos ly 
2 = > en — 
à b — Vghl; = 7? /4 4 


DHL TT 


-sin Vghls - r?/40 du; 1, = = HMS 


2 


Für die Punkte y=o und mit eh <r 


geht dieser Ausdruck über in: 

t lo) 

m. sin I, Vgha 1 
DL I, Vgh 


26) a Be co ar: U;-+00 = Vi>0=0 


als „‚stationäre’’ Lösung. 

Für die numerische Rechnung wurden fol- 
gende Daten gewählt: 1,=0, ty = - 12,8, 
r=10-5, f=o, @=7/8, As=74 105, At=2,7 103 
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Abb. 2. Windbedingter Wasserstand in einem recht- 
eckigen Becken konstanter Tiefe bei einem in Längs- 
richtung des Beckens wehenden Wind von 20 m/sec 


Kurve I: Zeitlicher Verlauf des Wasserstandes für die 
Punkte y=o nach numerischer Rechnung mit f=o; 
eexakte Lösung. 


Kurve II: Zeitlicher Verlauf des Wasserstandes für die 
Punkte a) (x,y)=(a, 0) und b) (x, y)=(0, 0) mit f=1,2 
NOME SEC. 


(c.g.s.-Einheiten). Ausserdem wurde für die 
Eckpunkte gesetzt: U=V=o: für (x, y)= 
= (9,0) ‚und (x y) (a. 0) RUE C0 Mur 
(x, y) = (0, b) und (x, y) = (a, b). 

Das Ergebnis der analytischen und nume- 
rischen Rechnung für die Punkte y=o ist in 
Abb. 2, Kurve I aufgetragen und zeigt, dass 
recht gute Uebereinstimmung herrscht. Die 
Ausgleichung ware für diesen Fall mit ver- 
schwindender Corioliskraft nach den Ergeb- 
nissen des vorigen Kapitels nicht notwendig 
gewesen. Ebenfalls numerisch bestimmt wurde 
die Lösung mit f=1,2 1074 sec”! unter sonst 
gleichen Bedingungen wie vorher. Für den ge- 
nannten Zeitschritt At=2,7 10% sec traten 
jedoch im Verlauf der Rechnung so starke 
Störungen auf, dass sie abgebrochen werden 
musste. Das Kriterium 17) ist zwar erfüllt, nicht 
aber 19), welches ohne Ausgleichung einen Zeit- 
schritt von ungefähr ro? sec fordert; mit Aus- 
gleichung kann das Atein wenig grösser gewählt 
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werden. In der Tat wurde mit einem Zeitschritt 
von At=1,2 10? sec ein zufriedenstellendes 
Ergebnis erhalten. Die Abb. 2, Kurve Ia und 
IIb zeigt für die beiden Punkte (x, y) = (0, 0) 
und (x, y)=(a,0) den zeitlichen Verlauf des 
Wasserstandes. Während im Beispiel mit f=o 
ausgeprägte Längsschwingungen des Bek- 
kens mit grosser Amplitude auftraten und 
überhaupt keine Querschwingungen vorhan- 
den sind, treten jetzt die Längsschwingungen 
vollkommen in den Hintergrund und nur 
Querschwingungen mit verhältnismässig klei- 
ner Amplitude und ca. ro-stündiger Periode 
sind zu erkennen. 

Bemerktsoll werden, dassan dem Punkt (x, y) 
= (a, b), in dem U=o und €=0 vorgeschrieben 
waren, nach nAt=15 Stunden unvernünftig 
hohe Stromgeschwindigkeiten von maximal 3 
m/sec auftraten, die jedoch im weiteren Verlauf 
der Rechnung stetig abnahmen. Wahrscheinlich 
trägt die zweifache Bedingung, die diesem Punkt 
auferlegt war, die Schuld an diesem Verhalten, 
obwohl an den anderen Eckpunkten keine 
derartigen Fehler auftraten. Dieser Fall ist übri- 
gens der einzige, bei dem solche Singularitäten 
bemerkt wurden; sie erschienen z. B. nicht in 
einer ähnlich angelegten Berechnung des 
Windstaus in einem allseitig geschlossenen 
Becken konstanter Tiefe. Auf der anderen 
Seite kann die Störung, die von diesem einen 
Punkt ausging, keinen grossen Einfluss auf das 
gesamte Feld ausüben. 

Leider konnte die zeitbedingte analytische 
Lösung nicht ausgerechnet werden, jedoch ist die 
stationäre Lösung für diesen speziellen Fall sehr 
leicht erhältlich; sie ist die gleiche wie in dem 
vorangegangenen Beispiel mit f=o (siche 26). 
Aus der Abb. 2 erkennt man, dass die stationäre 
Lösung recht gut angenähert wird, was auch 
recht deutlich bei den Geschwindigkeitskom- 
ponenten in Erscheinung trat, die nach 60 
Stunden nur noch sehr minimale Beträge auf- 
wiesen. Ebenfalls schr gut angenähert wurde 
die stationäre Lösung für den schon erwähn- 
ten Fall eines allseitig geschlossenen Beckens 
konstanter Tiefe; auch hier war die zeitbe- 
dingte analytische Lösung nicht bekannt. 


V. Einige Ergebnisse der Windstaurechnung 


Von grosser praktischer Bedeutung ist die 
Ermittlung der Wasserstände an den Küsten, 
wie sie durch ein vorgegebenes Windfeld 


erzeugt werden. Mit Hilfe der numerischen 
Lösung der hydrodynamischen Differential- 
gleichungen könnten vielleicht einmal die 
bislang angewandten statistischen Methoden 
zur Vorhersage des Windstaus durch physika- 
lisch besser fundierte abgelöst werden. Ein 
erster Schritt in diese Richtung ist von HANSEN 
(1956) unternommen worden, der nachträg- 
lich die durch-den Hollandorkan im Winter 
1953 hervorgerufenen Wasserstände unter 
Zugrundelegung der hydrodynamischen Glei- 
chungen ausrechnete. 

Dieser Fall ,,Holland-Orkan” wurde mit 
den in Kapitel II beschriebenen Methoden 
einer nochmaligen Prüfung unterzogen und 
mit den von Hansen erhaltenen Ergebnissen 
verglichen. Da die Resultate sich nicht wesent- 
lich unterscheiden, wird hier auf eine Dar- 
stellung der Wasserstandskurven verzichtet. 

Um Beobachtung und Rechnung in Ein- 
klang zu bringen, musste die Windschubkon- 
stante y, die allgemein zu y=3,2 1076 ange- 
nommen wird, halbiert werden. Eine Aufrau- 
hung der Wasserstände, wie sie bei den von 
Hansen veröffentlichten Kurven zu erkennen 
ist, trat nicht auf. Dieses liegt wahrscheinlich 
an der Tatsache, dass eine Ausgleichung (x =7/8) 
vorgenommen wurde und auch, dass die nach 
jeweils 3 Stunden gegebenen Windwerte für 
jeden Zeitschritt automatisch interpoliert wur- 
den. 

Die auftretenden Differenzen zwischen Beob- 
achtung und Rechnung beruhen zum grossen 
Teil auf den ungenauen Windangaben, denn 
die Uebereinstimmung zwischen den an 
einigen Orten gemessenen Winden und den 
zyklostrophisch berechneten war vielfach recht 
mässig. Leider lässt sich auf diesem Gebiete 
kaum eine Verbesserung durchführen. Der 
benutzte Gitterabstand (As=74 km) — das 
Gitternetz ist das gleiche wie auf der folgenden 
Abb. 3 — könnte jedoch noch verkleinert 
werden, um die Küstenstruktur und Tiefen- 
vertileung besser zu erfassen und die Lösung 
zu verbessern. 

Um die Einwirkung von Windfeldern auf 
die Wasserstände besser überblicken zu kön- 
nen, wurden noch zwei Fälle durchgerechnet, 
bei denen die Wassermassen der Nordsee 
unter dem Einfluss einer zeitlich und örtlich 
konstanten Windschubkraft standen. Ein Bei- 
spiel, das den zeitlichen Verlauf des Wasser- 
standes an zwei Punkten unter Einwirkung 


Tellus XI (1959), 1 


WINDSTAU UND GEZEITEN IN RANDMEEREN 69 


eines konstanten Windfeldes aus 280° relativ 
zur Nordrichtung und 20 m/sec Starke zeigt, 
wurde bereits im Kapitel IV, Abb. 1 aufge- 
führt. Im Zusammenhang damit wurde darauf 
hingewiesen, dass die Lösung für die Wasser- 
stände im stationären Fall ziemlich unabhängig 
von der gewählten Ausgleichung und dem 
gewählten Gitterabstand war. 


Der folgenden Abb. 3a, die das Verhalten 
des gesamten stationären Feldes zeigt, liegen 
die Werte «=7/8, As=74 km, At=20 min 
zugrunde. In Bezug auf die Wasserstände ist 
diese Darstellung fast die gleiche für «=o 
As=74 km, At=20 min und für «=7/8, As 
= 37 km, At=10 min. Die Durchflussmengen 
wiirden jedoch nur qualitativ gleiche Bilder 
ergeben, insbesondere in der Nahe der Rander 
treten grössere Unterschiede auf. Die Küsten 
der Nordsee sind durch gerade Linienzüge 
angenähert worden; der Englische Kanal ist 
geschlossen, ebenso das Skagerrak. Für den 
nördlichen offenen Rand wurde &=o für alle 
Zeiten, für die übrigen festen Ränder U=o 
oder V=o vorgeschrieben. 


Im einzelnen sieht man, dass das Wasser auf 
der westlichen Seite der Nordsee einströmt, 
im Inneren einen zyklonal geformten Wirbel 
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bildet und auf der sehr viel tieferen östlichen 
Seite wieder ausströmt; dabei ist die Ein- 
flusskomponente des Wassertransports ebenso 
gross wie die Ausflusskomponente. Die Art 
der Wasserbewegung ist ausser vom Wind 
von der Tiefenverteilung abhängig. 


Einen ähnlich gelagerten Fall, nur mit dem 
Unterschied, dass ein konstanter Wind aus 30° 
angenommen wurde, zeigt die Abb. 3b. Hier 
weisen die Wasserbewegungen kleinere Be- 
träge auf als im vorigen Beispiel und sind 
nicht so klar gegliedert, auch die Wasser- 
stände sind geringer. 


Aus diesen beiden Fällen lassen sich wegen 
der Linearität der Gleichungen durch Ueber- 
lagerung Lösungen für beliebige konstante 
Windfelder erzielen. Seien ur und vr die 
Windkomponenten, dann gilt für jeden Punkt 
i, k des Gitternetzes, dass der Windstau gegeben 
ist durch: &;,g=a; «ur + bi,r vr (statt der Wind- 
komponenten könnten auch die Komponenten 
des Windschubes mit verändertem aj, und 
b;x genommen werden). Die für jeden Punkt 
konstanten a; und b;x lassen sich bestim- 
men, wenn mindestens zwei unabhängige 
Lösungen vorhanden sind. Hieraus lassen sich 
weiter die bei einer konstanten Windstärke 
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Abb. 3a und 3b. Errechneter Wasserstand und Wassertransport in der Nordsee im stationären Zustand unter 
der Einwirkung eines zeitlich und örtlich konstanten Windfeldes mit einer Windstärke von 20 m/sec aus 
a) 290° und b) 30° relativ zur Nordrichtung. 
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|wr| auftretenden grösstmöglichen Wasser- 
stände (max, sowie die Windrichtung 99, für 
die dieser maximale Windstau auftritt, errech- 
nen. Dabei ist: 


ae Sr dj, 
Cmax —|wr| Var t+ bees tg Yo= 5 : 
1, 


Die Bestimmung dieser Grössen ist aus den 
beiden beschriebenen Beispielen für die Nord- 
see durchgeführt worden, und die Linien 
(max = const und @,=const sind in die Abb. 4 
eingezeichnet worden. Nimmt man z.B. die 
Elbemündung: Der höchste Windstau tritt 
nach der Rechnung bei einer Windrichtung 
aus 305° auf und beträgt 2,80 m (mit der 
Windschubkonstante y=3,2 107°). Für die 
englische Küste würde ein Wind aus 350° die 
höchsten Wasserstände bringen. Da der Eng- 
lische Kanal in dem behandelten Modell ge- 
‚schlossen ist, treten hier sehr hohe Wind- 
stauwerte auf, die natürlich in Wirklichkeit 
nicht beobachtet werden könnten. Es sei 
darauf hingewiesen, dass für den Windschub 
die Form: 7,=yur |wr |; z,=yvr|wı| mit 
y=3,2 1076 den Rechnungen zugrunde liegt. 
Verkleinert oder vergrössert man y um einen 
Faktor, so wird auch die Lösung um denselben 
Faktor verkleinert oder vergrössert. Das gibt 
die Möglichkeit, nachträglich aus dem Ver- 
gleich zwischen beobachtetem und berech- 
netem Wasserstand eine verbesserte Wind- 
schubkonstante einzuführen. 

Vom Deutschen Hydrographischen Institut 
in Hamburg wurden freundlicherweise einige 
auf statistischer Grundlage gewonnene Wind- 
stauwerte für die deutsche Nordseeküste zur 
Verfügung gestellt. Die Windrichtung, für die 
an der deutschen Küste bei einer konstanten 
Windstärke maximaler Windstau eintritt, 
stimmt gut mit den errechneten Werten 
überein. Dasselbe gilt für die holländische 
Küste, an der nach ScHALkwIjKk (1947) bei 
NW bis NNW Wind maximaler Stau auf- 
tritt. 

Die bei einer Windstärke von 20 m/sec 
auftretenden Stauhöhen selbst sind jedoch 
geringer als die mit y=3,2 10% errechneten. 
Uebereinstimmende Werte werden erst mit 
einem um den Faktor 0,6 bis 0,7 verkleinerten 
y erhalten. Diese Diskrepanz mag darin ihre 
Ursache haben, dass das statistische Verfahren 
nur das Windfeld in der Deutschen Bucht 
zugrunde legt und auch, dass der stationäre 


Zustand in Wirklichkeit noch nicht erreicht 
war. Eine Rechnung, in der der Wind (280°, 
20 m/sec) nur in der „unteren” Hälfte der 
Nordsee vorgeschrieben wurde, genau gesagt 
in allen den Punkten, die mehr als sAs (As= 
74 km) vom nördlichen offenen Rande ent- 
fernt lagen, ergab für die deutsche Nordsee- 
küste im Mittel um den Faktor 0,66 niedrigere 
Stauwerte, als bei demselben über der ganzen 
Nordsee wehenden Wind. 


5 0° 5° 10° 


Abb. 4. Grösstmöglicher Windstau in der Nordsee 

und Windrichtung für die dieser eintritt -- -- bei einer 

konstanten Windstärke von 20 m/sec im stationären Zu- 
stand. (Windrichtung 0° = Nordwind) 


Die Aufgabe der angeführten Beispiele war 
vor allem, zu zeigen, dass eine Bestimmung 
des Windstaus aus den gegebenen Gleichungen 
möglich ist. Ob die guten Ergebnisse (Tom- 
CZAK 1955), die mit dem statistischen Ver- 
fahren in der Praxis erreicht wurden und 
werden, auch von dem hier beschriebenen 
physikalischen Verfahren erreicht werden, lässt 
noch nicht sagen. Dazu müssten umfangrei- 
chere Prüfungen vorgenommen werden. 
Das hier zumeist benutzte Gitternetz mit 
As=74 km sollte zur Erreichung möglichst 
guter Ergebnisse durch ein engmaschigeres 
ersetzt werden, vor allem, um auch den Ein- 
fluss des Wattenmeeres zu erfassen. 
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VI. Einige Ergebnisse der Gezeitenrechnung 


Beobachtungen von Gezeitenwellen und 
Gezeitenströmen liegen, ausser an den Küsten, 
meistens nur in sehr beschränktem Umfange 
vor. Um auch für das Innere eines Beckens 
verlässliche Angaben zu erhalten, hat man 
bislang auf ein Randwertverfahren zurückge- 
griffen. Dem liegen ebenfalls die Gleichungen 
1) zugrunde, wobei durch einen perio- 
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Abb. 5. M, Tide der Nordsee nach W. Hansen. Linien 
gleicher Amplitude ---- und Eintrittszeit des Hoch- 


wassers in Mondstunden bezogen auf den Durch- 
gang des Mondes durch den o-Meridian. 


mit T als Gezeitenperiode die Zeitableitung 
eliminiert wird. Die so erhaltenen elliptischen 
Gleichungen lassen sich im Prinzip für das 


Innere eines Gebietes lösen, wenn & oder die 
Normalkomponente des Gezeitenstroms auf 
allen das Gebiet umgebenden Rändern be- 
kannt ist. Die praktische Lösung hat meistens 
durch ein Iterationsverfahren oder ein son- 
stiges numerisches Verfahren zu erfolgen. 
Anstelle dieses Randwertverfahrens kann 
man sich direkt der Gleichungen 1) unter 
Beibehaltung der Zeitableitung bedienen und 
die physikalischen Randbedingungen, dass das 
Wasser an den Küsten nur längs der Küsten 
fliessen darf, benutzen. Bei Randmeeren, in 
denen die Gezeiten als Mitschwingungsge- 
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zeiten auftreten, ist die Welle selbst oder die 
Stromkomponenten nur an den zum offenen 
Ozean gelegenen Rändern vorzuschreiben. Ein 
weiterer Vorteil dieses Verfahrens ist, dass die 
vorzuschreibende Welle keine Sinuswelle zu 
sein braucht, sondern direkt den Beobach- 
tungen, soweit solche vorliegen, entnommen 
werden kann. 


Das System 1) direkt zur Lösung eines all- 
gemeinen Gezeitenproblems anzuwenden, ist 
ohne die elektronischen Rechenmaschinen kaum 
möglich, da der Rechenaufwand noch grösser 
ist als bei dem Randwertverfahren. Im Prinzip 
geht die Rechnung so vor sich, dass mit 
einem beliebig vorgegebenen Anfangsfeld und 
den vorgeschriebenen Randbedingungen so- 
lange gerechnet wird, bis die Gezeitenwelle 
stationär bleibt, d.h. bis die Felder nach 
jeweils einer Periode übereinstimmen. 


Den einzig bekannten Versuch, Gezeiten- 
schwingungen eines rechteckigen Beckens von 
der Grössenordnung und Tiefenverteilung der 
Nordsee mit Hilfe der zeitabhängigen Glei- 
chungen 1) numerisch zu berechnen, unter- 
nahm Hansen (1956). Das Ergebnis war 
jedoch nicht ganz zufriedenstellend, nähere 
Einzelheiten sind nicht veröffentlicht worden. 


Die Frage ist nun, ob das hier beschriebene 
Differenzensystem 2) besser geeignet ist, die 
Gezeitenvorgänge zu beschreiben. Dieses soll 
im folgenden näher untersucht werden. 


Die Gezeiten der Nordsee sind seit längerem 
gut bekannt. Die neueste und umfangreichste 
Darstellung der in der Nordsee vorherrschen- 
den M, Tide stammt von HANSEN (1952). 
Durch Kombination der in grösserer Anzahl 
vorliegenden Gezeitenstrommessungen in der 
freien Nordsee und des kurz erwähnten Rand- 
wertverfahrens, wobei also die Welle auf 
allen Rändern vorgeschrieben wurde, erhielt 
Hansen ein sehr verlässliches Bild der durch 
Gezeiten bedingten Wasserstände und Strö- 
mungen. 

Zuerst sei ein Blick auf die Abb. 5 geworfen, 
die der eben erwähnten Arbeit entnommen 
wurde und die die Linien gleicher Eintrittszeit 
des Hochwassers und die Amplitude der M, 
Tide darstellt. Danach läuft die halbtägige 
Gezeitenwelle längs der englischen Küste 
herunter, biegt im südlichen Teil der Nordsee 
nach Osten ein und umrundet in der südöst- 
lichen Nordsee einen Drehpunkt, eine soge- 
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nannte Amphidromie. Eine weitere sehr 
schwach ausgebildete Amphidromie befindet 
sich noch vor der norwegischen Kiiste. Die 
Frage nach der Entstehung solcher Drehpunkte 
ist ausfiihrlich in der Literatur behandelt. 
Fiir die Rechnung wurde die Gezeitenwelle 
am nördlichen offenen Rande vorgeschrieben 
und den einzelnen Randpunkten zugeordnet. 
Die auf Beobachtungen beruhenden Informa- 
tionen sind hier also wesentlich geringer als 
bei dem Randwertverfahren, dem die Abb. 5 
zugrunde liegt. Das Gitternetz ist vorerst das 
gleiche wie bei den schon besprochenen Wind- 
staurechnungen, der Englische Kanal ist ge- 
schlossen, ebenso das Skagerrak. Die M, Tide 


u 


in Bezug auf Stabilität auch zur Berechnung 
von Gezeitenschwingungen brauchbar ist. 
Auf der anderen Seite treten aber so grosse 
Abweichungen gegen die zu erwartenden 
Verhältnisse auf, das dieses Ergebnis praktisch 
nicht zu verwerten ist. Die Amphidromie in 
der südöstlichen Nordsee ist weit nach Osten 
gerückt und liegt vor der dänischen Küste; 
ebenfalls schlecht getroffen sind die Eintritts- 
zeiten und Amplituden des Hochwassers. 
Diese Abweichungen können viele Ur- 
sachen haben, sie können liegen in der primär 
vorgeschriebenen Welle am nördlichen Rande, 
die nur durch eine Interpolation von Küste 
zu Küste bekannt ist, ferner in der durch das 
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Abb. 6a und 6b. Berechnete M, Tide der Nordsee. a) Englischer Kanal geschlossen. b) Hoofden geschlossen. 
Bezeichnungen wie in Abb. 5. 


hat eine Periode von T=12,24 Stunden; als 
Zeitschritt wurde At=T/36 genommen, und 
der Faktor fiir die Ausgleichung wurde zu 
a=7/8 gewählt. 

Nach einer Rechenzeit von mehreren Pe- 
rioden blieb die Welle stationär, d.h. die £- 
Werte unterschieden sich nach jeweils einer 
Periode nur noch um höchstens 2 cm; die er- 
haltene Lösung war wieder eine reine Sinus- 
welle der Periode T. Die errechneten Ein- 
trittszeiten des Hochwassers und die Ampli- 
tuden sind in der Abb. 6a zu sehen. Das Re- 
sultat zeigt, dass das Differenzenverfahren 2) 


Gitternetz angenäherten Tiefenverteilung und 
Küstenstruktur, in dem Reibungsansatz und 
natürlich auch im Differenzenverfahren selbst. 

Zur näheren Untersuchung der Gründe, 
die zu diesem fehlerhaften Ergebnis geführt 
haben, wurden für den nächsten Versuch zwei 
Anderungen vorgenommen: Die Hoofden 
bleiben ausgeschlossen, und die primäre Welle 
am nördlichen Rande wurde so angesetzt, 
dass sie möglichst genau mit derjenigen aus 
der Abb. 5 übereinstimmte. 

Was bei dieser Rechnung herauskam, zeigt 
die Abb. 6b. Eine gewisse Verbesserung ist 
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nicht von der Hand zu weisen. War die Amphi- 
dromie in dem vorigen Resultat zu weit nach 
Osten geriickt, liegt sie jetzt zu weit nach 
Südwesten verschoben. Immerhin kann man 
nicht behaupten, dass das Ergebnis praktisch 
brauchbar wäre, es zeigt jedoch, wie empfind- 
lich das System gegenüber Änderungen ein- 
zelner Parameter ist. Vor allen Dingen scheint 
sehr wesentlich der Aufbau der südlichen 
Nordsee in das Resultat einzugenen. Es ist 
auch verständlich, dass man kein allgemein 
zufriedenstellendes Ergebnis ohne Berück- 
sichtigung der durch den Englischen Kanal 
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so, 


Abb 7. Berechnete M, Tide der Nordsee mit verfein er” 
tem Gitternetz und Einbeziehung der Doverstrasse. 
Bezeichnung en wie in Abb. 5. 


eindringenden Gezeitenwelle erwarten kann. 
Auf der anderen Seite ist das benutzte Gitter- 
netz sehr weitmaschig und nach den Ergeb- 
nissen des Kapitels IV kann man eine andere, 
höchstwahrscheinlich bessere Lösung für ein 
eingmaschigeres Gitternetz erwarten. Letz- 
teres bietet den weiteren Vorteil, dass sich 
ebenfalls die in der Doverstrasse auftretende 
und sehr gut bekannte Gezeitenwelle als Rand- 
bedingung aufstellen lässt. Ferner erlaubt ein 
engmaschigeres Gitternetz auch eine bessere 
Annäherung der Küstengestalt und Tiefenver- 
teilung an die in der Natur vorkommende. 

Für die folgende Rechnung wird daher der 
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Gitterabstand zu As=37 km gewählt, und der 
Zeitschritt wird ebenfalls um die Hälfte auf 
At=T/72 verkleinert; die Rechenzeit ver- 
grösserte sich dadurch ungefähr um das 6- 
fache und betrug für eine Periode (= 72 Zeit- 
schritte) 30 Minuten. Die Doverstrasse wird 
jetzt durch zwei Punkte repräsentiert; die dort 
auftretende M, Tide wurde einer Arbeit von 
Doopson und COoRKAN (1931) entnommen 
und den beiden Punkten zugeordnet. Die im 
Norden vorgeschriebene Gezeitenwelle bleibt 
die gleiche wie im vorigen Beispiel. Im Ska- 
gerrak wird angenommen, dass sich der Was- 
serspiegel nicht ändert; wegen der dort auf- 
tretenden sehr geringen Wasserstandsschwan- 
kungen durch Gezeiten ist diese Bedingung 
ohne weiteres zu vertreten. Eine weitere 
Verbesserung wurde dadurch vorgenommen, 
dass auch die Möglichkeit, die Ränder 45° 
gegen das Koordinatensystem zu drehen, in 
die Rechnung einbeschlossen wurde. 

Die Einzelheiten und das Ergebnis der mit 
376 Punkten durchgeführten Rechnung sind 
in der Abb. 7 zu erkennen. Die Ueberein- 
stimmung mit der Abb. 5 ist jetzt wesentlich 
besser; die Amphidromien in der südöstlichen 
Nordsee liegen jetzt genau übereinander. 
Ebenfalls sehr gut getroffen ist die am Nord- 
rande der Hoofden gelegene Amphidromie, 
was z.B. aus dem Gezeitenatlas des Deutschen 
Hydrographischen Instituts hervorgeht (siehe 
auch Doopson und WARBURG, 1941. Vor der 
norwegischen Küste kann man nur andeutungs- 
weise von dem Vorhandensein einer Amphi- 
dromie sprechen, da die Wasserstandsschwan- 
kungen von einigen Zentimetern nicht aus- 
reichten, die Phase genau genug zu bestim- 
men. Alle anderen Werte sind jedoch durch 
die Rechnung ausgezeichnet fundiert. Die 
grössten Abweichungen treten an der deutsch- 
dänischen Küste auf, wo sich die Amplituden 
bis zu 25 cm und die Phasen um ungefähr 
eine Stunde von den aus den Beobachtungen 
abgeleiteten Werten unterscheiden. 

Ausser den durch die Gezeiten hervorgeru- 
fenen Wasserstandsschwankungen gibt das 
benutzte Differenzensystem auch die Kompo- 
nenten des Wassertransports U und V als 
Lösung. Aus ihnen sind die vertikal integrier- 
ten Geschwindigkeitskomponenten U/h und 
V/h bestimmt worden. Die errechnete Ein- 
trittszeit und der Betrag und die Richtung der 
Grösstgeschwindigkeit des Gezeitenstromssind 
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in die Abb. 8a und 8b eingezeichnet worden. 
Verglichen mit den von HANSEN (1952) 
publizierten Werten, die aus Strombeobach- 
tungen stammen, ist die Uebereinstimmung 
ziemlich gut. Wie bei den Wasserstands- 
schwankungen befinden sich auch hier gross- 
räumig gesehen die grössten Abweichungen 
in der Nähe des deutsch-dänischen Küsten- 
gebietes; die berechneten Geschwindigkeiten 
sind hier z.T. so % kleiner als die aus Be- 
obachtungen abgeleiteten. 


9° 


u 


fahren selbst zu liegen, welches eben nur eine 
Näherungslösung gibt. Eine weitere Ver- 
besserung der Ergebnisse könnte gewiss durch 
eine weitere Verengung des Gitternetzes er- 
zielt werden. Vielleicht beruht auch ein Teil 
der Fehler auf der Tatsache, dass die am 
nördlichen Rande vorgeschriebene Gezeiten- 
welle etwas unsicher ist, da dort kaum Be- 
obachtungen vorhanden sind, und man auf 
eine Interpolation von der schottischen zur 
norwegischen Küste angewiesen ist. 


0° 


Abb. 8a und 8b. M, Tide der Nordsee. a) Berechnete Eintrittszeit der Maximalgeschwindigkeit des Gezeitenstroms 
in Mondstunden und Stromrichtung zu dieser Zeit. b) Berechneter Betrag der Maximalgeschwindigkeit des Ge- 
zeitenstroms in cm/sec. 


Um den Einfluss der Reibung näher zu un- 
tersuchen, wurde die eben besprochene Rech- 
nung unter der Annahme eines nichtlinearen 

AG + =o = 

Reibungsgesetzes (r = ee 2 V U2+ pa) 
und Hinzunahme der advektiven Glieder wie- 
derholt. Gegeniiber dem vorher erhaltenen Re- 
sultat treten jetzt in dem verhältnismässig 
flachen deutsch-dänischen Küstengebiet um 
10% bis 15 % höhere Amplituden der Ge- 
zeitenwelle und des Gezeitenstromes auf, und 
die Eintrittszeiten liegen um 10 bis 15 Mi- 
nuten früher, welches eine geringfügige Ver- 
besserung bedeutet. 

Die Hauptursachen für die noch beste- 
henden Abweichungen scheinen in dem Ver- 


Eine weitere Rechnung wurde noch unter- 
nommen, um zu erkunden, welcher Teil der 
in der Doverstrasse beobachteten Tide aus 
der Nordsee und welcher aus dem Englischen 
Kanal stammt. Dazu wurden die Gezeiten 
bestimmt, wie sie bei einer geschlossenen 
Doverstrasse auftreten wiirden; das Resultat! 
wurde dann von jenem mit geöffneter Dover- 
strasse abgezogen. Diese Differenz ergibt die 
aus dem Englischen Kanal cintretende Ge- 
zeitenwelle und ihre Ausbreitung in die Nord- 
see (Abb. 9). Gemäss dieser Rechnung kommt 


1 Es ähnelt sehr der Abb. 7 und nicht der Abb. 6 a, 
in welcher ebenfalls die Doverstrasse geschlossen war! 
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WINDSTAU UND GEZEITEN IN RANDMEEREN 


rund die Hälfte der in der Doverstrasse be- 
obachteten M, Tide aus dem Englischen 
Kanal; ihre Wirkung auf die Gezeitenampli- 
tude an der deutschen Küste beträgt in diesem 
Modell noch bis 40 %. 

Zum Schluss sei noch das Resultat einer 
Gezeitenrechnung ohne Corioliskraft auf- 
geführt (Abb. 10). Die Bedingungen sind 
sonst die gleichen wie in dem Beispiel, welches 
zur Abb. 7 führte. Auch in dieser Rechnung 
tritt in der mittleren Nordsee eine Amphi- 
dromie auf, die sich fast an der gleichen 


oe 


LA 


Abb. 9. Einfluss der durch den Englischen Kanal ein- 

tretenden Gezeitenwelle (Resultat Doverstrasse geöffnet 

minus Resultat Doverstrasse geschlossen). Sonstige Rand- 
bedingungen und Bezeichnungen wie in Abb. 7. 
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Stelle befindet, wie in der mit Corioliskraft 
durchgeführten Rechnung. In den Hoofden 
kommt es dagegen nur zur Ausbildung einer 
stehenden Welle. Ein bemerkenswerter Unter- 
schied gegen das frühere Resultat ist, dass die 
Hubhöhen längs der englischen Küste geringer 
sind; als Kompensation treten in den östlichen 
Teilen der Nordsee höhere Hübe auf. 


VII. Folgerungen 


Einige Beispiele sind angeführt worden, 
die zeigen sollten, dass das benutzte Differen- 
zensystem 2) sich sehr gut zur Errechnung 
hydrodynamischer Vorgänge in Flachwasser- 
gebieten eignet. In Flachwassergebieten des- 
halb, weil für die rechnerische Stabilität die 
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Reibung eine sehr wichtige Rolle spielt, falls 
Corioliskräfte auftreten. 

Im Falle der hier durchgeführten Rech- 
nungen ist der Reibungskoeffizient r als Funk- 
tion der Tiefe angesetzt worden und schwankt 
für die Nordsee zwischen den Werten 1o-4 
und 3 107°? sec~! gemäss den für das Gitter- 
netz benutzten Tiefen zwischen 15 und 300 
Metern. In diesen tiefen Teilen ist die Bedin- 
gung 19) für rechnerische Stabilität bei dem 
gewählten Zeitschritt von 20 min. nicht mehr 
erfüllt; trotzdem ergaben sich in der Praxis 
DR 10% 
gy 
& 


À 


Abb. 10. M, Tide der Nordsee bei Vernachlässigung 
der Corioliskraft. 
Randbedingungen und Bezeichnungen wie in Abb. 7. 


bei Anwendung eines Ausgleichsverfahrens 
stabile Lösungen. Das mag zu einem Teil an 
dem Ausgleichsverfahren liegen, zum anderen 
Teil daran, dass diese grossen Tiefen nur in 
einem verhältnismässig kleinen Gebiet vor- 
kommen; als mittlere Tiefe der Nordsee sind 
ungefähr 70 m anzusetzen. Obwohl nicht 
praktisch erprobt, würde schr wahrscheinlich 
bei einer en Tiefe von 300 m 
rechnerische Instabilität für den gewählten 
Zeitschritt eingetreten sein, auch mit Aus- 
gleichung. 

Damit ergeben sich nicht sehr günstige Per- 
spektiven bei einer Anwendung des Ver- 
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fahrens auf Bewegungsvorgänge der Ozeane 
oder der Atmosphäre, da die Reibung schr 
gering ist; man müsste also zu sehr kleinen 
Zeitschritten übergehen. Ob sich diese Schwie- 
rigkeiten durch ein anderes Differenzensystem 
beheben lassen, wäre wert untersucht zu 
werden. Man kann sich z.B. ein Verfahren 
denken, welches ebenfalls zentrierte Zeit- 
differenzen für die vektoriellen Grössen be- 
nutzt, oder auch ein implizites System, 
welches durch Iterationen zu lösen wäre. 
Immerhin sind die Anwendungsmöglich- 
keiten durch die wenigen hier angeführten 
Beispiele, die hauptsächlich einer Prüfung des 
Verfahrens dienten, nicht erschöpft. Weitere 
Durchrechnungen von Sturmfluten, die Er- 


~ 


mittlung der Abhängigkeit des Wasserstandes 
von verschiedenen Windfeldern und eine ein- 
gehendere Analyse der Gezeitenschwingungen 
und Gezeitenströme wäre von grossem Nut- 
zen; hierzu sollte nicht die M, Tide genom- 
men werden, sondern die beobachtete nicht 
sinusförmige Gezeit. 

Der Autor möchte Herrn Prof. Walter 
Hansen im Institut für Meereskunde in Ham- 
burg und Herrn Dr. Pierre Welander im 
Internationalen Institut für Meteorologie in 
Stockholm, sowie Herrn Heinz Otto Kreiss 
an der Technischen Hochschule in Stockholm 
seinen besonderen Dank für die in vielen 
Diskussionen erhaltenen Anregungen aus- 
sprechen. 
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Abstract 


An apparatus for the extraction of carbon dioxide from 100 liters of sea-water using carbonate- 
free sodium hydroxide solution as absorbant liquid and its performance is described. A test 
series of 6 sea water samples is presented, on which natural C14 determinations are made and the 
results obtained are briefly discussed in relation to other age measurements on similar waters. 
The correlation between salinity and C14 activity is shown. 


Introduction 


Various methods for the recovery of carbon 
dioxide from sea-water for C14 analysis have 
been used during the last years. Thus solutions 
of 8-N potassium hydroxide purified with 
barium hydroxide (BROECKER 1957),hot barium 
hydroxide solution (RAFTER 1955) have been 
used, as well as freezing out the CO, by means 
of liquid air (RAFTER and FERGUSSON 1957). 
We prefer to use 2-N carbonate free sodium 
hydroxide solution, which is easy to prepare 
and to handle. A simple apparatus has been 
constructed, in which liberation of the carbon 
dioxide from sea-water and absorption in 
the sodium hydroxide runs fast and smoothly. 


Description of the apparatus 


Fig. 1 shows schematically the absorption 
apparatus. A is a nitrogen gas cylinder with a 
pressure gauge connected to a so liter polyeth- 
ylene vessel B by a thick rubber tubing (vac- 
uum) fitted to a glass tube C supported by 
the rubber stopper D and ending in the glass 
filter E near the bottom. The stopper also 
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supports a drop funnel F (s00 ml) containing 
concentrated sulphuric acid. The funnel ends 
about 20 cm below the stopper. Through a 
third hole in D a short glass tube G is inserted 
ending just under the stopper. G is connected 
by a thick vacuum rubber tubing to the side 
tube J, in the absorption apparatus consisting 
of two similar glass vessels L, and L, connected 
in series. Each vessel is equipped with a glass 
filter I, and I, (Pyrex “Coarse”). Under the 
filter a tube leads through a rubber stopper 
into the vessel K, ending about 5 mm from 
the bottom. K, and K, have bottom taps, 
H, and Hy. The vessels L are closed by rubber 
stoppers M with a glass tube connected to the 
second absorption vessel. N is an ordinary 250 
ml Jena glass bottle with rubber stopper. P and 
Q are clamps. 


The absorption liquid 


2-N carbonate free NaOH is prepared in 
advance ashore by diluting a so % solution 
using Sörensens method, according to textbooks 
in quantitative inorganic analysis (e.g. VOGEL). 
The 2-N solution is transferred into the 250 
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ml Jena bottles which are tightly closed by rubber 
stoppers (bottle N in the figure). The bottles 
may be stored for a long time. 


Description of the operation 


For a C14 analysis 100 liters of sea water, 
corresponding to about 4 liters of CO, gas, 
are necessary. We have used two so liter 
polyethylene bottles for the samples. They are 
easy to handle on board and can not be 
broken. For surface samples, the bottles are 
simply filled with sea water. On board s/s 
Anton Dohrn we used a sea water tap going 
directly through the ships side 1 meter below 
the water line. On board m/s Aranda a big 


way from a second bottle and connected to 
the first one. All connections have to be pres- 
sure tight. The clamps P and Q are opened 
and a part of the liquid flows down into the 
vessels K, and Ky. Now 250 ml of conc. 
sulphuric acid is introduced into the water 
sample. It is suitable to connect a rubber 
bulb, O, to the funnel and squeeze in order to 
force the acid down. The acid sets free CO, and 
this will give a small pressure in B, raising the 
absorption liquid into the vessel L, and forcing 
some gas through the glass filter. When the 
bubbling stops, nitrogen from the gas cylinder 
is carefully started. The flow rate is adjusted 
to about 150 liters/hour. After two hours, the 
vessel B is changed to a new one and the 


Fig. 1. CO, absorption apparatus. 


sea water sampler was used. Pumps which 
might mix air into the water have to be 
avoided. The absorption equipment has to 
be well fastened and secured in the ship 
laboratory or on some sheltered place. The 
liberation and absorption of the CO, gas is 
carried out in the following way. (Fig. 1.) 
The polyethylene vessel B is filled with sea 
water, leaving a space of about 250 ml under 
the rubber stopper D, which is fastened air 
tight and secured with cords. Now C is 
connected to the gas cylinder A, and G to 
the side tube J,. The absorption liquid is filled 
from the bottle N, through the neck M, of 
the absorption vessel, the tap of course being 
closed. The second vessel is filled in the same 


second part of the sample is treated in the same 
manner. Finally, the nitrogen flow is stopped 
and by opening the stopper at M and the tap 
H, the absorption liquid is poured into the 
bottle N, which is then well closed, sealed 
and labelled for further processing ashore. 
Determination of the quantity of carbon 
dioxide obtained in the liquid is easily made 
by titrating a small aliquot portion with 0,1-N 
hydrochloric acid. The first end point, about 
pH 9, indicated by phenolphtalein, gives 
the sum of sodium hydroxide and carbon- 
dioxide. After further addition of bromcresol 
green or methyl red, the titration is continued 
to about pH 5. The difference in acid con- 
sumption between these two end points gives 
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the quantity of carbon dioxide in the sodium 
hydroxide solution. 


Radiometric Analysis 


The bulk of the hydroxide-carbonate solu- 
tion is transferred to a half liter bottle, a few 
drops of methyl red is added, and while 
running a slow stream of oxygen through the 
solution, sulphuric acid is slowly added until 
the whole solution becomes acid. The liquid is 
then boiled a few minutes, still in the oxygen 
stream, until all carbon dioxide has been 
driven out. The mixture of carbon dioxide 
and oxygen is led to the combustion train 
of the radiocarbon dating apparatus already 
described by one of us (OsTLUND, 1957). The 
radiocarbon proportional counting tube re- 
quires 1.82 1 of carbon dioxide measured at 
0° C and 760 mm Hg. It has an effective 
volume of about 0.5 I, a working pressure 
of 3 atm, exhibits a background of 1.8 counts 
per min (cpm) and a net counting rate from 
modern carbon of 9.5 cpm. In one case, the 
quantity of carbon dioxide obtained was large 
enough to be used in our 1 liter counter, thus 
giving a more accurate value of the relative 
activity. 


Results obtained 


First, a test was made to see if the sodium 
hydroxide solution might be poured from one 
bottle to another and back again, without 
being appreciably contaminated with atmos- 
pheric carbon dioxide. Thus, 250 ml 2-N solu- 
tion was poured from the bottle to an empty, 
ordinarily washed 1 liter flask and back again 


to the bottle. After this operation titration 
showed the carbonate content to be about 
0.04 % of the NaOH. After 10 such rough 
treatments back and forth again between 
the bottle and the flask, not more than 0.15 % 
of the NaOH had been converted to car- 
bonate. It is thus established that no error of 
importance is introduced by pouring sodium 
hydroxide solution from the bottle to the 
absorption vessel and back to the bottle again. 

The entire process was tested by collecting 
six surface water samples from the North 
Atlantic and the Arctic Sea. Four samples 
were collected on cruise with s/s Anton Dohrn 
(St 322, 331, 332, and 334) and two on board 
the Finnish research vessel m/s Aranda (St 
335, and 336). The yields of purified carbon 
dioxide ready for C14-counting are given in 
Table 1. In all these cases, two absorption 
vessels were used, connected in series with 
250 ml of NaOH solution in each. Titration 
showed, however, that the second of these 
bottles never contained more than 2 %, and 
generally only about 1 % of the total carbo- 
nate quantity. Thus this second absorption 
flask has later been omitted. This also indicates 
that the efficiency of the absorption is very 


high. 
Result of the C14 measurements 


In Table 2 are given the results obtained for 
the isotopic composition of the inorganic 
carbon of sea water. The standard used 
is so called pre-industrial wood, in this case 
tree-rings from 1850 AD of an oak having 
grown in the vicinity of Stockholm, and the 
disintegration rate is corrected for decay up 


LAND 'L'ERNT 
Yields of Carbon Dioxide from Sea Water 


Quantity of 


Working name water, liters 


Quantity of Quantity of pure CO, obtained 


nitrogen used, 


EL ee 


91,322 Gulf Stream... 100 
St 331 Denmark Strait I.... 100 
St 332 Denmark Strait II... 100 
St 334 Denmark Strait III... 100 
St 335 Parents Seal" | 115 


115 


> liters at 
liters moles 0° 760 mm 
600 0.13 2.9 
600 OZ 207, 
600 O.II 2.5 
1200 0.16 3.6 
1500 0.19 12 
1500 0.18 4.1 


St 336 Barents Sea Il... 


In a later series of samples, not yet having been measured for C14, the average yield using 100 | of water 
and 600 1 of nitrogen was 0.17 moles, with smaller variation than among these first six samples. 
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TABLE 2 
C14 and Cı3 values for North Atlantic and Arctic Sea water 


Relative | “Age” 


* This value is 2.46 % lower than the Chigaco PDB C13 standard used by e.g. Craig (1957). 
** U.S. National Bureau of Standards, Contemporary Standard for Cı4-Dating Laboratories. 


to 1958 AD. If m is the net count rate of the 
standard oak, corrected for decay, and x 

! 
the actual net count rate of the sample, AR 


is defined by 
(1) 


The C13/Cı2 ratios, r,, of the samples with 
respect to the same ratio for our standard 
wood, r», was measured mass-spectrometri- 


cally. We define 
(2) 


To bring all measurements up to the same 
“standardized” isotopic composition we use 


AR=AR'-24Ar 


The apparent “age” of the sample’s carbon 
BO SPP 8 P 
dioxide may be derived from 


(3) 


or, With sufficient accuracy, 


A=-8033:AR 


(4) 


In the table are also given the standard 
deviations, o:s, of the values, taking into 
account the statistical uncertainties of the 


measurement of the sample itself and related 
measurements of background. The uncer- 
tainty of the standard measurements is given 
separately. Thus, comparison between two 
measurements within this series should be 
made calculating with only the two actual 
o:s. If comparison is made by samples made 
at another laboratory, the o:s of the standard 
figure must also be included. 


Discussion 


The Cr3 values of the samples listed in 
Table 2 exhibit a very marked constancy, 
since the uncertainty of those determinations 
is about + 0.I %. 

The Cı4 values are more variable. If, how- 
ever, the sample St 331 is excluded it is not 
possible to state with a high grade of reliability 
that any of them is statistically different from 
the mean value. On the other hand, it is seen 
from figure 2 that a slight relation between 
salinity and relative activity appears. Of these 
values the sample of the highest salinity, St 322, 
represents Atlantic water in the branch of 
the Gulf Stream that enters the Norwegian Sea. 

The other extreme, St 331, with a low 
acitivity, represents Arctic water from the 
East Greenland Current emerging from under 
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Eos 5 Relative |C13 frac-| Cr4 acti- |yrs BP 
Date Depth we Temp.| Cr4- tionation| vity (Be- 
Ne pn y/m/d = Y SE activity factor |corrected | fore 
es /oo ANE OF, Aye Ge | aieetsigy || pores 
ARE ent) 
| 
1850 AD wood, 
corrected for decay : 5 
until 1958 AD o+0.5 o o 
NBS Radiocarbon 
Standards ern + 4-5 0.5 — — — 
St322 Gulli stream. ar)... 1957/03/30|62.6°N| 8.0°W o| 35-37] +7.8| +0.74+0.7| +2.4 —4.1 330 
St 331] Denmark Strait I .| 1957/04/02|67.8°N| 25.1°W o | 32.72| —1.6|—1.8,+0.7| +2.4 —6.7 540 
St 332] Denmark Strait III] 1957/04/10]65.5°N| 26.6°W o | 33.17| +6.0|—0.3 +0.77] +2.5 —5.3 4 
St 334| Denmark Strait III] 1957/04/17|64.8°N| 35.5°W o | 34.97, +0.7| +0.6 +0.9] +2.4 —4.3 345 
St 335| Barents Sea I ....| 1957/07/03\72.9°N| 41.8°E 337 | 34.98 0.7| +0.4 40.6| +2.45 —4.5 360 
St 336| Barents Sea II....| 1957/07/04|73.9°N| 33.6°E o | 35.08] +4-9| +0.9 +0.6] +2.45 —4.0 320 
Weighted mean of 
ASS ER MERE - à +0.3 40.5| +2.4 —4.6 370 
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the ice pack. From its C14 content it appears 
to be about 200 years older than the At- 
lantic water. This is interesting in view 
of the estimate by SVEDRUPET AL (1942) of 
165 years for the complete renewal time for 
the Arctic Mediterranian water. If the sea 
water entering the Arctic basin was shielded 
from the atmosphere, no Cr4 would be added 
during the time the water spends in this basin. 
One can therefore expect this water to show 
an apparent age of that magnitude relative to 
the Atlantic water. Another possible explana- 
tion of the low activity could be that the 
average C14 activity level of sea water has 
been raised since 1954, due to the hydrogen 
bomb tests (e.g. RAFTER and FERGUSSON loc. 
cit.). Owing to the magnitude of that increase 
any lower residence time might be reasonable. 
If the industrial effect (SuEss 1955 and others) 
also should have affected the sea water, the 
problem becomes still more complex. At 
present there is, however, no reliable indica- 
tion that such variations should have been 


81 


detected in open sea surface waters. Cf. table 
3 below. 

As to the samples St 332 and 334, their 
activity suggests that they are mixtures of 


350 
Fig. 2. Relation between salinity and relative activity. 


Atlantic and Arctic water which have been 
exposed to the atmosphere for some time, 
thus aquiring extra C14. 

The sample St 332 is taken near the west 
coast of Iceland, and the water has a higher 
salinity and temperature. The relative activity 
is — 0.3 % and all values indicate that this 


TABLE 3 


Comparison between various CI4 measurements on sea surface water 


Sample from | de | 
| 
Broecker 
Famont Oak 2899 AI. 4 255. 
Average North Atlantic Sur- 
face water 1956 19—38°N 51 
SE PN ES re 
Rafter and Fergusson 
New Zealand Wood Standard 
corrected for industrial effect 
Makara, Wellington, N.Z. 
STAllowawateRe ee 
INO Worl 4 ctr) meme ee AA3678 
IDX Bios Bao a oa cide Ole AB1192 
I Tan ATOS 7L CIE en R 216 
a MEN ERE So ger TT R 259 
Open sea, South Pacific 37°S 
T70°E 14 Febr. 1957........: R 228/1 
This paper 
Stockholm 1850 AD Oak stan- 
GENES tos Oho COC OC Ge ns io 
NBS Radiocarbon standard.. 
North Atlantic Gulf Stream 
G2GINE SHO e NV en lee cuales St 322 
Average Irminger Current 65°N 
PEGE Wages Seto GUO eC GONE St332 
ADO CRC ce St 334 
Barents Sea 73,9°N 33,5°E ... St 336 
WCU Mey ara ea Dre or 
East Greenland Current...... SEE 
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Re x R 
% % % 
| 

o o fo) 
+ 1.0 + 2.5 — 4.0 

o 
— 0.2 
— 0.4 
+ 0.9 
+ 1.6 
— 0.5 

Oo +0.5 fo) O 

+ 45 + 0:5 
“£1017 se 0.9, + 2.4 nd 
+ O.I1 + 0.6 + 2.45 — 5.4 
+ 0.9 + 0.6 + 2.45 — 4.0 
S78 0,7 + 2.49 | = 6.7 
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sample is a mixture of Arctic water and water 
from the north bound salter and warmer 
Irminger Stream. 


A part of water of the Irminger Stream 
turns to the left and streams southwards, 
parallel to the East Greenland Stream near 
the coast of Greenland. St 334 is taken in this 
part of the Irminger Sea, and the salinity and 
the temperature show that this sample is also 
a mixture of Atlantic and Arctic water. The 
relative activity is+0.6 %. 


The Barent Sea sample 336 is surface water 
of Gulf Stream origin, ic. water from the 
Norwegian Current. The sample 335, on the 
other hand, is bottom water and considerably 
colder than 336, and possibly formed during 
the winter in the Norwegian Sea or in the 
Barents Sea. Still this deep water most likely 
is of Atlantic origin. Also the salinity and 
activity of both samples are in accordance 
with their Atlantic origin. 


The present lack of measurements on the 
international C14 standard is a serious source 
of uncertainty when comparing geophysical 
radiocarbon measurements, made by different 
laboratories. Nevertheless, we have made an 
attempt to compare our values with those b 
LAMONT (BROECKER loc. cit.) and the New 
Zealand (RAFTER and FERGUSSON 1957) C14 
laboratories. Broecker’s primary standard is 
Lamont oak wood grown 1890 AD. Our own 
measurements refer to 1850 AD oak, and 
Rafter’s figures can be recalculated from 1954 
New Zealand wood over to pre-industrial 
N.Z.-wood using the correction of 1.5 % 


(FERGUSSON 1958). Thus all figures in Table 3 
refer to pre-industrial wood. 

Broecker’s (loc. cit.) wood standard and 
ours have the C13-values of — 2.40 % and 
— 2.46 % respectively in the scale of the Chicago 
PDB standard. This source of error is thus 
eliminated when using the Lamont and Stock- 
holm values together. The C13 value of the 
N.Z. standard was not known to us. Further 
differences of standards (e.g. de Vries 1958) 
could not be regarded. 

If the assumptions above are made, one 
finds that there are no really significant dif- 
ferences in the Cr4-age of open sea surface 
water from South Pacific, and North Atlantic, 
except for the sample at the ice border, which 
is Arctic water. The shallow Makara water, 
on the other hand, tends to exhibit an excess 
of Cr4 in comparison with open sea in the 
spring of 1957. 
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Abstract 


Measurements of gross fission product radioactivity in the air at a number of sites along the 
Soth meridian (west) are reported for the period January—June 1957. 

The concentration of long-lived radioactive products (primarly fission products) in the air 
continues to remain considerably higher in the Northern than in the Southern Hemisphere. 
Among the more interesting developments, there has been obtained a definite inverse relation 
between the air concentration of radioactivity and rainfall during the dry and rainy seasons at 


Panama. 


The use of “radioactivity profiles” (plots of latitude vs fission product concentration) to repre- 
sent a cross section of the average air concentrations of fission products along the 80th meridian 
for any given period offers a ready means to obtain the total burden of such activity in the atmos- 
phere for such a period and to follow its increase or decrease with time. 


1. Introduction 


The program of measurement of fission pro- 
duct radioactivity in the air along the 8oth 
meridian (west), initiated in early 1956, has 
been continued and expanded during 1957. 

Collections of radioactivity have been made 
by (a) air filters employing a positive displace- 
ment pump with a free-air capacity of about 
40 cfm and an efficient filter paper, (b) cloth 
screens (cheesecloth) of one square foot area 
mounted in a vertical position and held nor- 
mal to the air stream by a vane, and (c) the 
standard AEC gummed-film collector for 
fallout particles. Comparisons of such collec- 
tions at the U. S. Naval Research Laboratory 
have indicated the latter two devices to be 
unsuitable due to the difficulty of interpreting 

* Present address: Geophysics Research Directorate, 


Air Force Cambridge Research Center, Bedford, Mas- 
sachusetts. 
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the results. Further, the extremely low levels 
of activity obtained by the latter two devices, 
even when significant amounts of radioactivit 
were being collected by the air-filter Saad, 
make inconclusive any comparisons made on 
such days. 

During the International Geophysical Year, 
the major effort is being placed on the collec- 
tion of radioactivity by the air-filter method, 
with subsequent measurement at this Labora- 
tory. The elimination of the gummed-film and 
cloth-screen collections has enabled the NRL 
counting facilities to be employed to give 
coverage of more geographical locations 
along the 80th meridian. 

This report covers a final comparison of 
three collecting methods and traces the changes 
in the gross fission product radioactivity o 
the air that have occurred during the period 


January—June 1957. 
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2. Collection and measurement of samples 


Samples of atmospheric radioactivity were 
collected at the various cooperating collecting 
sites and forwarded to the U. S. Naval Re- 
search Laboratory via air mail. Here the sam- 
ples were ignited to an ash at 650° C and meas- 
ured for gross B activity two wecks after col- 
lection. At the time of measurement, the natu- 
ral radioactive materials in the air has decayed 
to insignificance. 


3. Comparison of collecting techniques 


In Fig. 1, a comparison of the weekly totals 
of the radioactivity of samples collected by 
the three techniques is presented for the four 
sites where relatively complete sets of such 
data were available: Santiago, Chile; Guaya- 
quil, Ecuador; Miraflores, Panama Canal 
Zone; and Washington, D.C. All weekly 
totals of 100 disintegrations per minute or 
less have been omitted because of the lack of 
significance of such data. 

At Santiago (Fig. 1a) the radioactivity 
collected by the air filters showed a down- 
ward trend from January through May, then 
increased sharply in June following the British 
atomic tests at Christmas Island. The cloth- 
screen collections gave no significant indica- 
tions of activity except for June 1I—17, 
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Fig. 1. Weekly collections of radioactivity during Jan- 
uary-June 1957. The dates along the abscissas are the ini- 
tial days of the weekly collections. (a) Santiago, Chile; 
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(b) Guayaquil, Ecuador; 


which corresponded to a minimum in the 
concentration of fission product radioactivity 
in the air. The gummed-film collections, too, 
were generally low in radioactivity and showed 
no correlation with the air-filter collections. 

At Guayaquil (Fig. 1b) the radioactivity of 
the air-filter collections showed the same down- 
ward trend as at Santiago. The cloth-screen 
collections were of no value because of their 
low activity. The gummed-film collections 
were generally of little significance except 
during May and June. These collections showed 
a rise in radioactivity prior to the British 
tests; however, the time of maximum activity 
of the gummed films did correspond roughly 
to that of the highest air concentrations shown 
by the filter collections. 

At Panama (Fig. 1c) the fission product 
radioactivity of the air was generally high 
from January through April, then decreased 
markedly in May following the onset of the 
rainy season. The strong relationship between 
the air concentration of fission products and 
the rainfall, as described later, makes it diffi- 
cult to assign rises in the activity level to any 
particular atomic test during the rainy season. 
Both the cloth-screen and gummed-film collec- 
tions showed extreme variations in radio- 
activity which seldom coincided with varia- 
tions in the radioactivity of the air. 

At Washington, D.C. (Fig. 1d) the radio- 
activity of the air-filter collections showed a 
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(c) Miraflores, Panama Canal Zone; 


general increase from January through June. 
In general, also, the cloth-screen collections 
gave parallel indications of radioactivity, but 
the quantity collected was much lower. The 
gummed-film collections showed considerably 
less correlation with the other collecting 
methods. 

To generalize, the cloth-screen and gummed- 
film collections of radioactivity have no simple 
relationship to the actual air concentration of 
fission products. If, in the future, some presently 
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unrecognized factors can be taken into account 
which seem to explain these present incon- 
sistencies, the data accumulated during the 
past year will serve as a testing area. At the 
present time, however, it is evident that 
further collections by cloth screen or gummed 
films would serve no useful purpose, except 
where no other collecting technique is available. 


4. Effect of rainfall on the radioactivity 
of the air 


Many measurements have shown that radio- 
active materials are swept from the air by 
rain with a resulting decrease in the radio- 
activity of the air. Previous work at NRL 
has shown rainfall to be the agent principally 
responsible for removal of natural radio- 
active products from the atmosphere in the 
Washington, D.C. area (BLIFFORD, 1952). 

The data collected by the air-filter method 
at Panama on the fission product radioactivity 
of the air during the dry and rainy seasons 
(Fig. 2) gives a clear picture of the inverse 
relation between rainfall and atmospheric 
radioactivity. During the wet period from 
June through November 1956, the fission 
product radioactivity of the air was rather 
low in spite of a large number of atomic 
tests taking place in the Northern Hemisphere. 
The few peaks of activity coincided both 
with periods of less than normal rainfall and 
with periods of intensive atomic testing. It is 
remarkable that such a low response to the 
U.S. tests held in the Pacific during May- 
June 1956, was obtained, particularly since 
the prevailing high altitude winds from the 
test area normally pass near Panama. 

With the slackening of the rains in Decem- 
ber, an inımediate increase in the radioactivity 
of the air was observed. At this season the 
intertropical convergence zone moves to the 
south of Panama, permitting this area to 
receive ground-level air from the Northern 
Hemisphere with its higher radioactivity. 
Following the cessation of the rains at the 
end of December, the fission product count 
approached that at Washington, D.C., and 
remained high until the start of the rainy 
season in May. During this entire period 
there was only one peak of radioactivity that 
appeared to be due to any particular ato- 
mic test series. The maximum radioactivity 
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measurement of the year at this location was 
obtained for the week of April 13—19 following 
the Russian tests of early April 1957. These 
tests and other nuclear explosions reported 
during January-June 1957 are listed in Table r. 
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Fig. 2. Relationship between rainfall and the radioactivity 
of the air at Miraflores, Panama Canal Zone 


Since the Washington, D.C. collections showed 
no great increase in radioactivity during this 
period and since the time was insufficient for 
debris from any but the first two Russian 
tests to arrive in the Panama area, it is rea- 


Table 1. Date and Location of Nuclear Explosions Recorded During January-June 1957 


Date 


Location 


Type of test 


Government responsible 


Jan 19 
Mar 8 
Apr 3 
Apr 6 
Apr Io 
Apr 12 
Apr 16 
May 15 
May 28 
May 31 
June 2 
June 5 
June 18 
June 19 
June 24 


USSR 
USSR 
USSR 
USSR 
USSR 
USSR 
USSR 
Christmas Island 
Nevada 
Christmas Island 
Nevada 
Nevada 
Nevada 
Christmas Island 
Nevada 


Russia 
Russia 
Russia 
Russia 
Russia 
Russia 
Russia 


United Kingdom 
United States 
United Kingdom 
United States 
United States 
United States 
United Kingdom 
United States 


Fusion (megaton) 
Small Fission 
Fusion (megaton) 
Small fission 
Small fission 
Small fission 
Fusion (megaton) 
Small Fission 
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Fig. 3. Radioactivity Profiles of the air along the 80th meridian during January-June 1957. 
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sonable to consider that this high reading is 
due principally to the accumulation of older 
debris in the atmosphere, possibly by diffusion 
from the stratosphere. Radiochemical analyses 
of such collections during the coming year 
should serve to clarify this question. 


5. Radioactivity profiles along the 80th 
Meridian 


Comparisons of the average air concentra- 
tions of fission products at the various collecting 
sites along the 80th meridian for the same 
periods of time are shown in Figs. 3 and 4. 
In Fig. 3, these “radioactivity profiles” are 
based on monthly air concentrations of 
fission products. During January through May 
the monthly profiles were generally represen- 
tative of the individual weckly profiles. 
Following the increased nuclear test explosions 
in May and June both in the United States 
(Nevada) and at Christmas Island, large 
fluctuations in the activity levels occurred at 
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most collecting sites. The radioactivity profiles 
during June are, therefore, presented also as 
weekly averages (Fig. 4). 

During the period January-May, the general 
level of radioactivity in the air decreased in 
the Southern Hemisphere and increased in 
the Northern Hemisphere. The activity level 
at Panama was variable depending on the 
rainfall as discussed in a previous section. 
In general the fission product radioactivity 
of the air is higher by a factor of 5 or more 
in the Northern Hemisphere throughout this 
period. 

A great increase in the fission product level 
in the air in both hemispheres during June 
1957 is apparent from the weckly June profiles. 
The increases taking place south of Panama 
are due to the Christmas Island tests; those 
north of Panama are due primarily to the 
Nevada tests; those at Panama are presumably 
due to both test series. 

The low levels of activity encountered near 
the Equator during June were unexpected in 
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Fig. 4. Radioactivity profiles of the air along the 8oth meridian during June 1957 


Tellus XI (1959), 1 


FISSION PRODUCT RADIOACTIVITY IN THE AIR 


89 


Table 2. Monthly Averages and maxima of Fission Product Radioactivity During January-June 1957 
a nn ee Se ee ee ee Nie 


Radioactivity (curies/cc of air) 


Location Monthly Monthl 
\ 4 onthly 5 Monthl : 
Average Maximum* TORE: Maximum a Maximum 
January | February eb ater wel [ET Im PORE wuapulinn Sonn March, byoinass March 
Washington ....| 8.0x 10-19 TAA TOR 8.6 X 10-19 TSP roms 122 ol BO kOe 
(26—28)f 20° 
NÉE SEE (75) 
Sam Juan... 
Miraforest)s me. (9 LE RAS me 15 X Tone? MS OT roro FC HO CE D4 91028 
(24) 18 
Quo ders RE ve) ce 
Guayaquil§..... Tose LO LI SEHR LORD WARSTOnL: ALOE DAT OL POSE MO 
(26) 2 
Era MELC > w 
SAnNEIAgOr lee le T0 1? ZOO TAN ATOME 3.8 X 10-19 8.0 x 10720 ZUG Om 
(10) (5) I 
Punta Arenas... () 
April May eee en ET 
Washington ....| 1.3xX 10-18 25 TOR TERS BO AROrX OLE 22 ROLE TEA TOR 
en (19) (9) (27) 
IVtamı 39,2... 64 Los? 1.5. x ro-18 
(17) 
San JuanE. 2. Ral erOmt On anon © 
| (20) 
Maratlores 5... < EA LOR Bao RS 25 alOme” 8.0 Ton. 232010 Bu SO, 
| (18) (6) (18) 
CLEO wertet: TO CIO CES Go 9.0210 O2 CTORE MAIS ATOS Ovi TOR 
(8) (27) (12) 
Guayaquil...... SECTOR DA CHLORE 6.4x 1072) PMO DAS FO 6.0 X 101? 
| (26) (30,31) (3) 
ema rte co Se HORS LES EI O me 
s (25) 
Santiasorl.n..n... OCTO COR 5 22 702° 9.5 x 10720 FSC TOR 72» TOR 
(2,11) (1,2,8,26) (19) 
Punta Arenas... 1e TOR ADO 0 8722 TOR THOS Low 
(21) (1,22) 


* The day (or days) 
+ Average for a 3-day collection 


on which the maximum occurred is given in parentheses below the value 


+ Data available June 14—30 at Miami and San Juan, June 13—30 at Lima 


§ No data available June 25—30 


view of the nuclear explosions of several 
megatons yield having taken place previously 
at Christmas Island (2° N, 157° W). It will 
be most interesting in the future to sce if this 

osition of minimum activity changes sea- 
sonally, what is its relationship to the inter- 
tropical convergence zone, and perhaps whether 
a band of heavy nal near the Equator 
serves to bar passage from one hemisphere 
to the other of activity contained in the lower 
atmosphere. 

When more complete coverage of the 8toh 
meridian is obtained, integration of the area 
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to the left of the profile curves will give 
useful information on the burden of radio- 
activity in the atmosphere at different times. 
In the absence of fresh debris and the resulting 
nonuniform distribution of this radioactivity, 
such calculations should prove useful for 
estimating worldwide fallout rates. The results 
of radiochemical analyses for specific isotopes 
such as Cs!37 and Sr®° can be presented in a 
similar form and may be useful for deter- 
mining fallout rates or accretion rates of these 
isotopes in the lower atmosphere. 

In Table 2, the maxima readings of the 
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concentration of fission products in the air 
for each month and the monthly averages for 
each collecting station are compared in 
terms of curies per cc of air. The average 
fission product activity of the air at Washing- 
ton during this period is about ten times that 
recorded on monitor equipment at NRL in 
early 1954 (BLIFFORD, 1956) during a period 
of relative quiet. The highest activity recorded 
at NRE this’ year (7-4 x 10-*° Curies per cc) 
may be compared with the maximum of 
6.1x 10-1? curies per cc of air recorded here 
in May 1953 following a test in Nevada. The 
maximum activity recorded at any location 
in the Southern Hemisphere this year (2.2 x 
10712 curies per cc of air at Lima, Peru, June 
1957) is far below the U. S. Atomic Energy 
Commission tolerance of 1 x 10715 curies per 
cc of air for continuous exposure to uniden- 
tified 6 emitters. 


6. Conclusions 


In view of the inadequacy of correlations of 
radioactivity measurements made by use of 
the three collecting techniques (air filters, 
cloth screens, and gummed films), it is con- 
cluded that for the present only the air-filter 
method should be used for routine atmos- 
pheric radioactivity sampling. The air-filter 
method can be used to determine directly 
the gross concentration of fission products 
in the air, and further, radiochemical analysis 
of the filters can give concentrations of indi- 
vidual radioisotopes in the air. 

The gross radioactivity of the air during 
the period January-June 1957 continues to 
be considerably higher in the Northern than 


in the Southern Hemisphere. There has been 
no evidence yet found that indicates transport 
of radioactivity in the lower atmosphere across 
the “equatorial barrier”. Debris from the 
Christmas Island test, however, apparently 
did appear on both sides of the Equator. 
The low air concentration of fission products 
in Panama during the rainy season indicates 
the possibility that the barrier to transport of 
debris may be due, in part, to a continuous 
belt of rain in the tropics which effectually 
removes radioactivity from air that might 
cross from one hemisphere to the other. 

As more and more collecting stations are 
added to this 80th meridian air sampling 
program, the data obtained gives every indi- 
cation of being extremely valuable in estima- 
ting long-range processes operating to modify 
the gross radioactivity of the atmosphere. 
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Abstract 


The fall-out rate of four short-lived isotopes P®?, P88, Be? and S®®, produced in the collisions 
of cosmic ray particles with air nuclei, has been measured at a number of stations in India and 
compared with the calculated rate of production. In the case of Be’, the agreement between the 
calculated and measured values is good. The fall-out rates of P3? and P%? are not inconsistent 
with the calculated values; that of S%5, however, is about five times higher than expected. 

The absolute concentrations of an individual isotope in various rain falls have been found to 
vary by more than a factor of forty; relative concentrations of the different isotopes, however, 
stayed within fairly narrow limits. The ratio of the concentration of the isotope Be? to that of 
the isotope P®? in individual rain samples has been used to find out the periods for which various 
air masses had been irradiated in the interval between two successive precipitations. The mean 
period of irradiation is found to be about thirty-five days. 

Our results are consistent with the view that, in these tropical latitudes, intrusions of 
stratospheric air into the troposphere are either rare or weak in intensity. 

The method seems capable of further development as a tool for studying meteorological 


problems. 


Introduction 


Cosmic rays, in their passage through the 
atmosphere, collide with the nuclei of air 
and produce a number of radio-isotopes. 
Some of these, which have half-lives suitable 
for studying short and long term large scale 
air circulation in the atmosphere, have been 
discovered in rain water. They are: 


P82 (14 d, 1.7 MeV 7) 
(MarQUEZ and Costa, 1955) 
P33 (25 d, 0.25 MeV £) 
(Lat, Narasappaya and ZUTSHI, 19 56) 
Be? (53 d, 0.48 MeV y) 
(ARNOLD and AI-SALIH, 1955; GOEL et al 
1956) 
Tellus XI (1959), 1 


522. (87.d,10.17.1MeV. PB) 

(GOEL, 1956) 

Na?? (2.6 y, 0.54 MeV ft, 1.3 MeV y) 

(Marquez, Costa and ALMEIDA, 1957) 
EPS y183KeV. ES) 

(FALTINGS and HARTECK, 1950) 

Their production rates are strongly depend- 
ent on latitude and altitude but are inde- 
pendent of time. They can, therefore, be used 
as tracers of the movements of air masses. 
In fact it could even be useful to define an air 
mass by its content of cosmic ray produced 
radio-activity. 

For the present we have confined ourselves 
to the study of the four short-lived isotopes 
P32, P33, Be? and S35, 
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In this paper we present: 

1. Their annual eposition rates at a num- 
ber of stations in India, (from 10° N to 34° N 
geographic latitudes). 

2. Their relative concentrations in some in- 
dividual rains. 

By comparing the observed and calculated 
fall-out rates of these isotopes we infer that 
no significant fraction of P®?, P55 and Be? 
fall-outs could be bomb-produced. However, 
the possibility of an appreciable contribution 
to $35 fall-out by nuclear explosions, whilst 
unlikely, cannot be ruled out; this possibility 
is discussed later in this paper. 

As a means of exploring theories of the 
cellular structure of the troposphere, (from a 
study of the intrusion of stratospheric air into 
it), as also for investigating the nature of 
mixing processes in the stratosphere, we believe 
that measurements of this kind, if conducted 
in the middle and polar latitudes, could yield 


important information. 


Experimental 


The experimental procedure consists in 
extracting the elements sulphur, phosphorus and 
beryllium from rain water by chemical 
procedures and measuring their disintegration 
rates. The details are given in the appendix. 


Results 


In Table I we present the concentrations, 
(number of atoms ml-1), of the various iso- 
topes in rain water. In order to check the self 
consistency of the measurements, we some- 
times prepared two or more samples from the 
same homogenized rain water. These results 
are also included in Table I. 

The errors shown in Table I are the statistical 
errors of counting expressed as a standard 
deviation. It can be seen that the Be”, P32 and 
S35 measurements are accurate to about ten 
per cent. The error in the measurement of P33 
is fairly large, because the observed counting 
rate for the P®® activity was small and was 
measured in the presence of a comparatively 
large number of counts due to P22, 

If we consider the errors due to other 
factors such as non-uniformity of source 
deposition, determination of chemical efficien- 
cy, correction for absorption etc., we estimate 
that the overall error in the determination of 


the ratios Be7/P32 and Be7/S** is in most 
cases» 20 %; while the S3°/P3? ratios may 
be in error by ~ 30 %. The errors in the P33/ 
P32 ratio might be as high as fifty per cent. 
Apart from these .errors there may exist a 
systematic error of ~ 20 % in the concen- 
trations of P32, P33 and S35 isotopes. 

These errors were estimated by observations 
on a number of samples derived from the same 
homogenized rain water. 


Discussion 


Though the present measurements are not 
yet very precise, they clearly exhibit certain 
general features: 

1. The absolute concentrations of any indi- 
vidual isotope may vary by more than a 
factor of forty in different rain samples; but 
the relative concentrations of different isotopes 
stay within comparatively narrow limits and 
have similar values at all stations. 

2. The average concentrations, (obtained 
from measurements made over a period of 
five months), of the isotopes at Shillong is 
about four times smaller than at other stations. 
This can perhaps be attributed to the fact 
that the region around Shillong has one of 
the highest recorded rain falls in the world. 

All of our rain collecting stations were 
situated in the latitude belt from 10° N to 
34° N, (geographic). In order to estimate the 
annual deposition rates of the various isotopes 
we proceed as follows: 

(a) We first find out the average concentra- 
tion of each isotope in rain water. The average 
for each of the isotopes Be? and S35 is obtained 
from all the measured concentrations at all 
stations, (except Shillong). In case of Be? we 
have included the data obtained in 1956 at 
Bombay and Kodaikanal, (Rama THOR and 
ZUTSHI, 1958)... For, PS? and P?% we have 
used the data from Bombay only, since the 
measurement of these isotopes at other stations 
is uncertain by one factor of about two. 

(b) We multiply the average concentration 
of each isotope by 99, which is the average 
annual rainfall, in cms., in our latitude belt, 
(Brooks and Hunt, 1932). This is assumed to 
lead to an estimate of the average deposition 


1 The data from Shillong are excluded because of the 
abnormal rainfall in that region. 
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Table 1 
Atoms/ml Ratios 
No. Date Se IT ey eee Remarks 
Be? | ps2 | S35 Be7/P32 | S35/ps2 | p33/psz 
BOMBAY 
Latitude 19° N Longitude 73° E Height-Oft. above sea level 
T. 25.5.57 130--100 
2; 22.60.57 I,750--100 
ay 23.6.57 2,000-+-150 
4. 28.06.57 3,900+200 10-00 to 12-00 hrs. 
5. 28.6.57 I,400-+100 12-30 to 13-30 hrs. 
6. 30.6.57 2,600 +200 
7. 5.7.57 I,700-- 100 09-15 to 09-45 hrs. 
8. 5.7.57 6,200 + 300 10-00 to 12-00 hrs. 
9. 5.7.57 3,300+150 12-00 to 14-00 hrs. 
10. 6.7.57 2,500 100 
Pr, 13,757 5,900 +200 
(a) 9,000 + 500 1.5 
ya. 20.7.57 44+2.5/690+ 100] 207--16| 15.7+2.5 Homogenised rain water 
(b)| 9,200+500 1.8 
(a)| 5,700+250 221 
13. 22.7:57 261 |690+160] 220+12| 26.5+6.1 —Do— 
(b)| 5,750+250 2.1 
(a)| 3,500+250 
14. 26.7.57 36+4 — 95-+12 — 2.4 — Do— 
(b)| 3,200+250 
(a)| 2,800-+200 
EB» 8.57 — Do— 
(b)| 2,500+200 
(a)| 3,400-+200 iroak 
16. 6.8.57 32-41 I110+7 mo 
(b)| 3,600-+-200 1.8 
(a)| 3,000-+200 Fee 
27: 7.8.57 
(b)| 2,800-- 200 
(a) 5,000+ 250 
18. 11.8.57 32+2 160+7 1.9 — Do— 
(b)| 5,4004250 
(a)| 5,900+700 
19. 16.38.57 19+2 290+15 —Do— 
(b)| 5,400+400 
(a) 2,700+150 
20. 18.8.57 I8+1I 140412 PR = Do — 
(b)| 2,400+150 
(a)| 3,300+250 
ZI: 20.8.57 (b)| 3,100+250| 26+2 130-+20 2 — Do— 
(c) 3,200+200] 22-2 
a 3,500+250 
22. 22.8.57 26+1 130-420 —Do— 
(b) 3,100-+600 
a 2,300+150 
23. Ben 1341 180-+30 2.8 — Do— 
(b) 2,400--150 
(a) I,700+200] 18+1 
(b) 1,800+200] 2I+I [I30+I5 D 
24. Tred. 5/7 mo 
(c)| 1,9004+200| 17+2 |ITO+15 | 95+10 O5 2.1 
RS PU RAR an er len Te, 00 9 = 
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Table 1 (cont.) 
Atoms/ml Ratios 
No. Date Remarks 
Be? | p32 | S35 Be? ips SIDE PSE 
KODAI-KANAL 
Latitude 10° N Longitude 77° E Height 7,700 ft. above sea level 
Ie 1.2.57 650-300 
2. 4-3.57 2,200 + 400 
3. 13.4.57 3,800 +200 
4. 14.5.57 3,300+200 
5. 8.6.57 1,800 4200 
6. 26.6.57 2,800--150 
7: 4:7:57 700 = 100 
8. 25.8.57 T,300+100] 5—9 130— 280 
9. 28.9.57 2,000 + 100 
10. 6.10.57 2,300 + 100 
Fe 4.11.57 400-+100 
T2 4MONTTS 7 2,500H4100| 20—40 |124+15 |60—130 3—7 
TS el gees 7, 8504100 20+10 
| ee 1,800-+200| 15—30 |220+100| 55—135| 4—22 
15. 4.12.57 1,300+150 
16. 18.12.57 1,Ioo-+Ioo 
Average 1,900 | IO—20 Eas | | | | 
SET PB ONG . 
Latitude 25° N Longitude 91° E Height 4,900 ft. above sea level 
185 4.6.57 3,000--150 225—25 
2 7.6.57 3,800 +300 
3: 23.06.57 1,200+150 
AN 4.7.57 700 + 100 
5. T0 7 430 +100 
6. 2.8.57 530-+300 
Ge 4.8.57 1504100! o+2 
8. 29.8.57 720-+-70 2.5—5 130—310 
CE 5.9.57 780-+90 2—5 140—435 
10. O5 270H100| 2— 42—185 
Tr 26.9.57 350-100 
12 26.90.57 260 + 100 
13 5.10.57 165-+165 
14. 6.10.57 50-150 
ie TO 7 1,100 4100 
110: 12.10.57 2,800 4200 
Average 1,020 | 2—4 225 | | | | 
MUSSOORTE 
Latitude 30° N Longitude 78° E Height 7,000 ft. above sea level 
I 1.6.57 3,900-- 100 
2% 10.79.57 2,600--100| ' 
3. 11.8.57 2,300+100] 7—18 125—340 
4. 31.8.57 1,500--100| 6—13 110—265 
5. 13.9.57 600-- 100] 2—710 50—350 
6. 12.10.57 6,400 +200 
“ah 20.11.57 5,000+ 300] II—25 | 275+430|190—480| 9—28 SE 
8. 72.12.57 2,800-+-250 (3504 100) 
Average 3,100 | 7—17 | 310 | | | | 
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Table ı (cont.) 
a ee AN ONE SNS eee ren an Ne 
Atoms/ml Ratios 
No. Date ns 
Be? | ps2 | S35 Beum>2 SEE Hees 32 ema: 
ae ee ee ee Nl ea ||| SI ln ET ee ee x 
DIET 
Latitude 29° N Longitude 77° E Height (above sea level) 720 ft. 
T. 20.11.57 7,100+ 300] 37—70 |260-+-100|100—200| 2.5— 10 2.8 
2% I1-22757 2,300+550 160+15 
3% 28.1.58 1,450-+400 
| Average | 3,900 | 37—70 ae | | 
PINAR IN Ke OER 
Latitude 32° N Longitude 73° E Height (above sea level) 1,000 ft. 
Ir 20.11.57 9,500+500] 60—150| 460—50| 60—170| 3—8 13 
2 7.12.57 7,400-+ 400 590-60 
3. 11.12.57 3,400+300| 17—60 | I70420| 50—220| 2.5—II 
| Average | 6,800 | io) 410 | | | | 
SRINAGAR 
Latitude 34° Longitude 74° E Height (above sea level) 5,200 ft. 
T: 20.11.57 3,600+300| 30—60 | 245+15] 55—130 49 2.3 
2 24.11.57 I,160+250 
3. 2.12.57 5,500 +500 420 +70 
4. 5.12.57 5,700+300| 36—50 I10—170 
5. 1702.57 6,300-+400| 40—60 I100—170 1.6 
| Average | 4,500 | 3557 | 330 | | | 


rates of the various isotopes. We list them in 
Table II. 

The expected fall-out rates of these isotopes 
on the earth’s surface have been estimated 
(PETERS 1958 and Lat, MALHOTRA and PETERS 
1958) on the basis of the following assump- 
tions. 

1. The fall-out of the cosmic ray produced 
short-lived isotopes derives mainly from their 
tropospheric production. In view of the long 


this discrepancy may still be within the errors 
of calculation and measurement. The deposi- 
tion rate of S35, however, is considerably 
larger, (~ one factor of 5), than the calculated 
one and cannot easily be accounted for. This 
discrepancy can perhaps be explained if one 
assumes that the nuclear test explosions con- 
tribute sufficiently to S*5 fall-out. If that be 
the case, the ratio of bomb-produced S°> to 


residence time in the stratosphere, the strato- Table 2 

spheric contribution to their fall-out should 

be negligible. ISOTOPE | ps | pss | Be? | ss 
2. There exists good vertical mixing in the 

troposphere. Atoms ml! of rain 
3. The mean removal period of the activity | water (average) ...| 26] 55) 3400| 316 


from the troposphere is about thirty days, 
(STEWART ET AL., 1957). We list their estimates 
for the tropical latitudes together with the 
measured fall-out rates in Table II. 

The experimental and calculated deposition 
rates for Be? are in good agreement. There 
is a discrepancy between the observed and 
calculated fall-out rates of P?? and P%%. But 
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Deposition rate, 
atoms cm? yr-} in 
the Tropical Lati- 
WUE, pr 2,600] 5,500} 3.4 X 10°] 31,000 
Calculated deposi- 

tion rate, atoms 

Gore NE hal ie 

Tropical Latitudes.| 1,650] 2,400] 4.7 x 10°] 6,200 
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Be’, (which is not bomb-produced), (RAMA 
THor and Zutsu, 1958), should shoot up 
to very high values just after the explosions. 
The observed fluctuations of the S35/Be7 
ratio are, however, rather small, (Table I). 
This argument, nevertheless, does not entirely 
rule out the possibility of bomb-produced 
S35 in fall-out; there may exist a large reser- 
voir of bomb-produced S*° in the stratosphere 
from where it may be leaking into the tropo- 
sphere at an approximately constant rate. In 
that case no large fluctuations in the S35/Be7 
ratio would occur. 

There is of course the possibility that the 
production rate of S35 by cosmic rays has 
been underestimated ; this requires a mechanism 
which leads to the preferential production of 
S?5 as compared to the other isotopes. 

It has been shown earlier, (RAMA THOR and 
Zutsu, 1958), that the fall-out of cosmic 
ray produced Be? in the tropical latitudes 
derives mainly from its tropospheric produc- 
tion, and that the contribution from the 
stratosphere is not appreciable. The same 
should be true for the cosmic ray produced 
P82, P33 and S%5 isotopes as well. Our present 
investigations are consistent with this view. 

The most accurate among our measurements 
of relative concentrations of various isotopes 


is that of Be? to P®? at Bombay. From Table I, 
we see that this ratio varies from 100 to 300 
in different rain samples. We believe that this 
variation cannot arise from errors in measure- 
ments and must be genuine. If we assume 
that this variation is not caused by the differ- 
ences in the precipitation mechanisms of Be? 
and P82, then each observed Be?/P®? ratio 
in rain water can be taken to represent the 
actual Be?/P®? ratio in the air mass from 
which the rainfall resulted. We may, therefore, 
say that the Be?/P*? ratio has varied from 100 
to 300 in individual air masses studied by us. 

Since, the relative rates of production of Be? 
and P%2 in the atmosphere are constant and 
P32 has a shorter half-life than Be’, the ratio 
Be7/P*? will increase with time and may be 
taken as a measure of the irradiation period 
of an air mass, between two successive precipi- 
tations. 

We now assume that the lowest experi- 
mental ratio of 100 for Be?/P®2, (Table I), re- 
presents the ratio of their production rates. 
In other words, an air mass will have Be7/P32 
ratio equal to 100 soon after ridding itself of 
its previous radio-activity by rainfall. This 
ratio will increase with the time of irradiation 
and will approacha value 100 x Tp,/tp» = 3801. 

We have attempted to find out the irradia- 
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tion periods of various air masses from the 
experimental Be?/P®? ratios. The integral dis- 
tribution of these periods is plotted in Fig. 1, 
and corresponds to a mean irradiation period 
of about thirty-five days, which agrees well 
with the wash-out period of thirty days, 
(STEWART ET AL., 1957), in the troposphere. 

Since the stratospheric air is expected to 
receive irradiation for very long periods, 
its Be?/P®? ratio should be about 3802. If 
such air descends to the troposphere, this 
ratio should increase still further, (Lat, Mat- 
HOTRA and Peters, 1958). The fact that we 
never observe such high ratios shows that 
the intrusions of stratospheric air into the 
troposphere of the tropical latitudes are either 
rare or very weak in intensity. 


Conclusion 


1. The measured fall-out rates in wet precipita- 
tion in tropical latitudes of the cosmic ray 
produced isotopes Be’, P3?, P33 and S35 have 
been compared with their calculated values. 
We find that the measured and calculated 
fall-out rates agree well in the case of Be? 
and are not inconsistent in the case of P32 and 
P33; whilst the observed fall-out rate of S35 is 
considerably in excess of the calculated value, 
by one factor of about five. 

2. The Be?/P®2 ratios have been used to 
find out the periods of irradiation of various 


1 This value will be reached only after infinite time. 
It will take about 300 days of irradiation to reach 95 % 
of this value. 

2 This value will be proportionately lowered to the 
extent the ratio Be?’/P®?, at production, is less than 100. 


air masses by cosmic rays. Their observed 
distribution indicates a mean irradiation period 
of about thirty-five days, between two suc- 
cessive precipitations. 

3. The absence of very high values, (~380) 
of the Be7/P%? ratio among the measured 
ones has been taken as indicating that air 
masses having predominantly stratospheric air 
are either absent or rare, below the cloud 
forming altitudes, in the tropics. 
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APPENDIX 


The experimental procedure 


The experimental procedure is described 
under the following three sub-heads: 


I. Chemical extraction of the isotopes from 
rain water. 
II. Determination of extraction efficiencies. 
II. Measurement of disintegration rates. 


I. Chemical Extraction of the Isotopes from Rain 
Water: 


The methods for extracting phosphorus, 
beryllium and sulphur activities from rain water 
have been described in earlier papers by MAR- 
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QUEZ and Costa, 1955, RamA THor and ZUT- 
SHI, 1958 and GOEL, 1956; respectively. 

In rain water there always exists some dust 
which may collect some of the activities at 
the natural pH of rain water. Therefore, the 
pH of rain water was adjusted to 2. At this 
pH all the four isotopes go into solution and 
no significant fraction remains absorbed either 
on dust or on the containers. The dust filtered 
from water at pH 2 was checked and found 
to be completely free of beryllium, sulphur and 
phosphorus activities. 

A schematic representation of the chemical 
procedure adopted is given below. 
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The radio-chemical purity of the final 
samples was checked by measuring their specif- 
ic activities after repeating the purifications as 
follows: 


(a) Beryllium Samples: Beryllium oxide was 
dissolved by prolonged heating with 
sulphuric acid. From the solution Be(OH), 
was precipitated in presence of an adequate 
amount of ammonium salt of E.D.T.A. 
The Be(OH), precipitate was reignited to 
BeO. 
Sulphur Samples: Sulphur was resublimed 
on to a different source holder. 
(c) Phosphorus Samples: MgsP,O, was dissolv- 
ed in dilute HCl, passed through Dowex: 
50 resin at pH 2. From the effluent, magne- 
nium ammonium phosphate was precip- 
itated and reignited to Mg,P,O,. 


(b 


= 


After repurification, the samples showed no 
observable decrease in their specific activities. 

In addition, the beta and gamma energies 
and the half-lives of the isotopes were periodi- 
cally checked. They were found to agree 
with the known values. 


II. Determination of Chemical Extraction Eff- 
ciencies : 
(a) Beryllium: 36 mg of Bet+ carrier in the 
form of BeCl, was added to the rain 
water and the weight of Be in the final 
BeO sample was determined. Since there 
is no appreciable amount of natural stable 
beryllium in rain water, the determination 
of chemical yield is straightforward. 
Sulphur: Rain water often contains an ap- 
preciable quantity of stable sulphur in the 
form of sulphates. However, 60 mg of 
stable sulphur in the form of K,So, were 
added to each rain sample. For the deter- 
mination of chemical efficiency it is nec- 
essary to know exactly the total quantity 
of ie in the rain sample. This was done 
in the following way: 
The rain water was passed through 
IRA-400 resin, which adsorbs the sul- 
phate quantitatively. After eluting the 
resin, sulphates were precipitated as 
BaSO, and weighed, Since the precip- 
itation of SO, as BaSO, is also quan- 
titative, the weight of BaSO, gives the 
total amount of sulphur in rain sample. 
By comparing this with the amount of 


SS 


a> 
Ss 
~~ 


sulphur recovered after further purifica- 
tion, the chemical yield was obtained. 
(c) Phosphorus: The presence of substantial 
amounts of stable phosphates in rain water 
made it necessary to adopt the following 
procedure: 
The rain water was divided into two 
equal portions (A) and (B). To (A) 
was added 4 mg and to (B) 80 mg of 
phosphate carrier in the form of diso- 
dium hydrogen phosphate. The weights 
and the P32 beta activities of both the 
final samples (A) and (B), were meas- 
ured. From these four measurements the 
chemical yield and the weight of natural 
phosphate in rain water were calculated. 
Usually, the amount of natural phosphate 
in rain water is less than 0.2 mg/liter. 
Sample A was used to determine the 
ratio P?3/P32. Sample B, because of its 
lower specific activity, was unsuited for 
this purpose. 


Ill. Measurement of Disintegration Rates: 


Counting Equipment: The activities of the 
isotopes S35, P3? and P83 were measured on 
an end-window beta counter, shielded by 1” 
mercury, 4” iron and 2” lead. The usual anti- 
coincidence arrangement was employed to 
eliminate u-mesons. The beta counter has a 
back-ground of 60 cph inside the shield. 

The gamma activity of the isotope Be? was 
measured on a Sodium Iodide crystal spectro- 
meter, (RAMA THOR and ZuTtsHi, 1958). The 
crystal was shielded by 4” of lead and has a 
back-ground of 5.5 cpm in the counting 
channel, which comprises 80 % of the photo 
peak. 

Source Deposition: Phosphorus-32 and 33, 
Sulfur-35 beta sources ware’ deposited on 
stainless steel planchets 1/,” thick and 1” dia- 
meter, equal to that of the counter window. 
The phosphorus samples, (in Mg:P:0, form), 
were mae into a fine slurry with water and 
deposited on the planchet, dried and covered 
with a thin (0.6 mg/cm?) mylar film. The 
sulfur samples were deposited simply by sublim- 
ing sulfur on to a standard planchet. 

There is no problem about the source depo- 
sition in case of Beryllium. Beryllium oxide 
is simply put in a glass tube which goes freely 
into the crystal well. 

Measurement of Counting Rates: The beta 
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so litres rain water 


pH 2 


| 


Add BeCL, Na,;H PO,, K,SO, and FeCl, carrier solutions 


v 
Pass through IRA-400 resin 


I ] 


Effluent 


} 


Add ammonia to precipitate III group 


vc 
III group ppt. 


+— 


Take in HCl, dehydrate, redissolve in HCl, filter, expell 
HCl by heating with excess of HNO . Perform amm. 
phosphomolybdate precipitation. 


it { 
> & Vv 
Filtrate 


| 


Amm. phospho- 
molybdate ppt. 


Resin 


Elute with saturated solution of NaCl 


+ 


Eluate 


à 4 
Add FeCl, and precipitate III group 
with ammonia 


| 
Ÿ 


III group ppt. 


} 


Filtrate 


Te 


Expell ammonia by heating, acidify with Nitric acid 
BaCl, to precipitate BaSO,. 


v 
BaSO, ppt. 


v 


Add E.D.T.A. Shake with 100 ml of 
.1 M T.T.A. solution in benzene. 
Separate the organic layer. Wash it 
with HCl and then evaporate. Destroy 
the organic matter with sulfuric and 
perchloric acid treatment. Add am- 


Dissolve in dil. NH,OH. Perform one 
magnesium amm. phosphate ppn. take 
in dil. HCl. Pass through Dowex: 50 
resin. Reprecipitate magnesium amm. 
phosphate from the effluent. Ignite the 
ppt. to Mg,P,0,. 


Reduce to BaS by heating with char- 
coal. Dissolve BaS in water. Add 
KI+I, solution to obtain elementary 
sulfur. Purify the sulfur by sublima- 
tion. 


monia to precipitate Be(OH),. Ignite 
the ppt. to BeO. 


sources on the planchets were placed accurately 
at a distance of 4 mm from the mica window 
and counted. 

S35 samples: These were counted without 
any external absorber. Mostly, the specific 
activity of S85 samples was found to be sufhi- 
cient to give easily measurable counting rates 
even in thick sources (~ 10 mg/cm’). 

P32 samples: Sample (B), containing 80 mg 
of Mg,P,0, was counted with 28 mg/cm? 
external aluminium absorber. This absorber 
removes P33 counts almost completely (99 %) 
and reduced P* counts only by 24 %. 
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P33 sample: The amount of P*? in rain 
sample was known from counting of sample 
(B). The ratio of P38/P32 was determined by 
using sample (A) in which only 4 mg of 
carrier had been added. The fraction P33/P52 
was obtained by counting the sample with 
and without the absorber (28 mg/cm? of 
aluminium). 


Calculations of Disintegration Rates 


In order to calculate the disintegration 
rates of the isotopes from their observed 
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counting rates, one requires to know the 
following: 

1. Counting efficiency (cpm/dpm). 

2. Correction for self-absorption. 

3. Correction for external absorption. 


1. Counting Efficiency: 

The counting efficiencies for electrons of 
different energies were determined by preparing 
identical sources with known amounts of 
calibrated solutions of different radio-isotopes. 
The solutions were calibrated against “Atomics” 
and “Tracerlab” reference sources. 

The method for determining the counting 
efficiency for Be? y-rays has been described 
earlier (GOEL ET AL., 1956). 


2. Correction for Self-Absorption: 


The correction factor for P32 due to self- 
absorption of its electrons in the source was 
obtained by depositing different weights of 
Mg;P,O, containing artificial P32 and meas- 
uring their counting rates. 


The self-absorption factor for S?5 betas was 
similarly determined by using BaSO, containing 
artificial S3. 

The factor for P33 should have normally 
been obtained by using Mg,P,O, containing 
artificial P33. But because of some difficulty 
in procuring P%5 activity, the isotope Co% 
was used instead. The maximum energy of 
Cof® betas is fairly close to that of P** betas. 
Cobalt phosphate (containing Co®°) was used 
for the purpose. 


3. Correction for External Absorption: 


The absorption corrections for beta rays 
emitted by the various isotopes were obtained 
by measuring their counting rates with differ- 
ent thicknesses of aluminium foils between 
the source and the mica window. 

Since Be’ emits high energy (0.48 MeV) 
y-rays, the self absorption and external absorp- 
tion corrections are negligible. 


RE PER 'ENICIES 


ARNOLD, J. R. and At-Sautu, H., 1955: Beryllium-7 Pro- 
duced by Cosmic Rays. Science, 121, 451-—453. 

Brooks, C. F. P. and Hunt, Tueresa, M., 1932: The 
Zonal Distribution of Rainfall over the Earth. Mem. 
of Roy. Met. Soc., 3, pp. 195—199. 

FALTINGS, V. and HARTECK, P., 1950: The Tritium Con- 
centration in the Atmosphere. Z. Naturforschung, 5a, 
pp- 438—439. 

Goer, P. S., JHA, S., Lar, D., RADHARRISHNA, P. and 
RAMA, 1956: Cosmic Ray Produced Beryllium Iso- 
topes in Rain Water. Nuclear Physics, I, pp. 196—201. 


GoEL, P. S., 1956: Radio-active Sulphur Produced by 
Cosmic Rays in Rain Water. Nature, 178, pp. 1458— 
1459. 

Lat, D., Narasappaya, N. and Zutsut, P. K., 1957: 
Phosphorus Isotopes P®? and P33 in Rain Water. 
Nuclear Physics, 3, pp. 69—75. 

Laz, D., MALHOTRA, P. K. and PETERS, B., 1958: On the 
Production of Radio Isotopes in the Atmosphere by 


Cosmic Radiation and their Application to Meteorol- 
ogy. J. Atmosph. Terr. Phys., 12, pp. 306—328. 

Marquez, L. and Costa, N. L., 1955: The Formation of 
P82 from Atmospheric Argon by Cosmic Rays. Nuovo 
Cimento, 2, pp. 1038—1041. 

Marquez, L., Costa, N. L. and ALMEIDA, I. G., 1957: 
The Formation of Na** from Atmospheric Argon by 
Cosmic Rays. Nuovo Cimento, 6, p. 1292. 

PETERS, B., 1957: The Be! Method for studying long 
term changes in Cosmic Radiation and the Chronol- 
ogy of the Ocean Floor. Zeitschrift fiir Physik, 148, 
pp. 93—111, (in German). 

PETERS, B., 1958: To be published. 

STEWART, N. G., Osmonp, R. G. D., Crooxs, R. N. 
and FISHER, E. M., 1957: The World Wide Deposition 
of Long-Lived Fission Products from Nuclear Test 
Explosions. A.E.R.E. HP/R 2354. 

Tuor, R. and Zurtsut, P. K., 1958: Deposition of Cosmic 
Ray Produced Be? at Equatorial Latitudes. Tellus, 10, 


Ppp. 99—I03. 


Tellus XI (1959), 1 


On the Influence of Cosmic Radiation 


on the Isotopic Composition of the Elements 
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Abstract 


When cosmic radiation interacts with the atomic nuclei of the atmosphere, it produces a great 
number of stable as well as radioactive isotopes. The radioactive isotopes are fairly easy to detect 
but the production of stable isotopes can only be detected by the changes in isotopic composi- 
tion of the elements that might be caused by this effect. The amounts of Li®, Ne?!, and A%6 that 
are produced in this way have been calculated. If the mean intensity of cosmic radiation in the 
past has been the same as at present it turns out that the production of these isotopes causes a 
change in isotopic composition which is barely detectable. 

A study of this effect gives a possibility of obtaining information about the cosmic-ray inten- 
sity in the past. If no cosmic-ray effect is found, it shows that the mean cosmic-ray intensity in 
the past could not have been considerably higher than at present. If the cosmic-ray intensity 
during the earlier stages in the earth’s evolution were higher than at present, one could expect 
easily detectable changes in the isotopic composition of some elements. 


Introduction 


It is well known that cosmic radiation inter- 
acts with the atomic nuclei of the atmosphere, 
producing a number of radioactive isotopes. 
Cl was the first one to be found. In recent 
years a number of other isotopes have been 
found: H3, Be’, P32, S35, and Cl3% Cosmic 
radiation will, of course, also produce stable 
isotopes and this might slightly change the 
isotopic composition of some elements. These 
changes are expected to be very small, but 
there does not seem to be any quantitative 
estimate of this effect. The only isotopes for 
which a discernible effect can be expected 
are, of course, those of very small abundance. 

If cosmic radiation has any influence on the 
isotopic composition of an element, its compo- 
sition will vary from place to place. Let us 
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assume, for example, that cosmic radiation 
changes the composition of an element which 
is a constituent of the atmosphere. In order 
to detect this change one must compare the 
composition of a sample from the atmosphere 
with a sample from a place which has not 
been influenced by cosmic radiation. This 
can be, for example, traces of the primordial 
atmosphere enclosed in igneous rock. Another 
case might be that the isotope produced by 
cosmic radiation is brought into solution in 
the oceans. The isotopic composition of the 
element in question will then be different in 
sea water and in minerals. 

If this effect can be found, it has a very 
interesting application as a method of measuring 
the mean cosmic-ray intensity during the time 
which has passed since the formation of the 
earth. The present intensity of cosmic radiation 
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is well known. The various reactions which 
produce the isotopes of interest in this case 
are also well known. The present production 
rate of a certain isotope can, therefore, be 
calculated with a fairly high accuracy. If it 
can be shown that cosmic radiation has caused 
a change of the isotopic composition and if 
this change can be measured, it gives directly 
the mean intensity over the period during 
which this process has been going on. An in- 
vestigation of this problem is of value, even 
if no change of the isotopic abundance due 
to cosmic radiation can be found. It gives, at 
any rate, an upper limit for the mean intensity. 
A knowledge of the mean intensity of cosmic 
radiation, or an upper limit, is definitely of 
great interest in connection with the problem 
of the origin of cosmic radiation. 

Since the effect in question must be very 
small, it is of interest to know the accuracy 
in the determination of the relative isotopic 
abundance. The accuracy is considerably higher 
for measurements of small changes in abun- 
dance than for absolute determinations. Urry 
and his collaborators (1950) claim an accuracy 
of 0.02 % for a mass spectrometer specially 
built for this type of measurement. 

Connected with this is the problem of the 
variations in isotopic composition which have 
been found recently in several elements. They 
are probably caused by isotopic fractionation 
in the chemical reactions occurring in nature. 
These variations are greatest—several per cent 
—in elements like carbon and sulphur, which 
take part in cyclic processes, especially processes 
in living matter. The smallest variations can be 
expected in the rare gases, which do not take 
part in any chemical reactions. This is for- 
tunate, since two of the three elements to be 
dealt with in the present discussion are rare 
gases. Hence the small changes caused by the 
cosmic radiation might show up without inter- 
ference from other effects. 

In the following the elements which should 
show the greatest variations will be discussed. 


Lithium 

When cosmic-ray particles interact with the 
nitrogen and oxygen nuclei of the atmosphere, 
a great number of nuclei are produced. Among 


them are the two lithium isotopes with the 
mass numbers 6 and 7. The rate of production 
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is roughly the same for the two isotopes. 
The lithium produced in the AR EEE is 
brought down to the surface of the earth 
and the greater part will eventually be dissolved 
in the oceans. Natural lithium contains 7.5 % 
Lis and 92.5 % Li’. The lithium production 
by the cosmic radiation will, therefore, make 
the relative isotopic abundance of Li® higher 
in sea water than in lithium minerals. The 
present production rate of Li® is calculated 
in the following way. The interaction of the 
cosmic radiation with nitrogen has been stu- 
died by Brown (1954). He used a cloud 
chamber filled with nitrogen and observed 
the stars produced in the gas. From the size 
distribution of the stars observed, one can 
estimate the number of interactions that lead 
to Li. The absolute rate of interaction was 
also measured. The altitude variation of the 
star production is known. (LORD 1951, BENI- 
OFF 1956.) Hence the total production of Li® 
can be calculated. It turns out to be 0.3 atoms 
Li per cm” per sec. 

The production of Li® has been going on 
for a length of time which should be roughly 
the same as the age of the earth. It is not 
necessary to know the exact value—the cal- 
culation is necessarily rather approximate. 
The value 4:10° years has been used. The 
production of Li® during this time is 4-101% 
atoms per cm?, assuming that the mean inten- 
sity of cosmic radiation has been the same as 
the present intensity. The oceans contain about 
1.7'102° atoms Li® per cm? averaged over 
the entire surface of the earth. The change in 
isotopic abundance is then about 0.03 %. Hence 
even if the cosmic-ray intensity has been con- 
stant, a change is obtained which should be 
possible to detect. If the intensity were higher 
during the earlier stages of the evolution, a 
considerable effect could be expected. 

There are, however, some complications. 
A certain amount of lithium has been removed 
from the oceans through adsorption by mud 
and other finely divided constituents of the 
sea water. In fact, it has been estimated that 
only 0.2 % of the lithium which has been 
dissolved during the weathering of rocks is in 
solution in the oceans (GOLDSCHMIDT 1954). 
This does not mean that the rest has been 
removed from the sea water. A great part 
has been absorbed by the weathering products 


in situ or has been removed from the fresh 
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water before reaching the oceans. In a recent 
investigation HORSTMAN (1957) concludes that 
“lithium probably does not enter the sea in 
solution in any appreciable quantity’. Hence 
this effect will probably not influence the 
order of magnitude of the calculated change. 

Another complication is the low atomic 
weight of lithium. The various isotopic fractio- 
nation processes working in nature are pro- 
bably more effective for lithium than for the 
heavier elements, concealing the influence of 
the cosmic radiation. Still, it seems worth 
while to try to find the cosmic-ray effect. 
There does not seem to exist any measure- 
ments of the isotopic composition of lithium 
in sea water. 


Neon 


Cosmic-ray particles also interact with the 
argon in the atmosphere, giving a great num- 
ber of isotopes, among them Ne?!. This 
isotope is the rarest of the neon isotopes, its 
relative abundance being 0.25 %. The abun- 
dance of neon in the atmosphere is low, and a 
relatively small production of neon by the 
cosmic radiation is enough to change the iso- 
topic composition. The production of the 
three neon isotopes should be roughly the 
same and the relative abundance of Ne?! will, 
therefore, increase. The cosmic-ray induced 
reactions in argon have been studied by BROWN 
(1954) and it is possible to calculate the produc- 
tion rate of Ne?! in the same way as for Li®. 
The result is 1.2:10°° atoms per cm? per sec. 
De 1a. atoms per ci in 4:10° years, if 
the mean intensity has been the same as the 
present intensity. This figure has to be com- 
pared with the atmospheric content of Ne”, 
which is 9 - 1017 atoms per cm?. The cosmic-ray 
production is according to this estimate 0.02 % 
of the total amount of Ne?!. The cosmic-ray 
effect can be investigated by comparing the 
composition of atmospheric neon with the 
neon contained in igneous rocks. 

It has been suggested bu Suzss (1949) that a 
certain isotopic fractionation occurs because of 
the escape of neon from the gravitational field 
of the earth. One would expect the same effect 
for other gases like nitrogen and gaseous 
carbon compounds, but no effect of this kind 
has been experimentally verified. It can be 
determined, if it exists, by comparing the 
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relative abundance of the isotopes Ne?" and 
Ne*? in atmospheric neon with the neon con- 
tained in igneous rocks. The correction due 
to this effect for Ne?! can then be calculated, 
and it would still be possible to find the 
cosmic-ray effect if it were large enough. 
There does not seem to be any measure- 
ments which can be used for the present pur- 
pose. WETHERILL (1954) has measured the 
isotopic composition of neon from some ura- 
nium minerals and finds that the abundance 
of Ne?! is much higher than normal. This 


must be due to some nuclear reaction, probably 
Olfen Net: 


Argon 


The spallation in the atmosphere of the most 
abundant argon isotope A, gives among 
other products the two argon isotopes A38 
and A%, The production ot A®® is predomi- 
nant. It can be estimated in the same way as 
described above. The result is 3 - 1014 atoms 
per cm? in 4 : 10° years. The amounts of A%6 
and A%8 in the atmosphere are 7 : 102° and 
1.4: 102° atoms per cm’, respectively. The 
production by cosmic radiation is evidently so 
small that it is impossible to detect unless the 
intensity was very much higher in the past. 

Argon can, however, be produced in a quite 
different way. When cosmic-ray neutrons are 
absorbed by the earth’s crust and the water of 
the oceans, a great number of radioactive 
nuclei are formed. The situation is especially 
simple for the oceans. The fast neutrons are 
rapidly slowed down by the water. Among 
the major constituents of sea water, chlorine 
has by far the largest cross-section for slow 
neutrons. A great number of the neutrons are, 
therefore, absorbed by chlorine, giving mainly 
C13s, which decays to A%. Also the neutrons 
absorbed by solid material will give A% to a 
great extent. The amount of A% produced has 
been estimated in the following way. LATTI- 
MORE (1951) has measured the neutron flux 
using emulsions loaded with boron. It can 
also be obtained from the investigations of 
cosmic-ray stars (BROWN 1954, HARDING 1949, 
GEORGE and Evans 1950). The values obtained 
agree very well. The amount of A® produced 
can then be obtained knowing the average 
composition of the earth’s crust and sea water 
and the cross-sections of the various elements. 
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The result is 3 - 10!4 atoms per cm? in 4 : 10° 
years if the mean intensity is assumed to be 
the same as the present one. It is too small to 
influence the isotopic composition of argon. 

There is, however, some possibility that the 
cosmic-ray production of A% has been higher 
than calculated above. The production by 
cosmic-ray neutrons is not very efficient, since 
only a very small part of the total number of 
neutrons is produced at the surface of the 
earth. One might ask if the conditions in the 
past were more favourable for neutron ab- 
sorption by chlorine. The following possi- 
bility is of interest. It is generally assumed 
that the present atmosphere is of secondary 
origin and that its constituents have been re- 
tained by the earth in the form of some suitable 
chemical compound during the early stages 
of the evolution. For nitrogen NH,Cl has 
been suggested. This means that the atmos- 
phere, during some part of its evolution, might 
have contained NH,Cl (Urey 1952). Since 
chlorine has a large cross-section for neutron 
absorption, a small amount of NH,CI in the 
atmosphere would be enough to increase the 
production of A% very much. In fact most 
of the neutrons would give A®%. The total 
number of neutrons is very well known from 
the investigations on CM. If these conditions 
existed for, let us say 2 - 10° years, the amount 
of A% produced would be 1.5 : 1017 atoms 
per cm?. This is 0.02 % of the atmospheric 
content of A®®, 

There are some measurements by FLEMING 
and THODE (1953) and by WETHERILL (1954) 
on the isotopic composition of argon from 
minerals. They show an excess of A®® relative 
to A% compared with atmospheric argon. 
Unfortunately the minerals investigated are 
uranium or thorium minerals. The change has 
therefore by these authors been attributed to 
nuclear reactions caused by the «-particles. 
The only possible reaction is C135 (x, p) ASS. 
A calculation shows, however, that this inter- 
pretation is met by some difficulties. The cross- 
section for this reaction is not known experi- 
mentally. The cross-section for capture of «- 
particles in Cl®5 gives an upper limit for the 
cross-section of the (x, p) reaction. The capture 
cross-section has been calculated from the 
formula given by BLATT and WEIssKoPrF (1952). 
It is known that such calculations give good 
agreement with the experiments. The yield 
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of the (x, p) reaction in a thick target with 
the composition of pitchblende was then cal- 
culated for the energies of the «-particles from 
uranium. It then turns out that in order to 
get the measured excess of A%, the amount 
of chlorine in the mineral must be 0.25 %. 
This is much higher than what can be expected 
(DOELTER 1929). Even if there were so much 
chlorine, it would not solve the difficulty. 
The neutron flux, which is known to exist in 
uranium minerals, gives A% by the reaction 
Cl?4(n,.:y) CLÉ. he (neutron team abe 
calculated from the amount of neutron in- 
duced fission in the mineral. It then turns out 
that the ratio of A% to A38 produced is 20. 
This calculation has been made using the values 
reported for pitchblende from the Belgian 
Congo. There are, of course, some uncertain- 
ties in the calculation, but it seems unlikely 
that the order of magnitude is wrong. Hence 
it does not seem to be possible to explain the 
excess of A?® by nuclear reactions in the 
mineral. 


ALDRICH and NIER (1948) have published 
mass spectra for atmospheric argon as well as 
argon from the mineral Langbenit. Unfortuna- 
tely there is a background peak at the mass 


number 38 and it is therefore impossible to 
36 


get the Ass ratio directly from the published 


38 


spectra. One can, however, calculate the back- 
ground peak from the known composition of 
atmospheric argon. If one then makes the 
reasonable assumption, that the relative heights 


of the background peaks are the same in the 
36 


two spectra, it is possible to get th ES i 
p ; p e to get the 455 ratio 


for the argon sample from Langbenit. The 
value obtained is 2.5 compared with 5.35 for 
atmospheric argon. In this case, too, there 
seems to be an excess of A3®, 


From this one can perhaps draw the con- 
clusion that there is evidence that argon in 
some minerals shows an anomalously high A 38 
content compared with atmospheric argon. An 
explanation of this could be that the A®* content 
in atmospheric argon has increased owing to 
cosmic radiation. Clearly the experimental 
material is too meagre to allow any definite 
conclusions. A careful investigation of the 
composition of argon from various minerals 
would be very interesting. 
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Conclusions 


Concluding one can say that the influence 
of cosmic radiation on the isotopic composition 
of some elements is small but not quite 
negligible. If the mean cosmic-ray intensity in 
the past has been the same as at present, the 
changes in isotopic composition are barely 
detectable. They would probably be masked 
by other small effects, however. If no cosmic- 
ray effect is found, it shows that the cosmicray 
intensity in the past could not have been 
considerably higher than at present. 
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If the cosmic-ray intensity during the earlier 
stages in the earth’s evolution were higher 
than at present, one could expect easily detec- 
table changes in isotopic composition. In this 
connection it is important to note that the 
magnetic field of the earth reduces the average 
cosmic-ray intensity by almost a factor of 
ten. If the magnetic field in the past was 
weaker than at present, it would imply a 
higher cosmic-ray intensity during the earlier 
stages in the earth’s evolution. 
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Abstract 


If in a variable magnetic field charged high energy particles are injected at a certain point, 
they are accelerated but at the same time they diffuse outwards from the point of injection. Near 
the point of injection the density in a volume element of six-dimensional phase-space is increased 
by the acceleration process but decreased by the diffusion, and the momentum spectrum is 
obtained from the stationary state when these two effects are equal. The theory gives the power 
spectrum of (51) or (54), in which the value of the exponent depends in a very insensitive 
way on the rate of acceleration and the rate of diffusion. 

The spectrum depends on the distance from the source of injection and the average energy 
density is orders of magnitude smaller than the density near the source of injection. 

The theory is in agreement with the “local” theory of Cosmic Radiation, but it is difficult to 
reconcile it with galactic or extragalactic theories. 


I. Introduction 


There are good reasons to suppose that cos- 
mic rays are accelerated by an electromagnetic 
process, as was first suggested by Swann (1933), 
but there is no general agreement neither where 
the process is located, nor about the details of 
the mechanism. Different authors claim that 
cosmic radiation is generated in intergalactic 
space (BIERMANN, L., and BAGGr, E., 1949, 
BAGGE, E., 1950, HEIDMANN, J., 1955, Cocco- 
NI, G., 1956) interstellar space (FERMI, E., 1949, 
Fan, C. Y., 1951, Morrison, P., OLBERT, S., 
and Rossi, B., 1954, GINZBURG, V. L., 1953, 
BIERMANN, L., 1953, Davis, L., 1956), at the 
supernovae (BAADE, W., and Zwicky, F., 1934, 
TER Haar, D., 1950, SHKLOWSKI, J. S., 1953, 
SHKLOWSKY, J. S., 1954), or in the interplane- 
tary space (RICHTMEYER, R. D. and TELLER, E., 
1949, ALFVEN, H., 1949, 1950, 1954). With 
assumptions which are not in definite conflict 
with astrophysical facts, many of the theories 
can account for the high energies, the isotropy, 
and the intensity of Cosmic Radiation. 


However, none of the existing theories 
can account for the most peculiar of all the 
properties of cosmic radiation, viz. the fact 
that the momentum spectrum obeys a power 
law within a very wide range (101!—10}8 
eV/c). The only existing theory of the mo- 
mentum spectrum is due to Fermi (1949), but 
it is now clearly seen that the assumptions of 
his theory are not tenable (compare VI). 


In the present paper the consequences of an 
accelerating mechanism, which was proposed 
some years ago, has been worked out. The 
mechanism is of a very general type and is 
now usually refered to as “magnetic pump- 
ing”. It is the result of two simple effects: 
the betatron (or “cygnotron’’) acceleration and 
the scattering of particles from small inhomo- 
geneities of the magnetic field. In order to 
show how this very general type of process 
works, two slightly different models are dis- 
cussed in details. The energy of the particles 
increases and decreases due to the change in 
the magnetic field, but as energy is stored, 
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either as motion parallel to the magnetic field 
(in model 1) or in an adjacent volume (in 
model 2) there is a net gain in energy. As a 
consequence of the process the accelerated 
particles diffuse in the magnetic field. The 
magnetic field may be frozen in into a medium 
with a high electric conductivity, which moves 
with the lines of force when the field changes. 


The process does not accelerate all charged 
particles in space but only (or preferentially) 
particles which already have energies above 
a certain limit. This makes the injection of the 
particles very important. If we assume that 
the injection takes place at a certain point it is 
possible to work out the momentum spectrum 
of the accelerated particles. A power law is 
obtained with the exponent equal to between 
n = 2 and n = 3. The spectrum has a low- 
energy cut-off at an energy which is a function 
of the distance from the injector. 


It is discussed in details in what way the 
exponent depends on the assumptions of the 
theory, and it is shown that the value of the 
exponent is very insensitive to the parameters 
of the theory. A comparison with Fermi’s 
theory is made. 


Conclusions about the location of the accel- 
erating processes are drawn from the theory. 


Il. Acceleration of charged particles in varying 
magnetic fields 


In order to study the acceleration of charged 
particles in varying magnetic fields we shall 
study two simple models. 


Model 1 


We assume that the charged particles move 
in a homogeneous magnetic field H, parallel 
to the z-axis, and that they are confined to 
a volume U, by two perfectly reflecting planes 
z = oandz = 2p. The magnetic field changes 
its strength to H, in a short time 7,, remains 
at H, during the time 7, > 7,, and then returns 
to Hy in a short time Ty <r,. The varia- 
tion of the field may be produced by motion 
of a conducting medium, e.g. interstellar gas, 
in which the field is frozen in. When the field 
varies, the x—y component p, and the z- 


component p\ of the momentum 7 of a 
charged particle obeys the formulae 
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= = const (1) 
Py = const (2) 


Hence when the field changes, the momentum 
varies but at the end of the process there is 
no net gain or loss of momentum. 

Suppose now that in the magnetic field 
there are a number of small-scale disturbances, 
which scatter particles passing them. These 
disturbances may be due to local currents in 
an ionized gas which fills the volume. The 
scattering produces a statistical distribution 
of the momentum vector, so that in average 


I 


À 2 
Pi +. (3) 


5 I 
Bier Vis (4) 


If this equilibrium is disturbed it takes a 
certain time t; before it is restored. We 
assume that this “redistribution time” obeys 


To To Ti LT, (5) 
We shall show that under these conditions the 
process results in a net gain of momentum. 
We denote the momentum of a number of 
particles by po. The components p and Py 
are given by > ‘ 


te (6) 


oes (7) 


Pi, = 
When the magnetic field changes from Hy to 
H, the momenta are changed so that imme- 
diately after the field H, is established we have: 


2 2 2k 2 

FL SOUPE a (8) 
2 i 9 

Hien fleet zn (9) 
1 > KR PEAU ET 

P.. PAR PR 3 + 3 0 (10) 

where 
KR EE, (11) 
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After the time 7; a redistribution has taken 
place so that the momentum components are: 


2 2 2 (E422) 2 
Pur GT 3 Po 
2 LR hd fo DA TES 

De oc nt 


When che field goes back from H, to Hp, the 
momentum becomes 


(12) 


pri (+2) (14) 
Pis pris” 3h 3 3 is 4 
: EHEN 0, 

ee = 


EN SO) 


+ “ap (16 
3 A)? op (16) 


2 she fo. 
P, mF RUN TE & 


After another time +; the momentum ps will 
be statistically distributed over p and p,,. If 


then the magnetic field once more changes 
from Hy to H, and back again, a new accelera- 
tion takes place, but it starts from a momentum 


(17) 
(18) 


with 


If for example k = 10, we have « = 1.6. 

If the process is repeated with a time inter- 
val TS 7,, the momentum will in average 
increase exponentially 


P= Po fa (19) 
with 
JE 
Eee (20) 


Suppose that the total number of particles 
in the momentum interval pı to pı+dpı is 
F(p,)dp,. After a certain time these particles 
will be found in the momentum range p, to 
Pa+dpa; so that a stationary state cannot be 
reached unless we have 


F(pı)dp, = F(p.)dp.. 


t/ Ta 


(21) 


As 
(By SF One 


dp, = dp,e' 
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or 
dp, _ dpe 
Pi Pa 
we get 
F(pı)pı = F(p)pa = € (21, a) 
or 
Pec (22) 
2 


where C is a constant. During the time T the 
momentum value p, will be passed by a num- 
ber of particles which we denote by »,T. We 
have 


J 
T/T 


pie 
Vo l= J Fdp = Clit, (23) 


Pi 


which gives 


(24) 


In order to get stationary conditions we must 
inject Ny = vor. low energy particles during 
the acceleration period t, (= time during 
which the momentum increases by a factor e). 
If the increase in momentum during one 
period is not infinitesimal, the injected par- 
ticles must have an appropriate spectral distri- 
bution in order to give a smooth spectrum. 
Generally the injected low-energy particles will 
be accelerated up to high energies by our 
process. 


Model 2 


If the condition 7; > +, is not satisfied, the 
redistribution takes place during the change 
in the magnetic field, and the energy gain 
becomes smaller. If 7; <r, the momentum 
varies adiabatically with the magnetic field 
according to the formula (Brock, 1955, p. 85) 


(25) 


and we obtain no net gain by the process. 
However, gain is obtained if there is an adjacent 
volume in which the magnetic field does not 
vary and particles accelerated when H, > H, 
can be stored in this volume when the field 
goes back to Hp. 

In order to illustrate this process by a 
simple model, let us assume that adjacent to 
the changing volume U, in model 1 there is 
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a much larger volume U, limited by the planes 
zx =0 and z = —z, in which the magnetic 
field remains constant. The times ty and +,’ be 
so short that no appreciable number of particles 
are exchanged between U, and U, but the 
time 7, is so long that a complete mixing of 
the particles takes place. 

Due to the frozen-in lines of force around 
which the particles spiral, the increase in the 
magnetic field by a factor k brings with it a 
I 
E Us: 
(The change in the magnetic field can be 
thought to be produced by a radial oscillation 
of U). Let F(p) be the momentum spectrum 
and consider the change in the number of 
particles in the interval p, to p, +dp,. During 
the process Hy > H, the number of parti- 
cles between p, and p,+dp, is increased by 
particles coming from a lower momentum 
range p, to p,+dp, and decreased by particles 
which are transferred to a higher momentum 
range ps to pst+dp3. The net increase is 


U,F(pı)dpı = UpF (ps) dp, 


The particles have now time to diffuse be- 
tween U, and U,. During the process H, > Hy 
the process is reversed but the volume is now 
U,, so that the net increase is 


U,F (ps)dp3 - UF (p2)4ps 


A stationary spectrum is obtained if the total 
net increase is zero. As 


reduction of the volume U, to U, = 


and according to (25): 


dps _ dpe _ py, 
dp, dp, 


we get 
F(p1) + k-"/*F(pg) = (kl? + k-**) F(ps) - 
ps = kp; = Rep, 


This equation is satisfied either by 


(26) 


Eo = const p* (27, a) 
or 
Pre const (27, b) 
2 
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The first solution corresponds to a reversible 
pumping, whereas the second solution gives a 
systematic increase in momentum. If particles 
with momentum p, are injected at a constant 
rate, a stationary spectrum has the form 


ge for p<po 
0 (28) 
F=N,/p for p>p 


where N, has the same significance as earlier. 
In order to establish the spectrum, some of 
the injected particles must loose momentum 
but as soon as a stationary state with this 
spectral distribution is reached, the injected 
particles are accelerated. 


Discussion of the models 


The study we have made shows that under 
very general conditions changing magnetic 
fields transfer energy to charged particles, 
a process which was first introduced by Swann 
and later has appeared in different forms in a 
number of theories. It should be observed 
that if the variations of a magnetic field cover 
an extended frequency spectrum, some parts 
of the spectrum accelerate high energy particles, 
whereas other parts tend to accelerate low 
energy particles. This depends upon how the 
inequality (5) is satisfied for different energies. 
The frequencies which tend to accelerate 
particles with thermal energy will be damped 
very quickly and we are only concerned with 
those frequencies which accelerate high energy 
particles specifically. 

The models we have studied give a momen- 
tum spectrum p”” with n = 1. This means 
that if we put 


fan p 
the spectrum is 


D(E) = const 


which is a result of the fact that the pumping 
speed is independent of &. 

Like the observed cosmic ray spectrum, the 
spectrum we have obtained is a power spec- 
trum, but the value of n differs considerably, 
the observational value being n = 2.6. The 
question is if the mechanism can be modified 
so as to give the observed value of n. In prin- 


LO 


ciple this is possible because 7; in the first model 
and the time of mixing in the second model 
may depend on p with the result that the pump- 
ing speed becomes a function of £. In order 
to obtain the empirical spectrum, however, 
we must assume that the pumping speed 
increases as p\8. In other words, if the time 
needed to accelerate a particle from, say, 1016 
to 1017 eV is Ty, and the time for accelera- 
tion from 10° to 1010 eV is T's, we should 
BEE Te LE = rol. Thisis 
completely impossible, because even if we 
assume that T, is very long, T,, would be 
unreasonably short. 

The only possible alternative to obtain the 
observed value of n seems to be a process in 
which the total number of accelerated particles 
has a spectrum with # = 1 but that due to 
diffusion the particles are spread out in space 
in such a way that at a certain point the density 
is such as to give us the observed spectrum. 


III. Diffusion of charged particles in 
a magnetic field 


In the models we have discussed it is essential 
that there are field inhomogeneities which 
scatter the particles. As a scattering means a 

> 


—— 


change Ap a in p, it necessarily causes a dis- 


=> 
placement A of the centre of curvature of the 
particle. In fact we have 


——y =, 

As Ap, has a statistical distribution, A has a 
—— 

random direction. If Ap, is of the same order 


= 
asp, the displacement A is of the same order 


as the radius of curvature 0. 

Thus we find that in the models we have 
considered the particles necessarily diffuse 
perpendicular to the magnetic field. The 
diffusion coefficient D could be put equal to 


2 
Der 
Te 


(29) 
where the “collision time” +, is a measure of 
the time between two scatterings which result 
in a displacement 0. The value of T, can be 
computed only if we have a detailed knowledge 
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of the disturbances in the field, which essen- 
tially means that we must know the magneto- 
hydrodynamic turbulence spectrum. 

If we introduce 


ID (30) 


which when v weis the period correspond- 
ing to the gyro-frequency of the particle, the 
quantity à 
cg 
use 31) 
Te 
denotes the number of turns between two 
scatterings (for v, < c its significance is some- 


what different). 

We shall now study the case when in the 
model 1 we inject low energy particles at the 
z-axis. (With a small modification our discus- 
sion will also be applicable to model 2.) The 


particles are accelerated according to p = 


—pge"”@. At the same time they diffuse away 
from the z-axis and as 7, < T the diffusion 
takes place in a field Hy. Hence we have also 


(32) 


If M particles with momentum py are injected 
at the z-axis at the time t = 0, the space density 
n of the particles at the time f at a distance r 
from the z-axis is given by 


a 00€" 


M = r] Y 
n= ve x (33) 
with 
t 
Y= / Dat (34) 
fe} 


(See for example Crank: Mathematics of 
diffusion, Oxford 1956, p. 27 and 147). 
As 


t= 7, In «3 
Qo 
and 


het 
0 Q 


We have according to (29) and (34) 


e 
Ta 
Y= Î = odo (35) 
Qo 
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Y can be integrated only if we know the 
function t,. Let us put 


(36) 


where y and y are constants. y gives the varia- 
tion of # with @ and is probably well within 
the limits — 1 < y < +1. Hence 


I tio 
T=- 37 
= (37) 
and 
= Va I-%9_p 1-9 8 
sn en (38) 


or if @ > @ approximately 


ya Te pv 


I-¢ 


Vie VT a (&) 
BS PNPo 


IV. Cosmic ray spectrum 


or 


(39) 


The energy spectrum f at a certain distance 
r from the z-axis is given by 


fan F (40) 
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or from (33) and (39), 
Se er 
pe 
with 


1-9 
np (2) 
I —® \Po 


At the z-axis the spectrum is 


const 


f= a0 


(43) 


At a distance r from the z-axis the spectrum 
has the form as shown in fig. 1. 

The spectrum is the same as for r = 0, for 
momenta large enough to make 4Y > 7°, 
which according to (37) and (39) means 


es (pee Te 
r APT, 
For particles with a radius of curvature which 
is too small to satisfy the inequality, the density 
is reduced, so that we get a “knee” in the 


spectrum. The position of this depends on 
the distance from the region of injection. 


(44) 


See; fig. 1. 
The spectrum becomes similar to the ob- 
served spectrum if p = - 0.6. As we shall see 


later this value is probably acceptable. 


2, 


V. Acceleration depends on p. 


The model we have discussed is very sim- 
ple and it is of interest to investigate how sen- 
sitive the spectrum is to modifications of the 
model. 

We have assumed that the increase in mo- 
mentum is exponential, but in reality it is 
likely that t, increases with p because large- 
scale field variations which accelerate high 
energy particles are likely to be slower than 
the small scale variations near the z-axis by 
which the low energy particles are accelerated. 
Hence it is important to see how the spectrum 
changes if t, depends on p. 

We put the logarithmic rate of increase in 
p equal to: 


d 
Lap = (45) 


which with t,=constant leads to (19). How- 
ever, we assume that t, varies with p and for 
the case of simplicity we put 


Ta = UTy (2 ir (46) 


where Ty, Po and u are constants. 


Integrating 
dp Sn 
Pe 2 
we find 
iy 
ENG 
P=Po (: + +) (47 a) 
Tu 
Introducing (47) into (21) we find 
const 
F= je: (48) 
Further we have 
@ 
Ta 
Y= Î = edo (49) 
Qo 


I 
and if we introduce T.=-0!*? and t= 
ea, 
= uTy | — ) we obtain 
Po 
Q 


Co 
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or 
1+u-9p 
y= u (2) | (so) 
de ‚Po 
For @ > 09 we obtain the spectrum near the 
Z-axis as 


const const 


F 
fr Yopi Apt Ep © e 


(51) 


The spectrum is independent of u, which 
means that even if the acceleration goes slower 
at high momenta, this does not affect the 
spectrum. The result is very important because 
it shows that the theoretical spectrum is not 
a result of some tricky mechanism but is 
obtained under even more general conditions 
than we have assumed. 

Another important limitation of our model 
is that it is two-dimensional. We shall not here 
enter into a detailed discussion of the motion 
of cosmic rays in interstellar space. The usual 
idea is that cosmic rays are confined in two 
dimensions by the magnetic field but are free 
to move in the third dimension (parallel to 
the field). This is correct for the motion of 
one charged particle but not for a multitude 
of particles because we have to take into 
account the fact that a large number of particles 
moving in one direction is equivalent (KO) 4 
current and causes a considerable magnetic 
field. Hence the streaming of particles will 
cause a series of complicated phenomena 
including setting up of oscillations. What the 
final result would be cannot be decided without 
a detailed discussion, but it is possible that 
even the outflow parallel to the magnetic 
field has the character of a diffusion. If this is 
the case we should consider a three-dimen- 
sional diffusion. This obeys the formula 


n= egal an e-rlaY 
8(aY)"2 


(52) 


from which we derive the spectrum: 


F es 
fr ri a 


(53) 


or 
const ge 
f= as rseress EEE (54) 
with 
K — _4YMatu_ _00? 
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Fig. 2: 


In this case the spectrum depends on u but not 
in a very sensitive way. 

If at two different momenta p’ and p’’ the 
number of turns per collision is 4’ and 9” and 
the times for increasing the energy by a factor e 
is 7, and t,’’, we have 


In (9/19 
In (p'/p") (55) 
In (t4/ Ta) 

In (p'/p") (36) 


An agreement between the two dimensional 
formula and the observed spectrum n = 2.6 
requires p= — 0.6. This means that if p’ = 101° 
eV, p''=1018 eV, we have #/#’’=4,000. If 
the high energy particle makes, say, 5 turns 
between the collisions, the low-energy par- 
ticle should make 20,000 turns. The ratio is 
high but with our present knowledge of the 
turbulence spectrum it is not in conflict with 
any observational fact. 

The three-dimensional formula is satisfied 
by, for example, p= +0.1, w= +0.5. This 
means that the number of turns per collision 
is almost independent of the momentum but 
the rate of logarithmic acceleration decreases 
with increasing momentum, being 1,000 times 
more rapid for 1010 eV than for 1016 eV. This 
seems to be quite plausible. 

If 9°” changes by a factor of 10, y changes by 
0.17. The power law exponent n changes by 
0.17 in the two-dimensional model and by 
0.25 in the three-dimensional model. If 1,” 
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changes by a factor of 10, u changes by 0.17. 
This does not effect n in the two-dimensiona 
formula but changes n by 0.08 in the three- 
dimensional formula. This demonstrates how 
insensitive the exponent n is to large variations 
in the collision frequency and in the time of 
acceleration. 


VI. Absorption 


If the gas density in our model is different 
from zero, the particles will loose energy by 
collisions. The process is rather complicated 
and different for protons and heavy nuclei, 
the latter being split up by collisions. Without 
entering into the details of the processes we 
may account for them roughly through an 
absorption formula: 


(57) 


where 7, is a time constant, which with the 
density in our galaxy is of the order 107 to 108 
years. If u +0 we have according to (47, a) 


(G9 


and we obtain for the spectrum (in the two- 
dimensional model) 


ce — t/t 
n = the b 


weal BE 
er Th [(2) ‘| (58) 
en Zac (59) 
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If a is not too small the spectrum decreases 
rapidly or almost gets a cut-off (see Fig. 2). 
This cut-off occurs at the momentum when 
the exponent surpasses the value 1. 

The fact that no such cut-off is observed 
indicates that the time of absorption 7, is 
larger than the time of acceleration even for 
the highest momenta in cosmic radiation. 
In case u = 0, we have 


plpo = €" 

or 
t=r,1n 2 
Po 


and we obtain instead 


Ras (2) 
F= const e po 
ig 


or 
const 
ERE, [ty 


F= (60) 
This is the same formula as Fermi has obtained. 
If as Fermi assumes 1,/t = 1.6, this gives 
the desired power law for the total number of 
particles. Hence in Fermi’s theory the cosmic 
radiation may fill up space uniformly, whereas 
in our theory an intensity gradient causing 
diffusion is essential. 

One of the difficulties with Fermi’s theory 
is that one must assume that by accident 
Ta and t are of the same order in spite of the 
fact that they are not at all physically related 
to each other. If e.g. the density in space were 
10 times larger or smaller than assumed, the 
value of t, would decrease or increase 10 
times, and the exponent would either be 
1.16 or 17, instead of n=2.6. It is highly 
improbable that the ratio t,/t, should remain 
constant Over a momentum range from 1010 
up to 1017 eV and a variation in this ratio by 
only a factor 2 would be disastrous to the 
theory. This should be compared with the 
high degree of insensitivity of our spectrum 
to variations in 7, or in Ÿ. As shown by the 
numerical example in ch. V a variation of these 
quantities by a factor of ten gives only a 
hardly observable change in the exponent n. 


VII. Is cosmic radiation a galactic or 
“local” phenomenon ? 


If we observe the cosmic radiation at a 
distance r from the injection, the spectrum 
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shows a maximum for a momentum cor- 
responding to a radius of curvature © which 
is given by 


Tae \/ a (61) 


The observational spectrum also shows a 
maximum at about 10° eV corresponding to 
the “knee” in the latitude curve. It is not 
clear whether this maximum should be iden- 
tified with the theoretical maximum, because 
there are also other phenomena which might 
produce a similar effect. However, we could 
state that the observational spectrum has no 
maximum above 10° eV. In a field of 1075 gauss, 
this energy corresponds to g@=3-1014 cm 
and the period is about 100 sec. We should 
expect t,.to be larger, at least, say, 10° sec 
With this value we obtain 


tg = 10 years <j aoe 
TO" VO ese ren 
Der WOE 1.9 1028 cm 


A 
a 
It 
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This shows that the distance from the injection 
could not be much in excess of the dimensions 
of our planetary system. The conclusion is that 
the injection is likely to take place near the 
sun or in any case within the planetary system. 

The acceleration mechanism of the “local” 
theory (ALFVÉN, 1954) seems to be a reasonable 
injector of high energy particles. The process 
which has been discussed here is essentially of 
the same type as discussed in the cited paper 
but is able to bring the particles up to still 
higher energies. 

This indicates that the cosmic radiation 
below say, 10! eV is generated near the sun 
or in its environment. The highest portion of 
the spectrum (> 10! eV) may in part derive 
from other sources, e.g. supernovae, magneti- 
cally variable stars, double-stars, and colliding 
magnetized clouds. The radiation from these 
sources are superimposed but if all these 
sources accelerate particles according to the 
discussed mechanism the resultant spectrum 
should be essentially a power spectrum. 

The present paper is a continuation of the 
research started by ALFVÉN and Äsrröm (1958). 
It has been carried out at the Tata Institute of 
Fundamental Research, Bombay, during a 
stay at the invitation of Dr H. Bhabha. I have 
profited much from discussions with Prof. 
B. Peters and Dr K. S. Singwi. 
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Abstract 


Cosmic ray measurements at different stations for the period 1937—s5 are analysed. The 
diurnal variation is found to be a world-wide phenomenon, thus giving the anisotropy of 
the primary radiation and its correlation with solar and geomagnetic activities. 


Introduction 


The systematic studies of the long term 
changes in the daily variation of cosmic ray 
intensity by the Ahmedabad, Hafelekar, 
London and other groups appear to suggest 
an anisotropy of the primary cosmic radiation 
influenced by the sun, The aim of the present 
paper is to consider this problem in the light 
of further work and also to study the changes 
in the daily variation during the period of 
minimum solar activity in 1954, when radical 
changes in the daily variation appear to have 
taken place. 

It would be worthwhile to review the ear- 
lier known results for the period 1933—s2. 


Known results 


The studies of THAMBYAHPILLAI and ELLIOT 
(1953) deal only with the diurnal hour of 
maximum for the period 1932—52. They have, 
moreover, combined the data recorded by 
different equipment without making any 
allowance for the differences in the magnitude 
of the effect in the different instruments. How- 
ever, they have come to the conclusion that 
the changes in the diurnal hour of maximum 
follow the 22 years cycle of solar activity. 

STEINMAURER and GHERI (1955) from a study 
of the Hafelekar data for 1932—54 have drawn 
attention to the fact that the diurnal time of 
maximum shifts to earlier hours during the 


minimum solar activity years of 1933, 1944 
and 1953—54, the effect being more promi- 
nent in 1933 than in 1944, and most prominent 
in 1953—54. Such behaviour could be rea- 
sonably expected since the solar activity during 
different cycles could be different and hence 
could give different magnitudes of the effect in 
different cycles. Their result would therefore 
suggest an II years cycle. 

The study of the Ahmedabad group has 
been more complete than the above two in- 
vestigations, since this group has looked into 
the amplitude and the hour of maximum of 
the diurnal as well as the semi-diurnal compo- 
nents of the daily variation. (SARABHAI and 
KANE, 1953, SARABHAI, DESAI, and VENKATE- 
SAN, 1954, 55) It has been shown by SARABHAI, 
Desa, and VENKATESAN (1955) that it is not 
possible to assume the semi-diurnal variation 
to be purely of atmospheric origin. There 
seems to be an intrinsic semi-diurnal compo- 
nent. 

The time of maximum of the diurnal com- 
ponent exhibits a positively correlated world- 
wide variation over the period 1937—52 and 
is roughly in step with the solar cycle, as rep- 
resented by the sunspot numbers. Further, 
it is better correlated with the intensity of 
the 5303A coronal emission which is available 
for the period 1941—52. (SARABHAI, DESAI, 
and VENKATESAN, 1954.) 
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Fig. 1. Changes in the mean annual amplitude of the diurnal (at the top) and semi-diurnal (bottom) components 

of the daily variation of cosmic ray intensity recorded by the ion chamber at Huancayo (H), Cheltenham (C), and 

Christchurch (C’). R refers to the mean annual sunspot number and Ky to the sum of the Ky values for the 60 most 

disturbed days in each year. Huancayo is represented by triangles, Cheltenham by crosses, and Christchurch by dots, 
while the dashed curve represents the mean of all three diurnal components. 


The amplitude of the diurnal variation reveals 
a positive correlation with the solar activity 
only during the earlier solar cycle (SARABHAI 
and Kang, 1953) but not in the next solar 
cycle. (SARABHAI, DESAI, and VENKATESAN, 
1954.) 

In addition to the long term changes in the 
diurnal component, significant changes have 
taken place in the semi-diurnal component 
also, as pointed out by SARABHAI, DESAI, and 
VENKATESAN (1955). 


Long term changes in the daily variation and 
the correlation with geomagnetic activity 


Although significant changes over the 
years occur in both the diurnal and semi- 
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diurnal components, there are, nevertheless, 
essential differences between the two. It might, 
therefore, be advantageous to discuss them 
separately. In order to understand the daily 
variation completely, one has without doubt 
to consider both components, since in some 
years the semi-diurnal component is of com- 
parable magnitude. There are, however, certain 
consistent features which are revealed only in 
the diurnal variation as will be seen in due 
course. 

It has been pointed out in the previous 
section that the amplitude of the diurnal varia- 
tion which, in the earlier cycle, follows solar 
activity, as revealed by the sunspot numbers, 
does not do so in the next. We wish to draw 
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Fig. 2. Changes in the mean annual hour of maximum of the diurnal (at the top) and semi-diurnal (bottom) compo- 

nents of the daily variation of cosmic ray intensity as registered by the ion chambers at Huancayo (H), Chelten- 

ham (C), and Christchurch (C’). R refers to the solar activity as revealed by the mean annual sunspot number 

and Kp to the geomagnetic activity as revealed by the sum of the Ky values corresponding to the 60 most 

disturbed days in each year. Huancayo, Cheltenham, and Christchurch are represented respectively by triangles, 
crosses, and dots. 


attention to the fact that the relation specifically 
breaks down in 1946, when radical changes in 
the interplanetary electromagnetic state seem 
to have taken place, as pointed out by VEN- 
KATESAN (1957). In this connection, it is relevant 
to mention that the amplitude of the 27-day 
variation, which appears to follow the solar 
activity, as revealed by the sunspot number, 
during the period 1937—46 (MEYER and Simp- 
SON, 1954) does not do so in 1946 (VENKATE- 
SAN, 1957). In fact, as was shown by VENKA- 
TESAN, the amplitude of the 27-day variation 
follows instead the changes in geomagnetic 


activity, as revealed by the sum of K, values 
for the 60 most disturbed days of each year. 
This points to the fact that in certain phenom- 
ena, solar activity, is only the indirect cause 
and the changes in interplanetary electromag- 
netic state, which is influenced by solar activ- 
ity, are the direct cause of the phenomena. 
This again stresses the connection between 
geomagnetic activity, which reflects conditions 
near the earth, and the electromagnetic condi- 
tions far away. It would therefore be worth- 
while to try to find out whether the changes 
in electromagnetic state in the interplanetary 
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Fig. 3. Time series of the semi-diurnal [component of the daily variation of cosmic ray intensity registered by ion 
chambers at Huancayo and Cheltenham for the period 1937—s2. (Taken from the paper by Sarabhai, Desai, and 
Venkatesan (1955)). R refers to the sunspot number. Huancayo is represented by triangles and Cheltenham by 


crosses. M° refers to the amplitude and M@S to the hour of maximum. 
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Fig. 4. Mean annual diurnal vectors for the period 1937 to 1955 for Huancayo, Cheltenham, and Christchurch 

and for the period 1939 to 1950 for Godhavn. The length of the vector gives the amplitude and the angle, with 

respect to the given axes of coordinates, gives the hour of maximum. The vectors are corrected for geomagnetic 

deflection, the corrections being 90°, 45°, 45°, and 30° respectively for Huancayo, Cheltenham, Christchurch, and 
Godhavn as discussed in the text. 


space which appear to have taken place around of the diurnal variation of the cosmic ray 
1946, affect any aspects of the daily variation intensity, as recorded by the ion chambers at 
of cosmic ray intensity. Christchurch, Huancayo, and Cheltenham, 

Fig. 1 shows the changes in the amplitude and the mean amplitude of the above three 


Tellus XI (1959), 1 


CHANGES IN VARIATION OF COSMIC RAY INTENSITY 


stations, along with the changes in solar ac- 
tivity as revealed by the mean annual sunspot 
number, and the changes in geomagnetic ac- 
tivity as revealed by the sum of the K, values 
for the 60 most disturbed days of each year. 
The study covers the period 1937 to 1955. 
It should be pointed out that even if we were 
to consider the K, sums for all 365 days in 
each year instead of for the 60 most disturbed 
days, there would be no difference. The two 
curves follow each other perfectly and it is 
therefore reasonable to consider the sum of 
the K, values for the 60 most disturbed days 
to be representative of the year. The changes 
in the amplitude of the semi-diurnal compo- 
nents of the daily variation at all three stations 
are also plotted in the same figure. 


It can be seen from this figure that the changes 
in the diurnal amplitude follow the changes in 
geomagnetic activity more closely than they follow 
solar activity. The results are especially striking 
in the cases of Christchurch and Huancayo 
and, to a slightly lesser extent, Cheltenham. 
There is a slight anomaly in the years 1948 
and 1949 at Cheltenham, which is also observed 
at another northern station, Godhavn, which 
needs looking into. As Godhavn data are not 
available for the whole period they have not 
been plotted. The strikingly close similarity 
between the mean amplitude curve and the K, 
curve can be observed. Thus it is easily seen 
that there is a close connection between changes 
in the geomagnetic activity which prevails in 
the neighbourhood of the earth, and the inter- 
planetary electromagnetic state which is re- 
sponsible for the changes in cosmic radiation. 


The changes in the amplitude of the semi- 
diurnal component, on the other hand, are 
different at the three stations. The significant 
difference in the semi-diurnal amplitude at 
Huancayo and Cheltenham can be observed 
from the figure. 

Fig. 2 shows the mean annual diurnal and 
semi-diurnal hours of maximum at the three 
stations. While there isa remarkable correspond- 
ence in the changes of the diurnal component 
for all the stations, the striking dissimilarity in 
the case of the semi-diurnal one is seen. This 
can also be observed from Fig. 3 which is re- 
produced from the paper by SARABHAI, DESAI, 
and VENKATESAN (1955). It can be seen in 
this figure that the time series at the two 
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stations Huancayo and Cheltenham proceed in 
opposite directions. 

In view of the world-wide positive correla- 
tion of the changes in the diurnal component 
and the dissimilarity for different stations in 
the case of the semi-diurnal component, it 
seems appropriate to consider the diurnal 
component separately, before considering the 
daily variation as a whole. 


Direction of Anisotropy 


Fig. 4 gives the mean annual diurnal vector 
for the three stations Huancayo, Cheltenham, 
and Christchurch for the period 1937—55 and 
for Godhavn for the period 1939—50. The 
length of the vector gives the amplitude and 
the angle, with respect to the given axes of 
coordinates, gives the hour of maximum. The 
vector for each year is drawn from the end 
of the vector for the previous year. This 
method of representation, suggested by Con- 
FORTO and Simpson (1957), facilitates the 
study of long term changes. The corrections 
for geomagnetic deflection have been made, 
determining them from the curves of Brun- 
BERG and DATTNER (1954). 

If we know the mean energy of the variable 
component, the angle of correction for the 
geomagnetic deflection can be determined. 
Although this energy is not known with any 
precision, it is expected to be between 20 and 
40 GeV. The corrections have been discussed 
by BRUNBERG and DATTNER (1954). The 
following corrections have been utilized: God- 
havn 30°, Cheltenham 45°, Christchurch 45°, 
and Huancayo 90°. 

It can be seen clearly that there is an agree- 
ment between all the four stations and there 
is a unique direction of anisotropy emerging 
from all the stations for different periods. It is 
observed that the direction of anisotropy shows 
a tendency to earlier hours around 1944 and 
in the next cycle it shows a systematic shifting 
to earlier hours. This reveals the world-wide 
nature of the effect. 

Fig. 5 gives the mean annual semi-diurnal 
vector for all the stations for the same years. 
The same corrections of 2, 3, 3, and 6 hours 
have been applied for geomagnetic deflection 
for the stations Godhavn, Cheltenham, Christ- 
church, and Huancayo. It is clearly seen that 
there is no agreement between the various 
stations. While Cheltenham and Christchurch 
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Fig. 5. Mean annual semi-diurnal vectors for the period 1937—55 for Huancayo, Cheltenham, and Christchurch 

and for 1939—so for Godhavn. The length of the vector gives the amplitude and the angle, with respect to the 

given axes of coordinates, gives the hour of maximum. Corrections of 6, 3, 3, and 2 hours have been made for 
geomagnetic deflection for Huancayo, Cheltenham, Christchurch, and Godhayn respectively. 
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Fig. 6. Time series for the hour of maximum of the diurnal component of the daily variation of cosmic ray inten- 

sity for the period 1952—55. Each point refers to the annual mean centred on that month. H refers to Huan- 

cayo, C to Cheltenham, C’ to Christchurch, and T to Tokyo. All four are ion chambers. The four stations are 

represented by triangles, crosses, dots, and circles respectively. R refers to the sunspot number and Kp to the sum 
of the Kp values for a year. 
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Fig. 7. Time series for the hour of maximum of the semi-diurnal component of the daily variation of cosmic ray 

intensity for the period 1952—55. H refers to Huancayo (plotted as triangles), C to Cheltenham (plotted as crosses), 

C’ to Christchurch (plotted as dots), and T to Tokyo (plotted as circles). R refers to the sunspot number and 
Kp to the sum of the Kp values for a year. 


have, on an average, been pointing to direc- 
tions corresponding to 5 and 4-30 hours re- 
spectively, Huancayo points in different direc- 
tions at different periods and it is impossible 
to fix any direction in the case of Godhavn. 
Hence it does not appear feasible to derive 
any common characteristics from the study of 
the semi-diurnal component at the various 
stations, whereas the diurnal variation exhibits 
a consistent and similar behaviour at the various 
stations which enables us to determine uniquely 
the direction for the anisotropy. It therefore 
appears reasonable to consider the diurnal com- 
ponent of the daily variation separately and to 
discuss the possible origin of this component. 
It is needless to point out that the semi-diurnal 
variation would also have to be explained in 
order to understand the daily variation com- 
pletely. In this connection it is necessary to 
consider the contributions of meteorological 
origin and to make sure that adequate correc- 
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tions have been applied for them. It would 
be of great value to study the semi-diurnal 
component of the neutron data for a number 
of stations, since it would then be easier to 
eliminate the atmospheric effect completely. 
The differences in the diurnal and semi-diurnal 
variation could also mean, either that the 
sources responsible for them are not the same 
or that it is not appropriate to apply the same 
correction for the geomagnetic deflection in 
the two cases. 


Changes in the daily variation of cosmic 
ray intensity during the period 1952—55 

The study of the daily variation of cosmic 
ray intensity by the Ahmedabad group for 
the period 1937—52 has been extended for 
the period 1952—55. Running means for 
successive twelve months are taken and hence 
each point in figures 6, 7, and 8 refers to the 
annual mean centred on that month. 
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Fig. 8. Time series of the amplitude of the diurnal (top) and semi-diurnal (bottom) components of the daily varia- 

tion of cosmic ray intensity for the period 1952—55. The triangles refer to Huancayo (H), the crosses to Chelten- 

ham (C), the dots to Christchurch (C’) and the circles to Tokyo (T). Rand Kp refer to the solar and geomagnetic 
activities respectively. 


In fig. 6 the solar activity, as revealed by the 
sunspot number, is plotted at the top, and at 
the bottom the times of maximum of the diur- 
nal variation at Huancayo, Cheltenham, Christ- 
church and Tokyo are plotted. The former 
three stations have identical ion chambers. 
The instrument at Tokyo is also an ion 
chamber. No corrections for the geomag- 
netic deflection have been applied, and direct 
comparison is therefore possible with the earlier 
analysis of SARABHAI et al. (1954). The shift 
of the time of maximum to earlier hours 
appears to be rather sudden, especially at 
Cheltenham, in comparison to solar activity as 
revealed by sunspot number. Nevertheless 
there is good agreement between the four 
stations, as has been observed from long term 
studies. 

Fig. 7 shows the changes in the semi-diurnal 


hour of maximum for all the stations. The 
disagreement between the stations can be 
easily seen, and fits in with our earlier studies. 

Fig. 8 gives the amplitude of both the diurnal 
and semi-diurnal components, along with the 
solar activity, as represented by the sunspot 
number, and the geomagnetic activity, as 
revealed by the sum over the year of K, values. 
As there is not too great a difference between 
geomagnetic activity and solar activity during 
this period, it is not possible to determine 
whether the amplitude of the diurnal compo- 
nent follows the one or the other. Nothing 
can be said of the semi-diurnal amplitude, as 
the variations are too small. 

In general it can be seen from this study also 
that there is a world-wide agreement in the 
case of the diurnal variation while it is lacking 
in the case of the semi-diurnal component. 
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Fig. 9. Mean monthly diurnal vectors for successive months during the period 1953—5$ for Huancayo and Chelten- 
ham. The length gives the amplitude and the angle, with respect to the given axes of coordinates, gives the hour 
of maximum. Correction for geomagnetic deflection has been applied as discussed in the text. 


Study of the mean monthly daily variation 
during the period 1953—55 

The year 1954 is noted for the extreme low 
activity of the sun. In view of the seeming 
control of the anisotropy by the sun, it would 
be worthwhile to investigate the changes in 
the daily variation by considering the mean 
monthly variation at the various stations. 

Figs. 9 and 10 give the successive mean 
monthly diurnal vectors for the period 1953— 
55 for Huancayo, Cheltenham, Christchurch, 
Hobart, and Tokyo for 1953—56. As pointed 
out earlier, the ion chambers at the Carnegie 
Institution stations are identical. Hobart data 
are registered by counter telescope and Tokyo 
data by an ion chamber. All the data are 
corrected for pressure. In the case of Tokyo, 
it is well worth remembering, as pointed out 
by Mryazaxr (1954), that as Japan is situated 
at the edge of the Pacific Ocean, the variation 
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of the temperature is very great, especially 
accompanied by the passage of fronts or low 
pressure air masses such as typhoon. One does 
not know the correction that has to be applied. 
It is necessary to bear this in mind when 
discussing the Tokyo results. In the case of 
Hobart, the vectors are not for each month 
but for each solar rotation. As the results 
were available in this form and as they do not 
materially affect the comparison, we have used 
them as they are. 


As explained earlier the length of the vector 
gives the amplitude, and the angle, with 
respect to the given axes of coordinates, gives 
the hour of maximum. The vector for each 
month is plotted at the tip of the vector for 
the previous month in the manner suggested 
by Conrorto and SIMPSON (1957). The vectors 
are corrected for geomagnetic deflection. 
The angles of correction are 30° for Godhavn, 
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Fig. 10. Mean monthly diurnal vectors for successive months during the period 1953—55 for Christchurch, 

Tokyo, and Hobart. The length gives the amplitude and the angle, with respect to the given axis of coordinates, 

gives the hour of maximum. Correction for geomagnetic deflection has been applied as discussed in the text. The 
first two have ion chambers while Hobart has a counter telescope to register the intensity. 


45° for Cheltenham and Christchurch, 90° for 
Huancayo, 60° for Tokyo, and 45° for Hobart. 

It is observed at all the stations that there 
is a sudden change in the direction of the hour 
of maximum around June 1954, and again 
around the end of the year. There is remarkable 
agreement up to about the beginning of 1955 
and then there are certain differences between 
the stations. The results are summarized in 
table r. 

The remarkable agreement between the 
various stations breaks down from the begin- 


ning of 1955 as the diurnal hour of maximum 
at Huancayo, as well as at Cheltenham, is about 
18 hours while identical equipment at Christ- 
church, which is a southern latitude station, 
gives a value around noon. Again Hobart, 
which is also a southern station, although a 
different type of instrument, agrees with Christ- 
church. Tokyo shows an hour of maximum 
agreeing with the southern station, and reveals 
a change in direction in 1956 which, for want 
of data from other stations, cannot be used for 
drawing any conclusions. 
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Fig. 11. Mean monthly semi-diurnal vectors for the period 1953—55 for Huancayo, Cheltenham, Christchurch 
and Tokyo. The length gives the amplitude and the angle, with respect to the given axis of coordinates, gives 
the hour of maximum. Correction for geomagnetic deflection has been made. 


The changes in the monthly semi-diurnal 
vectors at the four stations, corrected for geo- 
magnetic deflection, are shown in figs rie It 
can be seen that there is no similarity in the 
changes at the various stations. This is in con- 
formity with the views expressed earlier. 

It is possible to interpret the occurrence of 
the diurnal hour of maximum at around 6 
hours during epochs of extremely low solar 
activity. This and other possible contributions 
to the diurnal variation are considered separa- 
tely in another paper (Diurnal Variation— 
DATTNER and VENKATESAN. Manuscript under 
preparation). 

The differences in the diurnal variation 
during 1955 at the stations studied here need 
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careful consideration by means of a comparison 
with data from a large number of stations, 
before any definite views can be expressed. 

CONFORTO and Sımpson (1957) have pointed 
out that they observe a regular anticyclic 
progression of the daily variation vector as 
deduced from the nucleonic component in- 
tensity measured at Huancayo. This is shown 
in figure 12, which is reproduced from their 
paper. It should however be pointed out that 
their vector is not the purely diurnal vector as 
discussed in our analysis, and hence cannot be 
directly compared. Their vector amplitude is 
the ratio of the sum of deviations in the twelve- 
hour interval of maximum intensity, divided 
by the standard deviation for the station. 
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MONTHLY VECTORS IN 1953-4-5 


HUANCAYO 


D. VENKATESAN AND A. DATTNER 


Fig. 12. Monthly average vectors for cosmic ray intensity as registered by a neutron monitor at Huancayo, for 

the period 1953—55. The vector is different from the ones in the present paper. The amplitude is given by the 

ratio of the sum of deviations in the twelve-hour interval of maximum intensity, divided by the standard deviation. 
The phase is determined by the middle of the interval. [Taken from a paper by Conforto and Simpson (1957)]. 


The phase is determined by the hour at the 
centre of the twelve-hour time interval. Our 
diurnal vector for the ionisation component 
at the same station reveals a regular cyclic 
progression. Before anything could be said on 
the differences in the behaviour of the ionising 
and nucleonic components, it would be 
necessary to have identical and uniquely defined 
vectors for both components. It would be 
interesting to study the changes in the monthly 
diurnal vector for the nucleonic component 
and also the changes in the semi-diurnal vector 
for the nucleonic component, where we are 
almost sure of correction for atmospheric 
effects. 


Conclusion 


The following conclusions emerge from the 
present study: 


1. There are essential significant differences 
in the long term changes of the diurnal and 
semi-diurnal components of the daily varia- 
tion. The changes in the diurnal variation are 
world-wide and are positively correlated at 
the various stations. The changes in the semi- 
diurnal variation, although observed at various 
stations, nevertheless do not reveal any com- 
mon features. The semi-diurnal component at 
the various stations needs greater consideration 
in view of the striking dissimilarity between 
the stations and no general conclusions can be 
drawn about the semi-diurnal component at 
present. The differences in the changes of the 
diurnal and semi-diurnal components of the 
daily variation suggest that it is appropriate 
to consider the two independently, although 
it is necessary to consider both in order to 
understand the daily variation completely. 
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CHANGES IN VARIATION OF COSMIC RAY INTENSITY 


Table 1 


Average direction of the anisotropy, as deduced 
from the diurnal variation, over the period 1956—55 


Period: Hour, or 
maximum 

Station — of the 

ss diurnal 

from to variation 

1. Huancayo ...| Jan. 53 June 54 12—-30 
2. Cheltenham . ee » 12—00 

March 53 

3. Christchurch | Jan. 53 » 12—00 
MErlobarts..e.. Aug. 53 » II—30 
BE LOKVOR ER es Hans » eo 
1. Huancayo ...| June 54 | Oct. 54 06 —00 
2. Cheltenham . » Nov. 54 06—00 
3. Christchurch » Febr. 55 07—00 
A ODATE. oss « July 54 | Nov. 54 07—00 
D ORY Or tat oy 5 June 54 | Nov. 54 07—00 
Oct. 54 Dec. 54 13—00 

1. Huancayo ... on 55 | Dec. 55 18—30 
2. Cheltenham Dec#54. | Dee. 55 18—00 
3. Christchurch | Febr. 55 | Dec. 55 12—00 
av Hobart.:...…. Dec. 54. | Dec. 55 12—30 
Pe x Dec. 54 | Dec. 55 II—30 
ne okyorec EE Jan. 56 Dec. 56 15—00 


2. It is possible to determine the direction 
of the anisotropy uniquely from a study of 
the diurnal variation corrected for geomag- 
netic deflection at different stations. The aniso- 
tropy tends to earlier hours during years of 
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minimum solar activity. This shifting to 
earlier hours may be more pronounced in one 
solar cycle than in another. Though it seems 
reasonable to expect differences in the magni- 
tude of effects during different solar cycles, 
it is not possible at present to go into greater 
detail. 

3. The long term changes of the amplitude 
of the diurnal variation follow the changes in 
geomagnetic activity more closely than they 
follow the solar activity. This would indicate 
that the connection with solar activity is only 
indirect and that the interplanetary electro- 
magnetic state is the more important link. 

We wish to thank Prof. Alfvén and Dr. 
Herlofsson for their interest in the problem. 
We are grateful to Dr. S. E. Forbush, Dr. 
Miyazaki, and Dr. A. G. Fenton for making 
available the unpublished data from the Carne- 
gie Institution for 1947—55, from the Scientif- 
ic Research Institute, Tokyo, for 1955— 56, and 
from Hobart for 1953—55. The computation 
of the Hobart data by Dr. A. E. Sandstrém 
was sponsored by the Lars Hiertas Minne 
Foundation. We are thankful to both. We are 
thankful to Mrs. Bharathi Venkatesan for 
computational assistance and to Mrs. Kaj 
Forsberg for drawing the diagrams. We are 
thankful to Dr. Conforto and Dr. Simpson 
for making their manuscript awaiting publica- 
tion available. One of us (D.V.) is grateful to 
the Statens Tekniska Forskningsrad for support 
which has made this investigation possible. 
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Observed Secular Tilting Motion of the Ground which Preceded 


the Occurrence of Several Destructive Earthquakes 
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Geophysical Institute, Kyoto University, Kyoto 


(Manuscript received January 14, 1958) 


Abstract 


Some details of tilting motion of the ground continuously observed for a long period with the 
aid of the highly sensitive, fused-silica tiltmeter of horizontal pendulum type at the Kamigamo 
Geophysical Observatory is described in this paper, with regard especially to the secular ground- 
tilting in connection with seismic activity in the surrounding area of the Observatory. It was 
consequently clearly ascertained, after the careful examination and perfect exclusion of various 
disturbing effects, that the ground commenced a characteristic tilting motion downward to the 
direction of the epicenter several months before the occurrence of the destructive earthquakes, 
and showed a recovering motion after the quakes, so far as the present cases of the five destructive 


earthquakes around the Observatory concern. 


I. Introduction 


The study of the phenomena forerunning 
the occurrence of a large destructive earthquake 
is not only important in the field of practical 
seismology to mitigate carthquake-damage, 
but it will also largely serve us for the advance- 
ment of our knowledge on the nature of 
earthquake as well as on the mechanism in its 
occurrence. Particularly the study of crustal 
deformation, especially upheaval and sub- 
sidence of the ground made clear by the geo- 
detic survey of triangulation and levelling 
after the occurrence of a large destructive 
earthquake, is considered to help in bringing 
the problem to the solution. Along this line 
of research, the observation on ground-tilting, 
ground-strain, variation of geomagnetic ele- 
ment, time change of gravity intensity and 
other phenomena has been carried out by 
our Institute at 24 different stations in Japan 
since the early part of 1937. During the 
period of the twenty years certain interesting 


phenomena forerunning some destructive 
earthquakes have been reported by Sassa and 
NISHIMURA (1951, 1956), HosoyaMa (1952), 
NISHIMURA (1953), NIsHIMURA and Hoso- 
YAMA (1953), and some other scholars. In this 
article, certain characteristics of secular tilting 
motion of the ground observed at the Kami- 
gamo Geophysical Observatory, which have 
preceded several destructive earthquakes origi- 
nating in the surrounding area of the Observa- 
tory, are reported after some detailed analysis 
of and discussion on the large amount of 
observational data obtained with the highly 
sensitive tiltmeter during the long period of 
twenty years. 


2. Twenty years of observations at the Kami- 
gamo Geophysical Observatory 


The tiltmetric observation at the Kamigamo 
Geophysical Observatory of Kyoto Univer- 
sity was started early in 1910 by T. Supa 

Tellus XI (1959), 1 


SECULAR TILTING MOTION OF THE GROUND 


KAMIGAMO 


October , 1953 


| 15 17 
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Fig. 1. Tiltgram observed at Kamigamo. 


(1912) with the tiltmeter of Rebeur-Paschwitz 
type of point-suspension and continued for 
nearly two years, and after some interruptions 
it was resumed by one of the writers of this 
article in 1937 with the tiltmeter of horizontal 
pendulum type of Zöllner-suspension, which 
has been continued to the present time. 

The Observatory is located at 135° 46’ E 
and 35° 04’ N at the north end of Kyoto City, 
and stands on a hill of 190 m above sea level 
and 100 m in relative height, the rock forma- 
tion being chert mixed with shale and sand- 
stone of Chichibu Paleozoic system. For the 
tiltmetric observation the fused silica-tiltmeter 
of the horizontal pendulum type of Zöllner- 
suspension devised by M. ISHIMOTO (1928) 
has been used since 1937 to the present time 
without any interruption. The tiltmeter is 
set up at the bottom of the concrete dry well 
built in the basement room of the stone 
building. The depth of the well is 9 m below 
the ground surface. The sensitivity of the tilt- 
meter has been kept nearly at 0”.003/mm/3m 
on the photographic recording paper, which 
is changed once a weck, the length of the one 
day-mark being 70 mm. 

As is shown in an example of tiltgram 
observed at Kamigamo in Figure 1, the mete- 
orological effect which is largely observed in 
general, is comparatively small at Kamigamo. 
Besides, the local deformation of the observa- 
tion room, usually caused by the enormously 
large rock pressure in case of the deeply seated 
observation room, and disturbing the study of 
secular tilting motion of the ground, is little 
observed in the present case. 
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Concerning these disturbing effects, K. Ho- 
SOYAMA (1957) has fully discussed them, giving 
the large amount of analysed data observed 
during good many years at many stations 
in different conditions. From these circum- 
stances the tiltmetric observational data at 
Kamigamo is considered to be certainly 
serviceable for the study of secular ground- 
tilting connected with the crustal deformation 
in the comparatively large area. 

The procedure of the analysis is as follows: 
the daily value is first determined by dividing 
the sum of hourly read values during oh to 
the next oh by 25 for the reason that the 
earth tidal change is predominantly observed 
in the present case. Secondly the monthly value 
is calculated from the average of thus obtained 
daily values, which is plotted in Figure 2. 
In the same Figure, the monthly mean of 
atmospheric temperature and pressure, and 
the monthly amount of precipitation observed 
at Kamigamo are plotted together for the 
convenience of reference with the monthly 
mean value of ground-tilting. 

As clearly seen in Figure 2, the annual 
variation of ground-tilting observed at Kami- 
gamo was ascertained to be fairly regular 
and the amplitudes are considered to depend, 
in a certain degree, on the value of annually 
mean atmospheric temperature and pressure, 
and not directly connected with the amount 
of precipitation. Contrary to the close relation 
between the amplitude of annual variation of 
ground-tilting and meteorological elements, 
the secular ground-tilting obtained from the 
annually averaged value of the monthly values 
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Fig. 2. Annual ground-tilting observed at Kamigamo during the epoch of 1939— 1955. 
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Fig. 3. Secular ground-tilting observed at Kamigamo during the epoch of 1939—1957. 
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is certainly said to have no connection with 
any change of meteorological element. And, 
in the case of Kamigamo, the effect caused 
by the deformation of the observation room 
on account of rock pressure is, as already men- 
tioned, favourably small and may safely be 
neglected in the present argument. Under 
these circumstances the secular ground-tilting 
which is considered to be unaffected by any 
disturbing effect, is graphically represented in 
Figure 3. 


3. Characteristic ground-tilting observed be- 
fore the occurrence of several destructive 
earthquakes 


During the recent twenty years, seven de- 
structive earthquakes have occurred, whose 
seismic magnitudes in Pasadena scale were 
more than 7 and with epicentral distances 
within about 200 km from Kamigamo. Their 
respective conditions are tabulated in the 
following and their positions of epicenter rep- 


resented in Figure 4. 


Fig. 4. Characteristic ground-tilting preceding the occur- 
rence of earthquake 
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No: Name | Date Magni- Epicentral 

tude | distance 

Tes LOLtOnA a Sep tenO, Lo4g| 78 0/2 150 km 
2 | Tonankai ..|Dec. 7, 1944| 8 150 
3 | Mikawa....|Jan. 13, 1945| 7.1 120 
4 | Nankaido ..|Dec. 21, 1946| 8.2 230 
MEURT ey June 28, 1048| 7 1/4 130 
6 | Daishoji-OkilMar. 7, 1952| 7 1/4 160 
HAE OSNnO wee WLy | Lo}, 1052107 70 


The times of occurrence of these sever 
earthquakes are indicated by the arrows in 
Figure 3 together with the curve of secular 
ground-tilting. In the same Figure, the upward 
motion of the A- and B-component shows 
the downward ground-tilting to the direction 
of N- 45° E and S 45° E respectively. From 
this Figure the following points will be observ- 
ed with some certainty. Namely, with regard 
to five earthquakes of No. 1, 2, 4, 5, and 7, 
the ground at Kamigamo has shown a charac- 
teristic tilting-motion nearly one year before 
the occurrence of respective earthquakes. But, 
it should be remarked here that these charac- 
teristic ground-tiltings, forerunning earth- 
quakes, had actually appeared in the time of 
less than one year, say several months, before 
the occurrence of the earthquake. Because 
the secular ground-tilting at any month repre- 
sented in Figure 3 is the value calculated from 
the running mean of the preceding and suc- 
ceeding six months of any month. Practically 
speaking, the ground had commenced a 
peculiar tilting motion continuously down- 
ward to the direction of epicenter several. 
months before the earthquake-occurrence, and, 
in general case, these ground-tiltings reversed. 
their direction after the earthquake-occurrence.. 
This character was clearly observed, especially 
with respect to the cases of the earthquakes 
No. ı (Tottori), No. 2 (Tonankai) and No. 4 
(Nankaido), and though somewhat vaguely, 
in the cases of the earthquakes No. 5 (Fukui) 
and No. 7 (Yoshino). Concerning the two 
cases of the earthquakes No. 3 (Mikawa) and 
No. 6 (Daishoji-Oki), it is reasonably inter- 
preted that such kind of ground-tilting as: 
above mentioned was not observed at Kami- 
gamo for the reason mainly of their rather 
small seismic magnitude and comparatively 
large epicentral distance, though other condi- 
tions also were of influence. In Figure 4, the 
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characteristic ground-tiltings, which were ob- 
served several months before the earthquake- 
occurrence, are vectorially represented with 
respect to five earthquakes concerned. 

It is difficult to consider that the obtained 
relation between these characteristic tilting 
motions of the ground at Kamigamo and the 
occurrence of earthquakes originating in the 
surrounding area of Kamigamo is merely 
accidental. Consequently, it is safely concluded 
that these characteristic, secular ground-tiltings 
have, though, in the present stage, it should be 
treated half qualitatively, an intimate connec- 
tion with the occurrence of earthquakes, and 
will be of great value, in the near future, 
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for the advancement of our knowledge on 
the nature of earthquakes, and of the practical 
technique of earthquake-prediction. In addi- 
tion, the surrounding area of Kamigamo has, 
seismically speaking, been exceedingly calm 
in the recent five years (19531957), as seen 
in Figure 3. But, with regard to the aspect of 
secular ground-tilting at Kamigamo, the rever- 
sion, observed especially in the B-component, 
from the beginning of 1956 should carefully 
be treated, and it may possibly foretell, in 
the near future, the occurrence of any destruc- 
tive earthquake in the surrounding area of 
Kamigamo. 
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Hydrodynamical Analogy to E = mc 
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For many years the study from certain 
viewpoints of the theory of gravity waves 
in a simple fluid has formed one of my scien- 
tific occupations. Of late I have been stimulated 
in this direction by the work of others, for 
example through the accomplishments of my 
friend, Professor R. LONG, who in 1956 succeed- 
ed in the specification of the more exact so- 
lution for the solitary wave problem. Also, 
since some of my former results have been 
much misunderstood, it seems quite in order 
at this time to present a brief historical review 
of the general status of the subject leading 
up to this material, and then to point to 
certain less well known connotations of the 
newer findings. 

If one concentrates attention upon exact 
theoretical solutions of problems in this type 
of wave motion, there are few indeed that 
are known. The example of plane periodic 
irrotational surface waves stands almost alone. 
How was success attained in this instance? 
The problem is an old one. Its development 
is closely connected with the growth of 
hydrodynamics itself. Mathematically it con- 
sists of obtaining a solution of the Laplace 
equation fulfilling a nonlinear boundary con- 
dition prescribed by the uniformity of the 
pressure at the free surface. Although it may 
be rather simply stated, historically its elucida- 
tion required the better part of a century. 
As is often the case in theoretical hydrodyna- 
mics, there were no essentially radical changes 
in the basic approach during this time. Rather, 
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there was a gradual erosion of difficulties, so 
that progressively newer results constituted a 
rounding out and amplification of previous 
knowledge. 

One may note first the approximate solution 
given by Aıry (1845). This was obtained by 
linearization of the problem, a technique so 
often resorted to by physicists and mathe- 
maticians. STOKES (1847) proposed a systematic 
method for computing higher approximations 
beyond the linear one, although he did not 
establish the convergence of his successive 
approximations. The problem was then taken 
up by numerous investigators, notably by 
RAYLEIGH (e.g., 1911), in order to vindicate 
or disprove the results of Stokes. Although 
valuable information was gained during this 
period, the main point at issue remained 
unresolved. Final success was reserved for the 
efforts of the renowned Italian mathematician 
T. Levi-Crvira, who in 1925 furnished the 
necessary proof of convergence of the Stokes 
series for the case of a deep fluid. Shortly 
thereafter STRuIK (1926) furnished the proof 
for a fluid of arbitrary depth. A landmark 
was thus erected. 

The subject is, however, far from exhausted 
for further theoretical inquiry. Not only are 
there efforts being made to simplify and 
improve the methods of calculation of specific 
examples (see, e.g., Davies 1951), but also 
the physical significance of the results consti- 
tutes a branch which has barely been entered 
upon. It is on this latter topic that the interest 
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of the writer has been focussed. One may 
likewise observe that a related problem, 
namely that of the solitary wave, has received 
the beginnings of a comparable exact treat- 
ment only recently, as already stated, by 
Long (and others), who, incidentally, verified 
certain inequalities previously derived in my 
own studies. Since the subject of the solitary 
wave is somewhat specialized, no further 
discussion of my study of it appears herein; 
the reader who is interested is referred to 
Starr (1947b). 

It was noted already by Stokes that periodic 
waves in a deep fluid are associated with a 
mass transport in the direction of motion of 
the waves. This physical property may also be 
described by saying that the waves have a 
certain momentum M per wavelength. The 
qualitative identity of these two statements 
is apparent intuitively. Not so obvious however 
is the fact that the factor of proportionality 
involved between these two quantities is the 
wave speed c, albeit that a simple kinematic 
analysis is sufficient for its establishment 
(STARR 1948). We have thus that, if m is the 
mass of fluid transported across a fixed vertical 
during a wave period 


M=cm (1) 


A relationship noted by Levi-Civita, which 
moreover may easily be verified directly from 
the differential equations of the problem 
(STARR 1947a, 1947b) connects the kinetic 
energy e of the motions per wavelength (and, 
as in the other quantities, per unit length 
along the crests) with the momentum and 
the wave speed. The assertion states that 


M c=2e (2) 


The kinetic energy denoted here by e may 
be conceived of as being due in part to the 
contribution of the horizontal motions of par- 
ticles, namely e,, and in part to the contribu- 
tion of the vertical motions e,, so that e=e,+e. 
Through simple manipulations ofthe equations 
of motion and continuity it may be shown 
that, without approximation, the potential energy 
v per wavelength is related as follows to these 
quantities (STARR 1947b): 


Cy —€2=2 (e-v) =28 (3) 


We find that, in agreement with intuitive 
estimates made otherwise, the horizontal kinet- 
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ic energy e, is greater than the vertical e;, 
since v is never larger than e (RAYLEIGH, 1911; 
PLATZMAN, 1947). When the special case of 
small wave amplitude is approached, e; 
approaches equality with e, (the particles then 
move more nearly uniformly in circles), 
leading to the well known fact that the line- 
arized theory yields an equality of kinetic and 
potential energies. According to Platzman, in 
the case of extreme wave height the differ- 
ence € in (3) is about twelve per cent of v. 
The power series for & starts with a term of 
the fourth order. 

Much has been written concerning the trans- 
mission of energy in the direction of propaga- 
tion of surface waves of the kind here visual- 
ized. Most of such discussions deal with the 
subject only from the standpoint of linear 
theory, or else through the application of 
methods containing comparable systematic 
approximations. If the subject is approached 
at the beginning from the point of view of 
the exact physical processes which take place, 
it can be seen that the total energy flow 
receives contributions from (a) an advection 
{e} across a given vertical during one wave 
period of fluid with kinetic energy, (b) a 
similar advection {v} of fluid with potential 
energy, and (c) the work {p} done across 
the given vertical by pressure forces in virtue 
of the components of horizontal velocity (see 
STARR and PLATZMAN, 1948). Several impor- 
tant relations may be derived which pertain 
to these three actions, again from the un- 
mutilated differential equations. Since the 
particular formulae are not to be used directly 
here for the elucidation of the subsequent 
discussion, only a brief statement of them is 
quoted. 

The transport of kinetic energy is given by 


{e} Ses (4) 


or, in virtue of (3), {e}=2e. The transport of 
potential energy turns out to be 


{v} =e, es (5) 


so that it is the same as {e}. The work done by 
pressure forces is 


{p} =2e2 (6) 


The total energy transport thus turns out to be 
2e. Owing to the situation that for small 
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amplitudes e, approaches e, and v approaches e, 
one regains the classic notion that one half 
the total energy per wavelength is transported 
during a wave period. Actually because e, = e; 
and e =v, the transport is larger than one 
half in the case of finite disturbances. 

With these remarks the aforementioned re- 
capitulation is ended. It is however still my 
desire to take here an Opportunity to dispel an 
unfortunate misapprehension which has gained 
some ground—namely that the material 
presented is merely the result of arbitrary 
assumptions made in the several derivations. 
This attitude has patently no foundation in 
fact. The methods used are familiar ones, of 
which there are many other illustrations in 
hydrodynamics, for example such as the Kutta- 
Joukowski theory for the lift of an airfoil 
(see, e.g., LAMB 1932). 

The relation (2) is reminiscent of the com- 
parable phenomenon in the theory of electro- 
dynamics, namely that of light pressure, pre- 
dicted by Maxwell and detected experimentally 
later. When the momentum M is eliminated 
between (1) and (2) the result is gained that 


e=i,m © (7) 


a fact which superficially appears simple, 
until it is recalled that m is not the total mass 
of water in motion, and that c is not the 
particle velocity but rather the phase velocity. 
Apparently the complicated motions of large 
amounts of fluid which give rise to the value 
of the kinetic energy e are equivalent to the 
motion of simple translation of a mass equal 
to that transmitted in a wave period, moving 
with the wave speed. 

We now revert to (3) and the remarks 
there made in regard to it, ie., that v <e. 
Since the total energy E of the waves per 
wavelength is the sum of the potential and 
kinetic, which energy forms the particles of 
fluid change periodically, the inference now 
follows from (7) that 


| Esme | (6) 


This statement is of essentially the same form 
as the epoch-making generalization derived 
by Einstein (1905) from his special theory of 
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relativity, expressing the equivalence of mass 
and energy. Here, as in the equation of Ein- 
stein, we have a measure of energy E related 
approximately to a measure of mass m, through 
a factor of proportionality which is the square 
of a velocity of wave disturbances. Aside from 
noting an apparent pervasiveness of physico- 
mathematical forms in nature, one must be 
careful to observe that gravity wave phenom- 
ena, as here dealt with, require no departure 
from the mechanics of Newton for their 
treatment, so that no identity of meanings 
can be implied by the similarity. In this 
general connection see also STARR (1951). 

It is perhaps of some concern to obtain 
instead of the inequality (8) the exact equation 
which results from the combination of (3) 
and (7). It may be written as 


E=me? -& (9) 


From what has previously been pointed out in 
regard to the magnitude of &, its omission in 
(9) might cause an error (at most) of only a 
few per cent, and the use of the equality in 
(8) is correct up to but not including the 
fourth order of approximation. 

People have asked me whether, disregarding 
the extensive incongruities present, there 
might be additional similarities between sur- 
face wave phenomena and relativity theory, 
besides those already cited. I wish therefore 
to mention one other, although its details 
are not altogether satisfactory. Let us consider 
all the fluid elements governed by the motions 
of a particular fully developed ideal wave 
train. Of all this infinity of particles none 
can have a velocity exceeding in magnitude 
the wave speed c. As a limiting case, only 
certain elements of measure zero can actually 
attain this critical speed, that is, those at the 
sharp crests of the waves. Furthermore, as 
fluid elements approach this state of motion, 
they also approach a state of infinite con- 
traction along the direction of wave propa- 
gation. These facts are reminiscent of the 
Lorentz-Fitzgerald contraction. However, 
since the contraction must be accompanied 
by a transverse dilation, only an incomplete 
analogue of the Lorentz transformation can 
be present. 
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Current Data on the Chemical Composition of Air and Precipitation XVI 
For further information see Egnér, H., Eriksson, E., Tellus 7, pp. 134—139, 8, p, 285 and 517) 
ee ar ae ene sey eee eee ee Er aor 


mg/m* Sr à pg/m? (=kg//km?) 
= © 
mm a a à pH Mapes - E 4 
Code S | CI Sr Na | K | Mg | Ca Qyrla] S | Cl] a] Na] K|Mg| Ca 
A |Z 2 2 
| June precipitation (D 806) | June air (L 806) 
Kn | | | | | | 1.8 0.6 0.4 
Ro 37- 328197200 72.8172%2|7.0:91 70:9 
July precipitation (D 807) | July air (L 807) 
Ri 106 14 3 3 23 5 1 64 5,7 22 7 
Ki 80| 2 17 3 2 14 7 3] 49] 5,2 7 Ol =x x x x x x x 
Ar 671 23 20 I I 7 9 4| 65] 5,1 13 9°. 2.310134 | 2461 7.022.917 3.8116 
Oj 84] 41 By 4 7 au Sto} 5| 120] 5.1 o 70 m0 022700 173 87.515. 37 
RG 8ıl 26 Io 2 9 6 7 CIO ol Stn Oe7 Are rot) NO! ET 
Of 23| 428 15 E I 3] 14 6 2| 4.8 OPE LO 324 |9 63-0] 53:0) 27:972.0180.7| 073 
Br 61| 31 22 4| 18 IS| Io 5 2| 5.8 13 TO|NO O7) "Bol eles) er ede or 
ÄF 100! 2 2 4 3 17 6 5| 60| 6.0 8 TA03:01 2229|, 2:11. 741223] 72,820 
AH 93} 31; 30 3 3| 21 8 ZY 8) Des) 0) 10 
Fö 60} 33] 20 4 6 Oo 4| 130] 5.4 o| 16 
Sv 98| 45 18 8} 18| 10 8 4, 50! 5.5 al, isa! 
Ra 51| 19| 20 5 2 4| 13 3) 7701 0.2 77) 22725 00| 3:8. 02=1.0970.8 64 
Äm mei a8 16. 2) a AN OMG) Gall 3A ale SCI sel IN Ser Sel), 3c 
Sa 80| 13 39| 1310415 Zar ia el SONT Ol 220) 2375| 72781 22:0|180:0| 0:31, 0703-8 
Ul 104| 49 28] 10 Sir 213 9 71 46|74:8 © £6} 72.6 70:8] Sa Gl! 50.417. 0.41 0.0.7.8 
Er 67| 50 17 QO) zol 13] 21 12] 260%5:0 ol #13|0 7.5), 222] 2124|, °038| 112 270:61,.345 
St 60 2 30 5 I 28| 12) 12] 55| 4.8 Ol 2117| 3:91, 2.0| Bro}! 10.8] 1.0] 2.9273 
Fo 88] 28] 20 5 5 13 6 PET 2744| 2426 ol 908224 Ar 7522| 2772| 2,0228 x 
Sal x x x x x x x x x x x Xi) enol 5173 28:0) ah 21 TO 25% 
Kv 7) 2100|. 79 FSI EE 6 18 712) 998753 Ql) 2) Ae) PCA re 27.0233 1755 
Vk FO? | 73T SAMI? 22) eae 7| 140] 5.8 TOI? TI CRE S| OS XI SX 
La EOS) Si S590) 74 15| 633-22 Ol 229447 oa ie re Sal el re 
Bo 1733| 57| 260| 20| To] 1706| 15| 29| 69 x >| ee ee ||| po 
Vi 89| 50| 1260] 19| 14] 730] 45| 89] 60| 4.5 fe) 75| 0.0] 31 164 | 7271. 0.8 0.189 052° 
Fa 103| 66 2 9 4, 20| 10 8] 100| 5.0 OUT | x 2x ll el DR OX 
Fl 110 2 30 221 mol) xr) Tol; Fol" 937) 4.9 ©| 2751 4621 0,8| 2-6) 0:6) 116) 2.8122. 
Am 1063| 79| 130| Zi] 10| 6171| TO} 14| 1060| 5.1 o| 20 
Fi 106| 120| I40| 22| 130] 98] 29| 2 93] 6.1 40 25 
EI 110| 57| 150] 53| 40°] 94] 17| 18| 110] 4.4 ol 3a ex Re x DAS EI 2X 
S6 116| I90| 62! ro} 84] 170| 32 6| 90] 5.5 ol 22 
Sm 66| 64 231) 7090| #21 13 8 8| 33] 4.6 fo) 25) 7182|, 3741 420 2:71 SO 53311335 
Sy 46| 35 25 7 Al Ro 8| 110] 5.7 0 20]! 3:21, :0.2|.10% 1.703286 3:3 27» 
BH 560270 290% 2217 36) 28] 552) Fo) 05/953 ol 33| 0.5| 0.9| 2.0} 0.4] 0.3] 2.4| 5.0 
Sk 7312 0810. 12017 20)" 35 61| 25] 13] 53| 4.6 oO 31 x x x x x x x 
Al 107| 160] 170} 21] 31] 130| 17| 20| 120| 4.5 ©] 32|.5.81 0.01 4:9], 0:0] 0:0 7.7 5.0 
Hi 106% 491 170 Tol" 331 94| z5| 15|/ LTO! 75.0 o| 24 
Ta 3710 20% 51 2 2 18 6 4| 58| 6.3 DA aril) angele Pac acy) rte 320] 0177. 
An — u EP (ee ce wl [er gl ee 
VAE 50| 18] 140 2 2| 58] Io San 5.81 e251 BE, 
Gj 80] 25] 110 3 310.262 7 9| 38| 5.6 ol 2 
Fn 371° 201° 415 3 SEE kLZ|EeTO Slss2ln 2731, 73 
Fa 371 1317 20 3 5 14| 14 211741 75:0|0 720 g} — 
Va 27) 18° 25 I 1 18} 21 Bi Col GAL Sol eile 7273231, 4551074122 7229179. 
fir: Ta ae AN NO 9] 6 3) 99 5.4 O| 14 
Ke Rell Sal 23 7 6| 1ı4| 10 8 130] 5.6 ol 19 aI 
Sd 105| 40] 65 Ole 20 Bor || tro NC Or sO) 
Da TOL 251, 23 Sie Toll210| 45, ulET6085:9| 7 2219 2175| — 
Äs 106] 34| 38| 12] rol 34| 14] 9| 40| 4-7 ol za | CIC CE GI al 
Li 125| 210] 730| 25| 21| 430| 31] 34| 130) 5.1 Ol 242 07.1| 820/225) 96.0) 2:41 74.417235: 
So 67| 34 13 o 6 2 4 27 20% 5.1 fo) 8] o 210 74:7 0:4], 0,810.7:0| 0:7 
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ug/m’(=kg/km?) 


© 

mm a pH u ie E 
Code Sug Gh aes x | Na} K | Mg] Ca Q sa] S | Cl] + | Na K | Mg] Ca 

mid WS MR le eel ee ee 

July precipitation (D 807) | July air (L 807) 

ete ne ER En en em ED Ne WE a RP Re ee | 
Ka 78| 56 32 5 7 Al 3| 69] 5.4 fo} 211..0.01 23.61. 15.12.51 7.91 75:31, 95% 
Ku Cyl SGA O0 4 4 Cees) 5| 35] 5.1 o 8| © | Io. 16.| 2.4| 4.8| 4.0] 4.8 
Jy 93| 57| 38 6 6 5} 16 3152180. OM Zi) 62| 3.9| 8:51 7.3.2.2 eee ee 
Pu 83} 60| 18 7 2 4 7 310227 10457 fe) £2) ©| 1.8 235) (0-7) 129] 7.6 %8 
Tv 60] 31 30 3 5 5| 16 4| 20! 4.9 fo) LL| 3:2) “a2 6:2| S028) 270) eres | 5 O74: 
Rj 221723 5 5 15 3 3 PLO mez 6 161 3.0| 4.21 8.5) =.9| T.ol 255] 8,8 
Vn 134| 131| 230| 28] 46| 151| 51] 34] 98| 5.0 O| 24 
Gr TOO} 130] 151| 20| 28 ©8| 17| 18) 92| 47 o| 30 
Od I17 0037 75317910 3215 ro 222 220 27024107 o} 25) —| — 
Bs TOOMUSS| e232) TS) 2214 1931 2242 322381 24:6 Olea 
Ly TOT iLO! ET O3 7810. 3212715212 221825) 244247, ol 26 
As 171| 180] 343] 24] 41] 367 5| 36) 89] 4.7 o| 26 
Vd OS DLA T2022 esa) 1763| 72 Lol 2441749 fe) 23 
Bl ©7,m202| 0.1422 26 72 371,.721|827102251563124% ol 40 
Ty 8971720 ,22222317. 632.276) 921 201772 6.0 32 31 
Hö 87122510 574|0.20| 23210 347) eal 25210321245 ol 50 
Ad 80.7200. 1701 2.26| 406127160) 311. 777 521247 OMR 
Lw 58| 94| 392 5 618336. Tr 23212 181,02 25 37| 2:6| 6.12] 0.71 2.6). 0.5 ..0.61.09 
Sw 2312 462.779 4 8121891, a7 92.771 0:4] 125 53] 2:8| 4:9 0:81 2.9| 7.2] 1.00.05 
Ab 
Ed 
Es 152107155 2.,93|0 27015 Sule. 60/076 o| 31] 4.5 O| 21) 6.71 7.21 1:5] 2:71 2:81.20 1.3 
Ag 86| 108} ‘35| 13] 26] 329| 19 4| 26] 6.6] 155| 26 
Le 
Ro 
NA 62] 155| 167 SNS 941 221 23) 125 5.7 7 29 
Ca 62% 300.789 12.7010 2217 12110 178), 577]0.1312.7.9 fe) 27). 324] (6.8) 2:9 325 0.5 
Ma 89] 151] 623 7 9 GO |A 40 
Bt 45| 126| 455 4 3 6.0] 28 2 
CI 17120) 201 161.03 5.8 Io TI 
DA E70, 137088310 rt 5.9 Io 57 — 
Bi 100| 98] 34 6| 63 6.1 72 E7 — 
RI 86| 95| 301 9| 15 6.0 29 2 — 
Va 112| 168] 302] Io} 15 4.8 o| 20 
We 73) 255| 4906| 31] 13] 2260] 102} 164] 168] 4.3 fe) 221, 01014381 Zr 22a Teal 
Sc 142| 285] 282] 47| 70] 219] 19| 36] 154] 5.5 O 26 
BV 99| 233| 166) 40| 36 331 73| 36 1521.4,8 fe) 27| 16.2] 13.8] 4.6} 0.9 2.0 
Bn 65] 65| 77] 42| 40] 20| 21| 36| 423] 6.5) 148] 62] 28.1) 30.9] 7:6| 3.2 352 
Au 59| I3I| 106}. 24| 33 20| 36] 19| 103] 6.7 80 26| 25.8| 7.1| 8.8] 2.0 2:0 
Fe 53| 63 52 eo 3 9 5 5} 38] 4.6 fe) EO] 8.21 4:31 e3tGl 2-0 9.4 
Ba 104 Ol GE E27 22| 27 20 1251,49, fe) 131 6:8] 1.21, 3:01.00 2.3 
Ho 83] 162] 148] 20] 21 19} 65} 31] 187] 5.6] 40] 23|15.5123.4| 3.9] 1.2 23 
Rm 107| 139 o| 46 o| 47| 16 9| 320| 6.2 80| 23| 11.5] 5.3| 4.6] 16.1 2.8 
Et 92| 138 O2 2740220 LS 281 ‘TS erro), 6.0 12 EO OZ) 5,41 3:01.23 ZB 
He 54| 81 65| 132] 38] 29] 52| 15] 152] 4.9 O| 42 — 
Rz 40} 70 fo) 4 O AINVES 6! 67| 5.6 12 16| 11.3] 2.0] 5.0| 4.3 128 
Wi 48] 80] 38] 10 o 6| 15| 14] 104| 5.6 12 Io] 8.5] 3.5] 4.0] 4.1 2,1 
Lz 76) 102] 119] 20 ol 24 14) 16| 2137| 5.7] 36) u8|r67l 3.41 431 7:3 2.0 
Kl 125| 187 OlssaLı E73 15| 16) 28| 161| 5.7 ol 31 9.317251 7310153% 1.8 
DH 42| 148| 835| 34| 19| 437| 24| 544| 56| 4.2 0| 121| 11.4| 52.8| 6.8] 24.5 3.0 
DB 72| 143) 77\ 3060| 26| 68) i2| 12] 41 4.3 O} 39|14.0| 9.8] 5.5| 3.3 0.6 
W 89] 98| 109] 43| 33] 70| 14] 20| 28| 42 o| 121] 8.5| 5.3} 8.4] 2.9 1.0 
SA 73 239| 71) 39) 40) 5| S238" 7212251748 O| 37. 239223) O10, 0.1 
U 381.176. 673117 32 311 LOTS ITS RTS IE 0| 90|17.6| 2.2| 5.4| 1.4 4.0 
B 2071 ..34| 0321 57, DSi 229127410 2012081028 o} 20) — —| —| — — 
D 82! 64| 44| 21 7028 ails 712 4214 O| 16} 5.8) 3.0] 5.6] 2.2 212 
MH 92] 71 20], 27) 29, 27) Tri) 5752,53 fe) 13l I.4| 4.1] 5:0| 0.7] 0.9 0.3 
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2 

| H 5 3 
Code sı Cl} S| |] Na}] K| Mg] Ca 3 S|xsa|l s|c| À | Na} K|Mg|Ca 

Eile a 7 

July precipitation (D 807) | July air (L 807) 

Rs 66| 46] 174 Io 5| 96 5] 14| 26| 4.9 or 20 2.815.811 4.4, 7.2 2) fo) O.I 
LM 26] 30m 33 9 6| 25 Fi LS 25h 5.6 Oe 20110 5.81. 9.2 42H Teale 7.3000 00 
x 75| 44| 32| 24 al 102 S| reer sos | ee 46 | | | oz, 
Bg 116| 50| 64| 30 |) Faz OQ] Ll 77 |) 556 4 911 0.6| 4.6 3,81 0.718 0.818 O.7|--o-m 
Ae 031827005818 25 01817718 ol Mr Es AIO IR 2411,25 
Za TSI 2 31 31| 29] 50!" 37] 42] 960 | 6.4] 2140| 52] 3.0| 4.2} 8.5] 1.9| 1.0| 2.5) 8.8 

August precipitation (D 808) August air (L 808) 
Ri 30] 17 9 (6) 22 TETO 5-16405.5 97,12 
Ki 45| 2 5 o 3 8 4 2 270655 o 8 X x x x Sr |, 7% 
Ar 69 6 TE o 31028 9 5 49W5.817°25 724 972.710 1.412 1.515°0.9070.90 7.91 5.7 
Oj 29] 22] 20 4 2 vale 487 310 4702553 fe) TOW 2:91. 1.40 7.4 OLS MSIE es] 
Rö 67| 36 4 3 3 6 5 4122 |e. OH] 130.790. 037.0 | eal) peed) oat ain, 
Of 55] 38] 15 o 2 eer: BY), 2747 Ole 12:0 TOMS SR TPE RAIN 02; 
AF 86| 23 9 3 3; 18 9 A ER ye 2 72 7 2.21) 4.0) 3.41, 2.41 2.61 2.0) 25% 
ÄH 7o| 26| 6 al al El ee el re elle 
Fö 56] 30} 15 IS a Me SP |) 7 eh | a 
Sv 67| 24 9 2 Gi) SER 6 4, 30] 5.8 fe) 9 
Ra 80| 64] Io 4 3 5 9 21020010: 302942 9 1912.08. 2.4.2.8, 225.0 ee 
Äm TA 25 Le 3 4 Ge LO] 1343) Onn ae 26: TON man] 8: 0:2032.310 2.110034 145% 
Sa Toni 12, °17 tS 2701781740 170 85 87110.6:.0104301|2 15317. 0.0|* 2.31 2.01% 0.8 7.51% 3.171.732 
Ul 59| 21| 18 9, 16), 21 8 4| 29| 4.6 or 271 2.816. 0.40.257|. 7.40 20 TOME 
Er 621, AE INR TS CIRE ON ae WET“ 5 3214-8 Olle 10,Mo,2|E rome 1-0 Ole rs ae 
St So ZO}; 2 5 ATES 107 108871053 fe) 74910:0.9|# L-O|) 423i O20 6 bale Zar EO 
Fo 94 le 5 7 9 8 CLO 5. 4 OA Brill Eole) Bev] 1273. 
veri AZ x) 38 120103512010 2310420:|.0.7 1415021 8 O58 SG 0.01 7220. 0.91 147:5 8.4.4117. 
Kv 7] 166] 96| 29 ES le TS FA er] DT 5:6, Sl Ber ag 21e | Re 
Vk 38| 34] 16 5 Alma i 9 4] 40| 4.9 o 10915 2.018.321 3217.20 1.318 22] ca. 
La 80| 62| 35 9| Io| 29 5 6| 42| 5.1 fe) 7, 
Bo 146] 60] 110 Di ale a Slee ZO 2018 348754 fo) 13 <a hex x x ze x x 
Fa 80| 66} 17 Tie 201, 25073 6| 50| 4.9 o| 16 
Fl 104| 61 TG | 1} 7 200 19 61922 7.4.3 CH] 
Am 158| 100| 180 770227108 641, CS 750844 75-4 o| 16 
Fi 103| 84| 190| 19) 2 | Fan) | ee o|l 19 
124) 108| 80] 100 92 1310.69. 7318.61108201104,5 | 26)" 2,0!) 2.68 3:61) 17.01 ol 7206| 4.8 
Sö Sell el 2 ee 22 a As o| 26 
Sm 76| 75| 26 ZU Te LS 025 610°24. 1.4.0 ol 22310 5.1510. 7.710.355 Tan ne Er 
Sy Sees 27 | LO To ers |merr 5l 55| 5.4 On enti 
BH 651° 17 63 6 ZEIT AA 8| 62] 4.5 o| 26 — —| +4 4 — 
Sk 87| 50] 41 THE TS1 627 LO FA) a3 IZ xe) Oe 2520 25516 0:01. 5-2) 241 27:011.0.7|, 367: 
Al TOR Loe 44 lle 17.820012 8 60] 4.7 031.20 
Hi LOOM LAS eh 23 3700 54) 15 9| 100} 5.0 ol 22 
Ta 2O| 201° 12 2 30627 7 Al SITE rolRoslz om 2|Rre)|Rro|NTre)|RST 
An — a 
Yt 3210 13| U 74 al || 10]. HS) A1 SAS 7 eG ee ee lide a as 
Gj 47| 15| 15 2 210.78 6 A270 e520 8| 1o 
Fn 58] 25] 10 6 6) sae) 8 Ale 5210600 31 |" To 
Fa = Fr let Ne alpes 
Va 32 9 5 2 20074 | er 87 72150 o| 24 x x x x See 
Tr 76| 25 9 5 FG. AMEN EC MES Si" rs | 10 in 
Ke AN STI 5) CN At OP BOC. 2h 40h 15 aan 
Sd 105| 28| 160 5 8| roo} 12] 14| 53] 5-3 ol 17| —| —| - 
Da 52, 2318 13 S|, Gest] aly G06) Se OUles TE © 17 ae 
LAs 95| 75| 19 15 A| Dal ws) OAT a5 0 fo) Tul, 2.27 2125| 1:6 Ds5) °2.00 28) 74 
Li 198| 110| 470| 32] 30| 170] 12] 51] 62] 5.44 9] 25] 3.9] 5.1) 3.0] 6.5) 0.6 2.1114. 
So !| > 25| 18 9 6 2 I 2 I OST 9 1007831 OF | LOT O.7e| ©6022) re | 
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August precipitation (D 808) | August air (L 808) 
Ka 24| 28) 30 7 I 3 8 5] 56] 6.0 Olle 241% 5-4, 2.511702 S22 Soles =z) ese 
Ku 35] 22| 29 6 I al TT 655 0 (6) I3| © fe) 6.0] 1.4] 1.4| 1.9] 3.5 
Jy 28| 26) 24 5 3 4 6 2| 40| 4:9 Oe 23470 o 8.7| 4.1| 4.1| 4.6115. 
Bu SAR Zi 9 9 2 3 5 a 22, EC fo) TAN ST.oN (0275) 6376] OLO |e Tan eOl3| mies 
Tv a BA 26, 7 3 a Ly 4| 23| 4.0 Ol) 2311 .7.517 088742 183:0 E270lm Tas RTE 
Rj 2 | ie 4 7| 64 An. Ton eS 7 OQ) 2741 10:2): 2:6) 3.7|72.720:0|20:9174.8 
Vn 110| 159] 144] 21] 30] 95] 22] 36] 34] 4.8 &| 22 
Gr 140| 248| 181] 38] 52| 277| 52| 28) 50| 4.5 o| 30 
Öd 146| 210) 1r21l 26| 00| 80) 32| 51| 4 4.5] o| 25 
Bs 85| 1506| 162} 19 25| 246| 23|7 19| 50) 4.4 Ole 
Fj 125 218] 270) 34| 72.1274) 62) 34) 33) 4.5) ©|, 33h — 
NL 745027214657 7381 61138211. 358|7 618 79) 2455 o| 39 
Ly 72307781 04) 826 #48| 2397 2210 150 67] 24:6 O1n223 
As 84 1736| 1700| 7.22] 23127897 2810 2710 281 2.4 fe) 2 
Vd 90| 164] 108] 24] ro9] Io} 45} 2 LOA CRE 7 
Bl x x x x x x x x x x x x 
Ty 88| 153| 100| 12) 45| 263] 52| 30| 46| 6,6| 70| 2 
Hö 115| 198] 259] 32] 54| 182| 68| 36| 24| 4.5 ol 35 
Ad 25 OO E54 22022 al 27 Sr 43754 OST 
Lw 64| 115| 713 8 7 7214702 201225415 933) e469 00 544.0 4.8| O77| 1.950.920 o 
Sw 56] 67| 309 8 le u 2a rl oe 8er 5.0| 026]: 2.51% 0.7] 20.7), © 
Ab TON) TS) LO 2208 8725507712424 Ole LOT RO TL.O;| 7.41 E20] 90.6) 60.3) sag 
Ed 67| 108 Ol 1912331 23812 IS] 181.401 24:6 ol TI so E16.) 73517 0,915 0.615.080 
Es 139] 166| 30| 20] 38| 417| 44| 13] 28] 6.6] 96 2 fe) 1.6 2077551, 0:70 2100 
Ag 42| 72| 59 CZ NT OS TT 67 17310.6.71..784.17.,361,7.21 3:8 re) 231 05,180 26 
ILE AA 2S || COMENT 52 ON 3931.71 2x6) 0:2) TOME) ET CIS 
Ro 6711870012) 2 ET nr ro) 0 47 fe) 20 | 29 83: AA 2 75105100 
NA MO 7782| 17T 2 28) Tal Sis 2Alen43l267 | 53 22.1 ,0.8| 2:2) 1.6]. 2.51%. 0.9.0.4 2.0 
Ca 72\,53| 297 Zi al size a Fe 2 | Se 22 50.9) 6/03 228152565 7.080.950 
Ma 88| 141] 466 6 7 5.4 On 27 
Bt 147| 250| 940] 29] 13 5.1 OO 
Cl AO LORNA Sine es 5.0 OM) ee? 
DA 140| 182] 106] 18] 13 5.0 Ole 16 
Bi x x x x x x x x 
Rl 103} 175| 536| 13 8 5.8) II 29 
Va 13427005727 acs aa 5.0 Ol 927 > 
We 124| 372|3469| 29| 3611846| 86| 152] 124] 4.7 fe) EL | 97 47.2, 253/305) taza On 28 
SC 93| 167| 148] 30] 36| 97| 20| 19] 76| 4.6 9 17,33’ 17:611.72:74| 5221, BON 2 ale ren een 
Bv 10082771 882710.000.2210.3210.28 Ale TSUN E54 o| 26/19.3} 6.4] 0.5] 0.8} 1.4] 0.7) 3.2 
Bn 108] 103] 33] 35] 29] 15 8| 26] 222] 6.5) 64 2020.97) 9.7| 621220). 2.072.088 
Au 145| 167 ONE a Lie Osis Lee ros GTI 12.23.1025.7 | LAtOle 2:7]. 3-0] 7-2) Ore 
Fe 721 (Sul) 2% 9 7| 15 4 a Sal ME o TE 4:0 4.9 4 RIT Er 2 NOR IR 
Ba 98| 98 OH aie sai) ae 9 Sl) 42] 5.8 O Gi |G. Elie S225) 38010 0:8|, 7.2.0.8 2888 
Ho 64| 84] 64| 14| 18) 18! 26| 24| 175] 6.4| 120] 30 13.011921 Beal 2.0| 7.91 2.7388 
Rm S|) Er 270 0522 al 2 Ole Le Passio 0.128 24| 6.2] 3.0] 10.4] 10.6] 1.9} 0.3] 3.7 
Et 65| 58] 26 ZT CITE: 7| 68| 5.9] 40 173100.5], 2.0) 2.91, 6.31 0.5|2o2ie2m 
He 89| 115] 62| 39 Sr 258 206 nern fe) 16 = 
Rz 63] 88) 44] 15 8 Cle LOWS IES Os al, || sl a mmo 5:7|, 2.5) 0.01.02 7007 
Wi 94| 113 Ol” 157 62 7| 24) 19] 139| 6.1 2 20|- 6.11 2.5| 3:3) 3.8] 0,51 041 17% 
Lz 98 :76| ‘10! 2x] ai sole 2th, 8inzsol Gitte 641 ors 4.1 7.81 7.0) 2:0}, 2310060248 
Kl 163} 130| 65| 21) 16} 65] 72| 209] 226] 5.8 36 CUT O 2 | A240 SE ee ce meen 2724 
DH 89] 145) 316) 53] 16] 236 37] 41] 49] 44] of 49 
DB 84| 129] 57] 41] 20 M 45| Te 9} 48) 4.5 0] 301) 10.6) “8:4 |) 4.6172.3| 0:71 .0:.010. 20 
W 119| 203] 114] 79] 35] 69] 4! 21| 37| 4.3 017.40 TT-0} 8.7] 7:6|.4,0|, 2.2 0:61 05 
SA 739 4102 2 8710 7012470 A7 TT EC 4-5 Oi) 307) 4.91 472) AVS) 2816 0:8 Ko 2 
U 28 8104 W462 22 EZ 34g steers er: 75| 4.2 Oo} 83.173.3| 21.4 | 4.31. 3.31, 2.31 2228 
B 1171, 591 251 30! ol 19h, 50 Gf, aol 52h, Oly Sl rel Sl aloe 
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CHEMICAL, DAT A 


nl 
EN 
Ww 


[2 
| main? El 15 ug|m®(—kg/km°) 
à © 
mm A a“ pH LE - e a 
Code S| Cl] § | | Na] K | Mg] Ca © x ja S | Cl} = | Na} K |Mg|Ca 
zZ Z Hi 7 
ee ur PRE CES, A OS CE PU LR ON Re Be Ne Er RL EU 
August precipitation (D 808) | August air (L 808) 

me Na a PR CEE 
D | OA OFF Syl Sli ae 22726 ari) 27| 37 8 1222931177261 2:8 95) 0.71, O19] #3 
MH 221 ABıE 33 7 A #22 ZU TA OO OMIT TS 3725223 Wes Ale Ozh nl 1 
Rs 94| 34] 169 2 Ar LOF Al Sip 260 5 ON 202177.910.:8201|, 2231 0 0:61 0 0.2 
LM 79| 62| 51 4 2 30 Sl) 20) 491 5.4 OMAN | Ae) ETC 0.6 
Ex Tog] 55| 38] 23 3 2 Dr 16, 65] 5.5 0) #707. 9410333: 4:5. 2227 0:86 0.3 
Bg 115| 60| 56| 15 fe) S522] Tol) 76) 5.6 5 ONCE ro) 02771 23] 00.055 
Ae 127| 100] 52| 22 fe) sa a EAE ETSI 58 12 23 

Pa 95| 94] 49] 140 49 | 110 45| 41 = 5:91 75 50) Ges) 152122 6502,680 11722 65. 

September precipitation (D 809) September air (L 809) 

Ri 106| 36| 57 fe) 6) 131 710, 3610 5.6 fe) 9 

Ki 12 9 8 o 3 8 9 MS MONA OAs 2.222 0.0.01 275 lean 327 eee On| Ort 
Ar 12 9| 18 I I 4 3 3] 28) 6.4) 51 22 173,025. 17.022.103 MO 0 NO | 4% 
Oj 8| 22] 28 3 5 4 9 3) zl) 6024| ao SO vig |) Ole sie) ail Geo 
Rö 53| 29| 21 5 4 12 6 5! 35| 5-6 fe) 27033 | 2.128.0.9|1055| 0:5 Sak 
Of 2 SSI 6 36 3114873 4| ı8| 6.1] 62] 30] 0.0] 2.9] 2.5| 1.2| 0.6] 0.4] 1.8 
AF RSS lie oS ae Gr 3 4 14 8 20 3910.02 175) aes || sell 24:5) 0527 18.2.9 8 32112478126 
Fö 2 36| 16 3 3 ales 510 35) 02) Colleen =| | — 
Ra 19| 14| II 4 4 3 9 2| 110| 6.5] 180} 43 x| xX x x 058 x 
Äm 83 38 vor 12 acs MIN 2 S|) Dsl 253 Oo =4 <a) x x x x x 
Sa ES 16, To 3 5 8 8 Sle 25 25.3 ©| 2 2.012 2:0 3 5O|— 7:01.03 372082 
Ul 2 24| I4 5 7 5 3 3l 39] 4.8 ol 22.” 3.91, 135) 2558 O16] 0 O53] ots 2] 358 
Er 2 19| 19 3 5 46 9 100.470655| 7501 03 773%, 27281725 | Mo 71R 0% 80.717236 
St EAI 39|. #21 3 2 Gl) SET Ol) 581 64 AN 3874.81 3.210 2:50 0.7|7 0:3|60.9| 53 
Fo 24| 19 2 3 2 20 fe) 6 3711.53 fo} 22,02 3371| 2200 22312 bod E OFT 0.711.035 
Kvı Bl rl “7s 8 821.250 2535| 26100010. 72016420)" 360 22217 Onn) 7.518.071 0.31 1.9| 83 
Kv 7 18 A 2 10| 18 | 107 ol) Gail] Corey) TON 557.14:915 7.848 23|.176 187807, 
Vk 26| 36| 19 7, 6 9 6 4| 44] 5.4 OS ZEN Saal Gazelle ere Ball ical |S) fol serie 
La 33] 40} 31 5 SNS ere 4| 38| 5.6 8] “18 

Bo 21, 34| 93 6 ale iy) 74 ie to) SE 05.4 o| 28 

Fa 2210 27 976 I 3 4 5 3103521040 o 19 

Fl 34| 31 6 7 Gf 18| 18 4| 20] 4.6 ON 1 AA IE 0744| 7702 72 BEN) eA 8474 
Am 58] 50| 55] Io 7 76| 10 8] 43| 6.2} 38 1077 

Fi 69| 651 2201 17) 28 7069| 22| 247 49| 4.8 ol 2 

PI 40| 42| 120 || ale 69 el a O33) 927] 5:0 |# 321012 2:91 07.815.024) 7474 
Sö 31 53| 2 6 E22 722 Fin Zale 5:72 23:1 329 

Sm 231, 22210 775 7 7 8 2 4| 22| 5.0 ©2223 727 E24 221 ee 2 E10, 07798 
Sy 23 22 20 5 4 ON EE 5| 75| 6.4| 110] 28 

BH 20211-04000) ZU ES 1233| 247° 521054220 S218 a 

Sk BO SOW 00 TS 2118830 8 Sil) A710 4:8 o| 29| 5.9] 4.9] 4.2] 0.8| 0.6] 0.8] 5.5 
Al Sete OA E34) el 8 8| 55] 4.6 o| 30 

Hi Bale 20175 DL) 2947437 8 ©} al Se 25| — 

Ta 48| 30} 340 5 Sol 20 zu Sell 8, wel 32 23 SHON; 283182 oe 2 
An ; 

Yt ASR 21,265. 51 ZU 539)|0.02 923 |e LOOE S27) 059: 243. 25 

Gj 50] 18} 60 Oleg MAT | EO Si Sul 54: Or | Par 

Fn ire ga cs eed (mee "107 3.230 21733 591 55 8 

Fa 

Va 54] 27 Nee Tall se LOR le LO) | Al 38) om) 28 el 29,39 38, al 32 Xe au 
DE Sn lo) 2) 20) LO 7 5 OMS AT © +75 

Ke 73 WE ro: 2 327, 8 5 Bi 77° 5.4 o| 14 

Sd 70 ZERO, 23 2 60 M To IE 525.020 20 

Da 970 25 25 7 IR er 5| 80] 5.4 Oll 233 

As 5901025910 30.251136 20.0734 9| 54| 4-5 ol Br 0,373. Qt sae) 7.21 223058 
Ei 127| 100] 600] 57| 80| 230] 26 96} 51] 4.4 Se 24%) GRO See) 3:2|.227120% 
So 23 Ti) 13 I 6 2 3 Te LO 15:7, 0) Gy I| Geet) Kor likey, OFF) 0:0). 2.20 Dez 
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144 CHEMICAL DATA 


mg/m? 2 - el¢ g/m? (=kg/km?) 
mm a i pH me à 2 a 
Code s|ci| ¢| | Nal K | Mg| Ca S [ele] S| Cl] of | Na] K | Mg) Ca 
Al lA a A 
September precipitation (D 809) | September air (L 809) 
Fee | Re er I Se alse DNA cle SC NE a ae Pl Ion à ee m 
Ka 41| 43] 38 6 A. E22 8] 34| 6.0 o 72, 5.4 2.5|.786,| 3221 3781105521838 
Ku B2le To 27 2 I 6 9 5l 26| 5.8 o| 13 [+0 fo) 6.0| 1.4) 2.4) FiO) 335 
Jy 230 181736 3 6 2 8 210 30|, 0:5 O| 22:10, || SO SZ Aad) „Anl 4.6) ase 
Pu 25| 18| 12 4 fo) 2 I 21 LO AC o| 20) | 2120| om], 3301, .0:6| Piet 0.3] 3 
ANY 36 22, 25 8 7 4 7 242 ABA ©| 532; |) 251 2.0 HA PS O 22.011745 Het 
Rj Onl) 31470 7 5|| 270) 26) 39| 50) 6.9 6| 726.|. 226) 336) 2:3] te No AI le? 
Vo 58| 108] 96 Ol 101 2270122251,.76 BIOS A| ier 
Gr 40) 87| 98 7202250 2417|  20| rz Olle 420) O| 42 
Od 65| 109] 102 re NS CRETE RTS aay egy O| 28 
Bs ZEN OO HO} 5301,.1703|8.3:9| 2578 |Z ALO 0,33 
Fj 70| 109| 312 22 24910. 1490221202364 52. O| 35 
NL 88| 229| 661 3e| 2541, 3517292126410 CT) GO|) 2011 5554 
Ly GETS SSO Es Sol) 7166 75817 27505361 474 ol 2 
As Cola | 277 37 210218078 22178|056012 47 o| 34 
Vd zul evi) ze ical) eye), ze Sy ol eS Ge ©} 35 
Bl 42) 109| 106| 14| 31) 128] 20] 15) 65) 4.5 O| 44 
ly, 4810 956 89)| BTA| 2 667 | eid se zZ 52, 07 
Hô 75| 122] 306] 20| 48| 139 2337| 7917520 o| 35 
Ad 681 2133| Bro) 2231 Ir CS 79301 ro) 480 o| 30 
Lw 77| 160| 792 Ol 220|,.522| 72210 550 231057 °-55.| 10:61 7.2 201 3.9). aes) 20:.8150 
Sw 59] 84| 498 LO} 791.346), E7|. 361-301. 6.41.3231. TAT | SEO) 75.0 METRE) PONTS IR 
Ab 72107451226) 3301738 720717 227.28 21, 0351 2827 2 |) 243.822]. 02261 271) me] Era 
Ed 84| 114| 168 23) 46) 1709| 30120 84) 6.3 13110221 ©:7]| 5:4| 2.5) sol cea re Matec, 
Es 204| 204| 320 25 U 220671 2292| 0.49 E29::12.0%3 90 725 | 0,9) 322] 20-7331 0.8) 7.3100 
Ag Far U7 | | eS) BLOWS Fee 0.130 O21 e474) 2.01) 3A 9ER 
Le Soon 240) 7790,39 2931, 24) 3922001, 52 o| 41|23. | 371 43| 2:3] 089) 28) 786 
Ro OL) 136) 126) 7287 Baio 77717207 63154 O| :22|244| 4.8] 4.0) 2.2| 7:5] 20 ae 
NA 61] 85| 216 TO} 571, 35] il) 2514242] 66] 2746| 228 | 20:8| 222) 2.61 7252039), Orr 
Ca 96), 220,503, STO! 237 SSO) 278747102201 68 4| 27.) :0:9| 6.026,38] 2:6) 120) O26) Ro 
Ma 67| 181|2111 2 3 4.9 0) 24 
Bt IIQ] 202|1797 | Io 4 5.8 4| 60 
El 92| 138] 221 A aie 4.9 o| 2 
DA 129| 181] 348 ro) (a 5.2 Ol & 
Bi IOO} IIO| 240 7 5 04| 28| 278 
Rl 134| 255|1367 7 5 6.1 22| 45 
Va 201] 173|1387 12 WS 5.8 6| 32 
We 109| 245|2723| 40 4| 1350| 98) 115| 163] 4.6 01.793]. (9:7, 2.1] 2.8.8] 208 Vranas 
SC 96) 148] 440| 16] 11] 229] 19) 34] 143] 4.2 011634 | 24,6] 10.7| 4.0} ssn} 2.81 7.5836 
BV BO) 104) 223) 920) 2735| 249231514. 22 0792|. 288 O| 551248]: 5.5| 6.2) 2.5] xix] 0,51 3:3 
Bn 56| 50| 128 54127 60) (22) 20) 3172| 6.2) TXT 65) 25.2) 7525) LO) 337] CIS aero 
Au 5670 aa way: O 14| II] 19| 169] 4.6 o| 28 |10.9|13.9|14.8| 4.2] 8.9|10.5| 14.9 
Fe ZS\ SSL, 539. Fr Oo] 45) 24 9| 102| 4.4 rol E27. 1020 o 32 IT] ol 13034 
Ba IV LOS lam) SiS | ro) zur are re Too rd O| /12| 6.0). 3:6} 345) 007] ‚0,61 Ops ies 
Ho 109| 130] 33] 33] 40 LS 38) 368102821, 528 66) .22 |.2070| 8,8 yeu)! O24) 2:41 2,51 een 
Rm LOZ 7327835 25 8] 23) (20) rol 285) 5.6) 2241 29) 3.71 4.717741 557) anol 20:51 0285 
Et 102152) 31 16} 28220 ar Terra o| 16| 7.8|12.2| 4.3|12.9| 0.8| 0.5] 6.9 
ie 987 93) 49| 51 © 204 Bol 10777 47 0122 - 
Rz So 35) 7 8| 10 SI ans 7, 76 52 ol 2 6.9| 5.0| 7.0| 2.3| 0.9) 0.4 8 
Wi 23| 38 9 8 3 S| ane 31110211 6.2), (66) e345) 16.3) 3,8 ea 7263] mer eee ee 
Lz 48| 58) 19| 17 O|| SLO} \ ero 9| 184] 5.8 9772 3.719 7106 0 IST ran Gre | aes 
Kl Hae dl fac 6 fe) I 7) Pets LS 4 are 331 . 0741 2.91 23221 Aco) 2380 70.21 225126885 
DH 66| 18912683 | 36] 19] 1320| 58| 195| 109] 4.5 o| 158 
DB 89| 99| 412 16] 11| 204| 16] 32] 68| 4.6 O| 35] 17.0] 28.2] 3.9] 6.8] 0.8] 2l09| 1.8 
W 70| 113| 447 21| 18] 221] 18) 43) 48] a4 ol 58] 16.3] 11.6} 6.3] 4.0] 1.1] 2.6] 0.8 
SA AL W001 167 ey ir 56| 18} 12| 4ol 4.8 0| 930.) D205) 12| s.r] 20 0.912217 5.7 
vw 40] 126] 131 14] 85] 75} 49| 17] 88] 5.8! 16] 55 |14.3] 6.7] 4.8] 2.6] 1.6 2\2 Tease 
B 52| 66] 150| 4] 15| 7o| rol 17| 57| 5.0 o| 27] 5.3l10.7| 1.7| 1.6] 0.7] o.8| 7.2 
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DIA TAG O NIC OS -NALUEBS 145 


“g/m? (=kg/km?) 


Na} K|Mg| Ca 


D 57 48| 87 7 2 58 9| 15| 38] 5.1 fe) a ae AON) ro as 
MH 67| 42) 54 will re 5] 15] 63| 5.5 o 9| 4.4| 10.6) 4.8| 1.2| 0.6) 1.0) 0.8 
Rs 87| 46| 257 4 3| 148 II] 23| 27| 5.4 fe) MO) ELSE haa Ol) 3er 2227 esl ro) "oO 
LM 2212. 3210.80 6 00.37 IMAC 22055 0,0528 le 74|1,72:8,.4:91123:4 | 2.0|/ 7.01 20.9 
Ex 2| 40} 35| 16 ai LZ Sen aa se CAN OM rm Re 
Bg 64| 38| 36 13 Ol, TO Io Q| 69[75.7| To Tey |) eG 2.967 110:0.8 153221122741 22%0| 237 
Ae 165| 73| 54 8 o| 35 13| 23| 685] 6.5] 62 2 
Za 94] 22] 55 2a S291 TA 26| 42| 300| 6.3] 2140| 37| 2.8| 2.5| 8.1] 5.8} 7.2|-6.0| 39 
CO;-values in Scandinavia Aug.— Sept. 1958 
(Cf. Fonsgtius, KOROLEFF: Tellus 7, pp. 258—265) 
August Srerpitieim.brer @lcht o/biet. 

a A | E 
© © ers = = © N 
EES o I „ei a © TD = a 2 © AGS 
8 |[$| °c & = jC. sis| °C a S [SSIS| oc E ler 
n |A = MS o=la > o JOO = Gy Key Se 
= E = = = g 
710.0 | ESB? 7 312.85|| 6| 11.0 | N 8 9] 2.93||10| 5.0 | WNW 7] @ °r0) 2.90 
Ao |ı2| 11.0 NNE 2 9} 3.12||13 8.0 | W Il] @ 10|2.82||11 Sr ME 11 | @ °10| 3.02 
TA) 150 | N 2 6] 3.04||14| 2.0 | WNW 9 2.96||12 7.0 | Calm 9] — 
15] 15.0 | N 2 413:10|[20| 80 |, BSE 55 I] 3.04]]13| 6.0 | N 2 7| 3.04 
je TA irdeto: Calm == TO) 3.0811. 6] 16.7 {cs in || esi all ei ovalliiiwe)| ariexey || Wi 9 I} 3.02 
©j2 221224 | Sok) 2 1| 3.07||13| 18.6 | W 8 9| 3.09||11| 8.4 | SE 9|® 10| 3.07 
P4143 | SE Th, LO) 2577) EA see W: 8 5|3.16||12| 10.0 | S I 3| 2.87 
PLS | 22.7 Calm 22-7220) “15.8 | S 8 1|2.90[|13| 9.5 | W I I| 3.07 
7| 16.0 | Calm 5| 2.84|| 6| 21.0 | SW I] 3.11|{10] 10.0 | W 4 I} 3.06 
Bo re) 20:0; || Io I] 2.45||13] 10.0 | W 15 10820117 Onl eS Ee, 15 6| 3.01 
14; 18.0 | Calm 5| 2.90[|14| 12.0 | N 6 612.72|[12| 8.0 | Calm I] 3.16 
15 N I | ®°ıo]| 2.98||20| 1.0 2|@ 10|3.1613| 7.0 | NE I 8] 3.15 
7228.37) W I I] 2.85|| 6 — — —| — ||10| 12.8 | W 4 6| 2.82 
Br |r2|R27r-S8 sh W 2 6| 3.06||13| 16.9 | NW 6 6|3.o1||11| 13.6 | W 8 I} 3.01 
14 _— —| —1/14|-15.2.| W 3 1|2.80||12| 18.3 | W 3 6| 3.00 
I5| 16.5 Calm Io} 2.92||20| 14.9 | W I 5| 3-23]]13|_ 10.2 W i I| 3.10 
7, 215.8 || 3S I 612.731 61,23.9 1 I 3.07||I0o] 10.4 | S I 10| 3.03 
BIT 20.0) i) S a 213.04||13| 17.0 | W I 2.86] 20m I 2| 3.04 
T4| 25.0 | S I To| 3.15||14| 12.8 | W I 6} 2.94||12| 8.4 | SW I 6| 2.98 
a5 1745 8 I 2|3.10||20| 12.0 | S I 10|3.20||13| 11.2 | SW I 6| 3.15 
JOURS I 6| 3.15 
; ; 8.0 | W —| 3.05 
; | Io. W 2 31820 
£ : - 6-5 | SSE 2 5| 3-45 
e 2 4-9 | SE 2| ®1o| 3.22 
; e : y 9-4 | W 3 O| 3-21 
é : .19/| 1.1 | SSE 0.5 |=@10| 3-33 
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August September October 

a u wu be ñ 

© © - © Lo) v =| 

ete he T ic a © I ir = a 20 
un om 

a = B | & 

EA > 1.5 10| 3.27|| 6 — — — items || SNS „01347 

Ka) 12 — —| —-||13| 16.3 | W 3 Io 12.8 | SSE 2 | @°IO} 3.49 

14 — — —| —||14| 11.8 | NW 4 Io 11.0. 1 SSY2 2 8| 3.32 

15| 22.3 | NNE ı 10|3-30|120/8#3:62 1, SSWsEr Io a= = ||  — 

7| 15-3 | SSW 1 | e°10| 3.42|| 6] 12.8 | NW I o 10.2 | WSW 2 213.24 

UM TON SNE at 5| 3.45||13 aa — — 9.9 | SSE 2| @7I0} 3.56 

174 922.22 SNE ORG 5|3.10||14| 11.0 | NW 2 5 9-5 [PDS Vie 2 IO} 3-21 

I5| 19.0 | SE 0.5 5| 3-34||20| 13-1 | W 2 5 10.0 | W I 5| 3.38 

7| 13.3 | E 0.2 | e’ıo| 3.52|| 6| 14.0 | WNW 1 o 9-4 | WSW 2 8| 3.20 

IMAC NS I 0| 3.4013] 15.8 | WNW 2 5 IIA | S 2|@ 10| 3-47 

7427.71 OSE 0.5 o| 3.16||14| 11.2 | NW 3 Io 9.4 | WSW 2 8| 3.21 

1520.0 |) I 7| 3-25\|20| 14.4 | S I 5 9.9 | W I 5| 3-11 

| 2isioGy || Sisids 72 o| 3-06]| 6] 11.2 | WNW 1 o 11.8 | SSW 1 2173-22 

Bus 121 20:81) I 2| 3.09||13)| 11.9 | S 2| @’ıo EO: |S 2|=10| 3-45 

1422.20 EL ENEF I 5| 3.21|14| 7.8 | NW 4 Io 10.7 | SW I 9| 3-23 

751 17.0 WE I 6| 3-32||20] 10.4 | S 1 [OO Io 9.1 | NW 0.5 8| 3-33 

7 AO SMS o| 3.28|| 6| 18.0 | WNW 3 fe) 14.0 | WSW 2 5| 3.20 

INA) 2178.08 ES\V E22 o| 3.31||13| 17.0 | WSW 4 5 13-5 | WSW 2 IO} 3.20 

THIS ONE 2 o| 3.13||14 — — — 14.0 | WSW 2 5| 3-43 

15) ICEON ESWEET 0.5| 3.20|20| 15.0 | SW I fo) 12.0 | W I O} 3.51 

Al er NES 10| 3.04|| 6} 7.2 | WNW 41|V trol: 4.5 | SSW 4 10| 2.95 

ae i255, | eCalm —27702,891|13] 420.1) S 6|e °ro} 2. 1.0 | SW I I| 3.02 

14] 13.5 | Calm = 10|3.34||14| 5.8 | NW 15|V ro}: 5.0 | N 6] @ 10} 2.85 

15| 15.4 | Calm 83:27 |120)828:47175 2 Io 2.3 | NW 2 IO} 2.96 

70:23:91. WOW, 2 =228|2797]|7 0| 74.62 Wise 2 | ole 9.6 | SW 4 |V °Io| 3.10 

Vg {12} 18.7 | ENE 2 |=°ı0| —||13 = —| — = 7.5) CENET SS |= EO FOO 

TA Hoe OMAN SM Ta = Ero)R "0214 te NVNIWEER = 7.3 SOW 41V OL 280 

15 | lean 1 To 9] 2.08121) a3.3 0) NINE |) eg 6.6 | E 2112 31820 

FRS SEEN BEST 7\2.96|| 6| 15.9 | S I ay |e 97 SV 21 =e) 2.660 

Wie 12 | GO On SEINE or Io] 2.87||13| 15.6 | SW 9 4 8.8 | SW 6] = -3i 2:07) 

TAN 72a | S ENB 2 6|3.80||14| 15.1 | S I 4 8.1 | WSW ı 1| 2.85 

HA Sedan || ae I 10| 3.58|]20| 10.8 | ENE 2 10 2.9 | ESE = 531807 

7| 20:0. | “SW 5.19 10[3.08|| 6| 19:0 | Calm TORE 8.0 | SW 12 10| 2.88 

Tol 12 277.00 28 2 |V 10]3.07||13| 15.0 | SW 5 AIR 10.0 | W 10 8| 3.11 

well OMIS 5 |V °ıo| 3.04||14| 14.0 | Calm 2 9.0 | W 51V ° 813.05 

15 = = al (20d FS 121] VO) 9.0 | W 5.1%. 720337 

dk 71, TO. SS WE 3 5|2.82|| 6| 21.6 | SE 3 13% 73.3. 108 2. —10113,60 

Nal |u nee ESE 4 To] 2.82]]/13] 19.5 | SW 2 4| 2. Petco Wes 3 6| 2.63 

14| 14.9 | SW 4 |e 10|2.54||14| 19.2 | SW I 513: 2 RIES, NOV er 6| 2.84 

LOI OT EST OZ 00||201 aon ESS IO} 2. TOF | SOO 4 IO} 3.02 

7| 16.4 By 3 213:0511 (Ol 2376.4) SE 3 1| 2.86 14.2) | SW, I 10| 2.97 

ANSE D2) 76.6: |25SB ST) TP Lol s.r 2||03l) 10,61) WSWeeT 4| 2. 13.6 | SW 3 07 — 

|| SN 8] 2.26[|14| 20.0 | Calm ug. T2 ASN I 10] 3.17 

= = = —| —|20] 15.0 | SE Au Fol Se LO ies 5 8| 2.83 

ZN TANTE as} rer 8| 2.85|| 6| 20.8 | SSE 5 513. OH |°S 9 10| 3.17 

VI |ı2| 18.8 | WSW 9 TNS 241187 ONE I 3| 3.06 15.5 | WSW 7 7| 2.95 

14] 14.0 | W _ 10 _ 2|2.89||14| 20.0 | E 2) = 813. 2| 15.0 | WSW 3 4| 3.20 

15| 18.3 | SSW 7 | @°roj 2.72||20] 16.8 | WSW 12 6] 3. 11.6 | W 18| ®1o0|3.15 

PR ER PR AUS ES PR 
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